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Meiicury Mbrcaptfdk Nitrites axd titeir IIeaction 

WITH THE ALKi'L TODIDES. 


Pat I ir 

Chain Compounds of Sulviujr — conUnuaiL 

RY 

l^llAKn-T.A CllANM)l{A KaY AND PlJAirLLA CllAXDRA (irMA. 

In tlio previous eoimuiinicitiou oF llie prescMit scries (Ht. III. 
M'rans. Clieni. Sue. 1017, ///, 101) it has been shown that whtMievcr 
a ])ulcntial inereaplan thioaceianiiJe, Ihiubenzainiile, thiourea 

is trcateil with niereurie nil rile, the radical ( — SITn NO.,) as a 
rule, j^ots (lelaehed and assumes the? slable torin ['3(SII^X().,) IIo’OJ.,, 
whilst the orjiraiiic ei»nii)ouent is eouvertod into an aldeliyde as also the 
correspon<lini«; aeid with elimination of ammonia or substituted 
ammonia as the ease may bo. 

In the present investii^at ion the road ions of a lari^’e number of 
actual and potential mercaptans as also of dimereaptans, some of them 
belmiijjinL; to tlie cyelo-irroup, have been studied. It was e\peeted 
that in these the molecules being of a more eom^ilex miture, the radical 
s]>ccially (- ^JlgNO.,), would far more readily jart company with the 
parent substance and lead an iiidepoiident existence in the shape of 
I[y;N().,)lIgO]. The result, has proved to he jjisl the 
reverse. Merenrimoreaptidt* nitrites of tlie ali-aml heteroeyelic com- 
pounds have been found to be slabh? compounds. A few ty]>ic!il 
eases will make the j)oiiit clear. Phenyidithiobiazolim; sniphydratc, 

PhN N 

!l 

csn 

I 

sc - s 

yields witli mercuric nitrite the corresponding niercaptide nitrite, 
the reaction being of the ordinary type ; 

RSiU + NOiillg NO,=HSllgNO, + llNO, (Cf. Trans. Chem. Soc. 

1916, 109 , l;jj). 
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AVhen a dimeroaptan like tliiobiazole-disulphydrate is similarly 
treated the reaction follows indentieal linos but owing to the ready 
oxidisability of this class of compounds, it advances a step further, 
giving rise to a remarkable series of compounds containing sometimes 
as many as six or even eight sulphur atoms in a chain, thus : — 


N—N N—N N— X N— N 


il II If If 

NOoIJg'C C»S ^ " 

V . ” 

s 


!! !• - IT II ; >1 II 

SC c.s= " “ :sc cs. 

V i V 

s s 


U ir : 11 ■■ 

** :SC CS HffXO., 
” : V 

s 


What happens is that often four molecules siniullanoously bike part 
in the reaction, tlic extreuie members are converted into inercaptide 
nitrites and the nitrons acid set free reacts in turn upon the remaining 
(SH) groups, reproducing the following compound, which, it will be 
readily soon, is a ietradisnlpliide-dimercaptide-dinitvite : — 

N— N N— N N -N N -N 

S— C C-S— S— C C S -S-C C 8- -S C (U-S 
, V V V V 

Is s s s 

lig-o— NO o.,N lig 


S_c (i S— S- C (j— S— S-G C-S S - C c - s 
I V V V V 

IS S S S I 

lig — . O Ug 


Bui as the molecule is a very heavy one il cannol retain the load of 
two (NOo)^^; NgO-j NO., + N()) is evolved and an oxy compound 
is ultimately formed (Cf. Trans. Chem. S(;c. lyJd, /ft9, 

Sometimes, the oxidation does not go so far and is limited to 
only three molecules resulting in the formation of a tridisnlphidc- 
diinercaptide-di nitrite or rather its oxysalt as shown above, 

N -N N—N N— N 

II II ii li il il 

S-C C-S-S-0 c- s-s-c c s 

IV V V I 

IS S s I 

- - - O Mg 

it was reasonably expected that if instead of the dimcrcaptau 
itself, its potassium salt were substituted the corresponding nitrite- 
mercaptido would be formed, as, in this case, in place of nitrous acid 
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its potassium salt would be generated and thus the chances of 
condensation of two or more moloculcs would be eliminattHl. This 
expectation has been realised. A compound of the formula 

N— N 

II i 

KS C C-,SI{*rX()., 

V 

s 

has been isolated. As the pota^sium-diinercaptide in aqueous solution 
undergoes partial hydrolysis reproducing tlie original mercaptan 

itself, it has also lieeii found lhat when on keeping it for some- 
time it is acted upon by mercuric nitrite a compound of the 
formula 

X V X X 

;l :! II <! 

s-c c s— s-u c s 

i V V \ 

Is SI 

-0 - ITjr 

is formed. In this instance, as the nitrous aeid available for 
oxidation is necessarily limited in quantity, a condensation of only 
two molecules lakes place. It is uot<uvorthy that when one 
molecule takes part in t!ie reaction as in the previous case a real 
nitrite-mei’captido is formed, but only one-ligXO., group is fixed. 

Whenever, however, two, three, or four molecules coalesce into 
a complex one the latter acquires tin* capacity to attach to the extreme 
ends of the chain two — ITgXO., radh*als ; but as the heavily laileu 
mclecule has to part witli a molecule of X.jO;j, an oxy-mereuri-salt 
is the ultimate product. (Cf. Trans. Cluun. Soc. 1917, 111 , 101). 

The view taken above rc(u?ives additional suj)port from the fact 
that oven aerial oxidation sutiiecs to bring about condensation of 
three molecules ; for iustaiiec, when the above di-mercaptau is treated 
with mercuric chloride, a mercaptide cliloride of the formula 

N— N X-N X- X 

!i il i! !' i; •! 

C— S-S -0 C-S S-C C -S-H-Cl 
V V V 

s s s 

is formed and has been, in fsict, actually isolated. It is thus evident 
that, nitrous aeid is by no means essent ial for the formation of the 
above chain compounds. 
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No less iuterestln^ is tlie behaviour of moreurie-iiitrite towards 
thiophcnol, which, as is well known, readily iinderj'oes aerial oxidation 
and passes on to the stable disulphide Form, Piu S.,. Besides the 
expe(?ted PhSlIgNOy, a remarkable compound, Ph.jS.,lT^, is 
obtained and sometimes another oxysalt correspoudini? to the empirical 
formula, [.‘](Ph.S), It is only in exceptional cases (vide 

“Experimontal” p. Id) that the expected nitrite mercaptide, PhSlIi^NO,^ 
is obbiined but only in an impure form. 

The reaction would seem to take place in the following staj^es 

PhSII + NOollgNO.==PhSH^NO,^ . . (I) 

The nitrous acid thus liberated oxidises an >th(‘r pair of molecules 
of PhSlI into diphonyldisulphido. 

Ph8ll + ()+HSPh=Ph-S-S-Ph+n,0 

1^10 latter compound now Forms the tollowini** compound with 
mercuric nitrite : — 

ri.s-isrh piis-s-Ph 
A — ► A 
n-NO.. NO, 

Two molecules of this compound au^ain combine with a molocmle of 

PhjjS._, (itself the product of oxidation of PhSIl as stated above) and 

^ivc rise to t lie coniponnd, 

L2(lMi-S-SlUi), 

A 

Tt may also bo formulated as an ‘‘atomic” compound, 

1M» Vh 
i i 

lUi-S S S R-lMi 

All A 

II^-O SPh SPh O-Ilj: 

in which four sulphur atoms are tetravalent and two only divalent. 

It maybe objected here that as the compound [d(PhS)lI^O] is 
found to be free from phenyl-nu*rcaptide-nit rite, the reaction as jjfiveii 
above does not occur. It is, however, import int to bear in mind that 
only the luvscncc of a trace of nitrons aiiid is necessary to start the 
reaction ; when once it is set a-i^oiriir there will alwiys bo snfliciont 
quantities of it available, aecordinuj to the reaction in staiifc (2). 
In fact, it is inconceivable that moreuric nitriti; should act upon 
a mercaptan without i^ivini^ rise simultaneously to a nitrlte- 
morcaptidc and nitrous acid. 
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The eompoiiml rppresentcJ by the empirical formula Ph.,iSj^H^, 
is eviJenily a mereaptide and the meehaiiisrii of the reaction involved 
in its formation does not seem to offiTa ready solution. The simplest 
explanation would appear to be as follows : — 

rii-s~s-rii 

The oxyojen atom of (see above) ^-oos to oxidise two 

moleeides of PliSII into PhSSPh. An atom of sulphur is now 
snaUihod away from the disulphide, which takes tin* place of oxyj^en 
Ph-S-S-rii 

producing and the monosulphide Ph- S — Ph. Tt is the 

strong affinity of mercury for sulphur which sup|)lies tlu^ motive 
of the reaction. (Cf. conver.sion of thiocarbamide into cyanamide by 
means of mercuric oxide). 

Another mercaptan belonging to the heteroiye.lic* s'.'ries, vi/., 
phenvl-methyl-thioliydaiitoin, gave the nitritc-meicaptldi* conforming 
to the formula 

CO-NPh 
1 

csn^rNf).. 

II 

It is now generally admitted that it is a resil mercaptan (/.c. i/r or 
pseudohydantoin) and not a hydantoin and this is furthc*r eoniirmed 
by tin; fact that by the interaclion of mercuric nitrite 
no bveak-up of the coinjdex molecule occurs, neither does tin* 
divalent suljdiur l)ecoiue tetravalent by taking on ( — -llgNOo) and 
( NOJthus:— 

ii-.s-[rgX().. — > n-s-ngX(L, 

A -->R-s-HgN(), 

llgNO., NM).. A 

llg-O 

It has been invariably found that whenever a pafe.iihtf mercaptan 
is similarl}' treated, the n*actioii fakes place, as indieafed below. 

Po I KN^Tr AL MeUCA PT A .VS. 

The designation of potential mereaplaiis has boon given to those 
tbio-com pounds wliieh by withdrawal of an atom of hydrogen from 
the neighbouring Nlly or Nil group behave as mcrea|)tans. The 
iniei'action of mercuric nitrite with thiocarbamide as also its alkylated 
derivatives, tliio-acetamide and thio-benzamide, has already been 
studied. The investigation has now been further extended to the 
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bcliavioiu* of this reagont towards the aryl substituted thiocarbamidos^ 
thiosernicarbazidcs^ sulpliocarbazidcs, etc. It has been found that the 
reaction follows the ordinary course^ but no detachment of the 
organic radical takes place. Thus phony 1-tliiocarbamide at first gives 
rise to : — 

Nil 

II 

0-SI1rN()« 

I 

XITPh 


The divalent sulphur atom at once takes up an additional 

Nil 

inoleculo of HqrfNO.,)., and becomes tctravalent : 0 S-lIgNO, 

-y. I ^ 

NUPh llfjNOg NO, 

Nil 

II 

and ultimatelv the compound C — S-ll^No.. is formed, with 

I A 

NllPh Ilg-O 

elimination ofN^O^. 

Sym. diphenyl thiourea or lliiocarbanilide gives only on rare 
occasions the expected comjumnd 

NlMi 

II 

riiNll-C-SllgNO„, 

A 


but the one which is generally obtained, conforms to the formula 

NPh 

II 

C-SHgNO., 

I 

NhgPli 


in the latter case, an atom of hydrogen of the adjacent imino-group 
is further replaced by (hg). 

Thiosemicarbazide and its aryl substituted derivatives similarly yield 

Nll(oiI»Ii) 

II 

C-SIlgNO, 

I 

NhgNlI, 

with the simultaneous displacement of an H atom of NHNHj by hg 
(Cf. Ruanidine in wliich two atoms of li are ro|)lae«j«l by Iir). 
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Diplienylsulpliocarbazide also bcliavcs similarly and gives the 
compound, 

N-NHPh 

II 

C-S-.Hj?N().. 

I 

Nh-NllPh 

It is noteworthy, that as the molecules have already become highly 
loaded by the introduction of an additional (iig), the sidphur atom 
has lost the capacity of becoming teira valent by further taking up 
(— IlgNOg) and ( — NO.,). In connection with this it is important 
to remember that although thiocarbaniide, as a rule, gives rise to the 
inorganic mercuri-sulphoxy-nitrile p5(SIIg N02)Hg0]y, under special 
conditions it can be made to yield the compound 

Nil 

II 

A 

Ufr-^O 


(I. c. |). 1 OJi), In other words, what was regarded as an exception or 
aberrant type of reaction, now becomes the rule. 

Attention may also here be drawn to the interesting analogous 
case of phenyl dithiocarbazinie acid (or rather its K-salt), which 
combines in itself the function of a real as also a potential mercaptan. 


Thus, PhNIlNilCSSK 




PliNUN:C< 


SK 

SIl 


— >l'hNllN:C< 


SHkNO. 

Sil 


SIlgNO„ 

— >PhNlIN:C< * 

SHkNO, 

A 

Hg-0 

The sulphur atom bidoiigiiig to the potential mercaptan alone 
becomes tetra valent. 

It thus verilies the law enunciated above inasmucli as the two 
sulphur atoms behave differently. 

Perhaps one of the most striking reactions in the present series is 
that which takes place between mcieuric nitrite and p-chIorophenyl« 
thiocarbainide. A nitrite free from chlorine of the empirical 
formula C7N4H^,ITg3S20r, is invariably obtained. Its constitution 
is evidently represented by the formula 

(),NHg-S-<Z:>-NU -0 SIlgNO. 

II A 

NU Ug «0 
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The iDcehiinisin of ilic reaction involved here is rather complicated. 

The first stage evidently gives, 

Cl<z:>-Nll-C-SlIgX(), 

II 

NM 

The chlorine in the altered condition of the niolcenle now becomes 
active and thus can no longer retain its jdace, and parts com])any 
with the jiarent body and in the nascent state acts upon a second 
molecule of the reaction product 

ti ; 

Nir 

and brings about its disruption as indicated by the dotted line ; while 
the stable radical ( -SHgNO.^) oceu]>ies the place of the halogen 
atom, the snl|'hur atom which is attachtul to the carbon atom of the 
thiocarliamidc becomes tot ra valent, as in the compounds described 
immediately above. 

The constitution proposed is suj)])orted by the jU’odiict it yields with 
ethyl iodide when the sjilit takes place as indicated by the dotted line, 


SHgNO.. ! >S[I«rXO.. 

o 

Both tin* radicals ( — SIIgNO^,) get deliichcd from the parent body 
and the expected reaction takes ]»lace : — 

-SHgXO, 

IKt --Sligr f EtXO, 

(“Sllgl).,, it will be remembered, is also tb(» main product of 
the interaction between [-‘5 (Sllg HgO]., and alkyl iodide. At 

ibc same time [Kt^S.,, IlgT.,, Ktl] is also formed (Cf. Trans. 19J7, 
/./i,p. 108.) 

Migration of Alkyl Radicals. 

'fbe behaviour of mercuric nitrite towards compounds of the type 
represented by Ph-imido-pbenyl-carbamic-tbionietliylcst-er is eijually 
striking. The latter is a derivative of ])sendo (ij/) thiocarbamido and 
is assigned the formula 

iMiNir ' 

I 

CSMc 

II 

IMiN 
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When it is treiitcd with the reagent in ([uesf ioii theorii^ina! mercaptan 
is reproilnced, the radical niclhyl b(M*nj^ piishc<l back to the neighbour- 
ing nitrogen atom, hydrogen taking its place, tlius 

PhNIl riiN(Me) riiX(A[iO 

I I I 

esMe C-SH— > O-S-II^^NO 

II il II 

PhN PliN Pl.X 

In fact nitrous are evolved during the reaction. It is 

the marked affinity oT the radical ( — llgNO,,) for llie sulphur atom 
which brings about the notable displacement of luctliyl radical. 
Additional instances will he furnished below (pp. 10 — lo). 

That the reactions ih'scrilxHl above arc of wide applications are 
borne out by the doj)ortnu*uf of methyl ether of phenyl dithiubia- 
zoline sulpliydrate. With mereurie-nitrile it gives the following 
Compound : — 

Cli, 

I 

PliX ~ \ 
i I 

SO-S HgXOo 

Here by the shifting of f!ie radical (fHI;,) to flic neiglibonring 
nitrogen atom, a bond of carbon indicated by the tliudv line is released 
and this is satisfied by an additional radical (MgXOo). It might 
be objeete'. that llicro is no instance as yet known in which (HgNO.,) 
group is directly attached to a earhou atom. Another alternative 
ex|)laralion might lx; offt*red to the above reaction, e/'., that the 
dival‘*i»t sulphur atom becomes tetravalent by attaching to ils(*If two 
(HgN()._,) groups, thus : — 

Pli-X^X H-XO.. 

II I 

C-S-CII, 

I I 
S(j-S 

Last of all, may be deserihed the behaviour of the above reagent 
towards a complex disulphide, Pli-dithiobia/.oline disidphide. The 
reaction takes place as in tlio case of ethyl disulphide (Trans. 191 (», 109 
133) and the following eom[)Ound is formed : — 

PhN-X XO.. X-\P!i 

II I I II 

C-fc5 S U 

II II 

iSC — S Hg 0 S-CS 
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InTEHACTION with the alkyl IODIDES: 

FORMATION OF MONO, DI- AND TRl-SULPHONllIM COMPOUNDS. 

The reaction follows the "oneral eonVse with this material differ- 
ence that the complex radical boin^ over-weii?hted can no Ioniser 
retain its entity but the less <lnral)le. part of it is iisiially shattered. 
Of special sii^nirieance from this point of view is the nipt n re of the 
ring of the heterocyclic mercaptidc nitrites. Let ns take the specific 
CJisc of dithiobiazolim? derivative. When digested with an alkyl 
iodide we should cx])cct 1 1 case. 

/PliN~N\ PI.X-X gl l\f 

\ I II I I 

c R's.,, Hgi..,in (;-s - S--U' 

I j III 

sc - s/ “i I 1 

sc-s ■ 

lint a .scission now takes place as shown by IIkmIoI ted line and the 
disulphonium comj)ouiid, 

n^l II' 

I I 

lMiN-X-C~S-.S-U' 

I III 
I 1 

is potentially formed, the nnsaturated atoms (/ and N add on R' 
from the interact iug R'l and the |)roduct really formed is 

Umi R' 

Pii I I 

>N-\ = C~S-S-U' (T) 

w I I I 

W J I 

By further action of R/J tlnj phenyl group is replaced by R' and 
the following cuinpoiind is formed : 

Jl-rl W 
I I 

R'-X-N C-S-S-R' (11) 

I ill 
R' Jt' J J 

h'inally, the double bond between C and N is nmioved, two more 
R'’s being taken up and we get 

\V Hjrl R' 

III 

>X-N-C-S-S-R' (HI) 

II' III) 

R' R' I I 

By the action of methyl iodide, two compounds corresponding 
to stages I and III have been isolated, whori*as, in the case of 
ethyl iodide only one compound has been isolated which corresponds 
to stage II as shown above. 
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As a matter of fact, it has b«Hm oijsorvcd that the yield of the 
compound with methyl iodide, coiTospondiniJf lo siaj^e \ decreases with 
the lengtheninijf of the period of reaction. So, it is evident that 
it is only an intermediate prod net which is pjradually transformed 
into the compounds corresponding to statics II and III, which 
underj^o no further change. 

It has already been shown that tlnise <lisiilphoniuin-moreuri-io(lides 
can be diioctly synthesised from their eoini)oncnts (1. e. 01 1). Di- 
thiobia/oliiu‘-disJil])hide dissolved in enrbon-disiilphide was refluxed 
with ethyl iodide and mercuric iodide. In this ease, not only was 
there no rupture of the dithiobiazoline radieals, but in one instance 
one of the tortinry nitrorjon atoms became (piaternary by takinj^ 
up a nioleenlo of ethyl i()<li<Ic and the compounil which was obtained 
corresponded to the formula : — 


Va I 
V 

PhN~N llirl Kt N-M’h 
II I I !l 
(i-s-s-c 
till 
f'C — S i 1 S — 


It is thus evident that the nipt are of the (*oini>lex radieal can only 
take place when it sej)iiratcs out in the intsfruf slate, aiul is therefore 
in a state uf strain and is en(h»we<l witli vibratorv motion. 


if El. 

RS II^-NO.. (l.r. e)0:5) 
1 Kt 


This is what mi^ht have been expected. In the ready made 
molcenie the component radical is inert .•iiul slui^tyish and naturally 
docs not lend itself to disruptive innuences. On the other hand whcTi 
dithio-biazoline-inercaptide-nitrite is treated with an alkyl iddidc, it 
snlTcrs a split and its stable portit)n alone takes ])arti in the formation 
of the disnlphoniiiin coiiiponuti. 

The reaction of alkyl iodides on phenyl-mcrcuri-mercaptide- 
iiitrite follows the ustial course and yields compounds of the "cnoral 
formula [PhR'S.^, Iljijl.,, R'l]. The coinjjound obtained from 
PhyS^Hwand alkyl iodide is what was actually anticipated. It 
contains all tlio sulphur atoms in a sint^lc chain and all of them are 
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qiiadrivalciii. I'lie rradion ean 1)0 explained in the followinj,^ 
way 

In the liret the boml between IIj^ and S as shown by tlie 
dolled line is severed. 

I I 

Pii-s-s-pji i*ii-s-s-r 

A — > 

S-II- 

-S-llK- 

I 

This assumed intermediate produet in presence of an excess of 
alkyl iodide aejpiires t lie jiower of transformiiqf all of its sulphur 
atoms into the (piadri valent form and the unsaturated bonds are 
simply saturated by (be iodine atoms and alkyl groups, 

IMi I'll I rii TMi 

I 1 I CJi,l I I I 

_S-S~8 >Cl!,-S-S-S~CHf, 

I i 111 

ii« I ] 


and thus a IriavIjilfOHlum compound is fornu'd. 

An intorestin£>; monosiilplionium eonipound has been obtained 

from the memijdide nitriieof thioearhanilide, /•/>,, 

Nl’li 

II 

C 

1 A 

Mil’ll Her 

in which the sulphur atom is already tetravalent. It cannot and in 
fact does not sliow any tendeney to ^^ive a disnipboninm compound 
by doublino* the formula (or rather by duiiblini’; the snlpbiir chain). 
The reaction jirobably takes place as shown below 


NPh Ilj,'- Kt Ilgl 

II KH II I II 

c s-HgXo, c-s — ^ r-c~s-i 

I A 11 II 

Mil’ll lIg-0 KtKl 


Here both the plienylamino-groups ari? replaced by ethyl. 

The interaction of mcrcaptide-ni trite of phenyl-imidophenyl- 
carb<imic*thio-alkylestcrs with alkyl iodide takt's place as in the 
case of the simple mercaptide nitriles forming compounds of 
the type [RgS.,, Ilgig, It'!,] and in fact the reaction advances 
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a step further, both of ihe cainplox j^roups btiin;^ repl:u*(Ml by simple 
alkyl ones. 

riiNU riiXR: It' UNlMi Jlgl It' 

I It'l I j I I I It'l I I 

C-SHgXO, •— > 0 -^-S-S-. 0 — > It'-S-S-ll' 

II II i f 1 Ml II 

|»iiX l*lu\ ; : XJ'li I 1 

It may bo iwlded hero in this eonnoolioii that the formation of 
tin's typo of disulplioniiim coin pounds proves oonoliisively tlio 
hypothesis of pushini*' back (nii»^ration) of alkyl groups to the 
lid jacent amino- or imino-j’'ron|)s in the formation of the mereaptido 
nitrites ; the ( — Hj^NO^,) j^roups remain atlin h(‘d to the snlphnr 
and not to the noi^-hbonring nitrojjjen (vide anfe p 8 ). For, (»t.herwiso 
the formation of the eorresponding disnlphoninm oomj)onnds is 
inexplieabh*. 

It has been shown in the previous (?ominnnieation that 
[:j(SUti:N()._,llI"()Jo alone, by interaciini«: with alkyl iodides, j^ives 
disnlphoninm eoinponink of the type [ llnjl.,, UI] ('F. I'.MT, 

111 , IdH). 

So, the [ire-^eiiee of the j^ronp ( — SlJ^NOg) is essential to the 
formation of ilisnliihoninm eompounds, whellier it bo j)res(Mit as siieh 
as in [♦*l(Sno-NO,)n^()] y or associated with simple alkyl •‘•ronps as 
in JClSlIgNOy or in comjilex o-roups as in 
1 * 1 .X-X 

I X 

C-S-llgXO. 

I I 
RC-S 

J<:\:FKlUMFNrAL 

Inferacllim of N~ !^iil ^j/uftlroh^ o/nl 
Mci'nirir NUriir. 

As it was didicnit to obtain the niereapfan itself in a state of 
purity the K-sa It was (Her treat(.*d with merenrm nitrite. 

It had the additional advantage inasmuch as no nitrous acid was 
liberated, which would have au oxidisimi; art ion on the one or more 
atoms of sulphur. The mercury salt was obtained sometimes 
anhydrous, but often coinbine^l with three, live and eiijht molecules 
of water ; the dej^ree of hydration, evidently ilependinpf upon the 
dilution of the reactinjjf substances, the anhydrous variety had a deep 
yellow colour while the compound ctmtaininjj the larjj^est number of 
water molecules (vu. eight) was almost white. They all evolved 
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nitrons fumes when treated with hydrochloric aeid. It may be added 
here once for all, that those as also the following compounds were 
always dried in a vacnnni over snlphnric acid. 

Results of analysis : — 

0-2724 pjave 0-1187 Hg=l;5-59. 

0-1100 gave 0 0810 COg and 0-0187 HgO; C = 20 08; 11 = 1-89. 
0-1420 gave 10-2 e.c. Ny at 25^c and 700 mm ; N = 8-I0. 

Calc, for C„lI,N 3 S. 3 lIgO,: Ilg=4-2-46; C = 20 -;j8; 11 = 1-00; 
N = 8-92. 

*The above with 8 11^0: — 

found Hg = :i8-0:); 0=18 28; 11 = 3*29; N=S-30; S = lS-.50. 

Calc. Hg = 38-09; 0=18-29; II = 2-I ; N = 8-00; S=IS-29. 

The compound with .511^0: — 
found Hg = 3o-7r); 0 = 10*92; 11 = 3-20. 

Oalc. Ug=35*05; 0 = 1712; 11 = 2 07. 

The compound with 811^0: — 

found Ilg = 32-10; 0 = 15-10; 11 = 3-50; N = 0-|0; S = 1;V0S. 

Oalc. IIg = 32 r)2;(^ = 15-03; 11 = 3-41; N = 0-83; S = 1.5-()l. 

Meinirw iiifrlle iiinl th'iMa:ole-diinil phi/tlfuie : 

As a rule the product wliicli is the outcome of the condensation of 
three molecules of thiohia/ole-disulphydrate is formed. It is only in 
rare cases that the condensation with four molecules takes place. 
As ill the case of the |)i-cvious compounds different number of 
water molecules are associated with the inoleenle, the degree of 
hydration depending upon tlie c 9 ncer.tr.alion of the reacting subslances. 
The product formed by condensation of three molecules, r/r., 
S-(C,N,S)3S,-S 

I I , SHgO gave the following results on analvsis: — 

Tit; O HfT ^ ^ 

0-1370 gave 0-0G39 lIgSand 0*2749 BaSO^; IIg= 10-21, 8 = 27*50. 
0-1229 gave 0-0383 CO. ; 0 = 8*50. 

0*1377 gave 10*2 c.c.Ny at OO'^c and 700 mm ; N = S*18. 

Calc. Hg = 39-85; 8 = 28-69; 0 = 7*17; N=8-37. 

* In order ' • oconornisu spaco dotailM of tins results of analysis of the? hydrated 
varieties are ni.t given. It is necessary to point out here also that tlie percentage 
of hydrogen in most cases comes ont unusnally high us traces of mcrcnrial vapour 
arcs npt to hu carried into the CaCl, tube. 
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The above with SllgO: — 

0-2010 }?ave 0 098 1 li;rS ami 0-1421 BaSO,; Hi;= 12 07; S = ;50-21. 
0*1592 gave If^’SO c.e. Nj, at 32^e and 700 rnm ; N = 9 30 
Calc. IIg=12*ll; S = 30*3l ; N = 8*84.. 

The above with 211 ^O: — 

0*1392 gave 0*0732 lIgS and 0*3182 BaSO^; llg= 15*33; S = 3140. 
0*1805 gave 10 c. c. ol* at 29'e and 700 mm ; N = 9*52. 

Calc. llg = 14*05; 8 = 32*11; N = 9*38. 

The compound formed by condensation of four molecules, riz.y 
S-(C,NaS),S.-S 

I I , +311.4) gave the following results of analysis: — 

Ug O Hg’ - " 

0-2800 fjave O-lOfil lI 5 ra 1 ulO 76 .il. BaSO.,; H}r=37-91; S = :37-51 
0-0904. gave 9-1 c.c. N, at SO'^C and 760 mra ; N = 1 1- 48 
Calc. Ug=.57-67 ; 8 = 3616; N = 10 -.").'i 


Inferaction of ufcrcuric nilrifa irilh Ihf. lioiomHo) mfl ifUiUMazole- 
dholphydratc : 

When the reaction is made to take place with the freshly dissolved 
K-salt ill water, the eoni])oun(I 

N -N 

il il 

KSC C -SllgXO, 

V 

S 

is formed. The product is a greenish yellow nitrite and gave the 
following results on analysis: — 

0*3037 gave 0*171 1 llgS ami 0*5702 BuSO ^ llg= 18*()5 8 = 25*79 

O'lOoS gave 12*6 c.c. at 31^' and 7G0 mm; N = 8*37 

Calc. Hg=4G-19 ; 8 = 22*17 ; N = 9*70 

'rhe presence of potassium was also proved. The salt thus 
approaches almost the theoretical formula given above ; but it is 
necessarily contaminated with a slight admixture of the next 
compound. 

On keeping, the potassium salt undergoes hydrolysis in acpicous 
solution as is proved by its alkalinity. In two preparations greenish- 
yellow precipitates were obtained. 
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ir, 

Tli« eonipoiind conforms to the fornuila 

S-(C,N,8).,S,-S 

I I 

"f? O Hfe. 

with a {idmixtiirc of prep. I. 

0-l():2r,^ravc0 ()‘)S() [I^^^Sand 0-:>(5:M. BaS(3j; Hcv = 5:l-^8; S = -2-’-85 

0*1 020 gave 10*8 c.(3. N.^ at 8:i^e and 700 min; N=7’30 

Cale. for the pure coiii])ound, IIg = 50*i2; S “20*97; N = 7*80 

]\lrrcnnv nifrile mtd /hlopfinfol : 

Three difterent eoinjioiinds have been isolated in this case. When 
the aleoholie solid ion of ihiophenol is added very slowly to an excess 
of mercuric nil rile solid inn the reaction takes the ordinary course 
anil BhSIIgNO., is mainly formed. Tt is a dull yellow, light granu- 
lar powder and is a real nitrite. But, when the thio-compound is in 
excess and the addition docs not take ])lace very slowly, tlie whole 
of the refielion mixture nssumes a dirly yidlow colour and nitrons 
fumes are evolved profusely. On stand ir.g, however, the reaction 
subsides and a white granular powder is obtained. Tt can be erys- 
talli.scd from hot benzene and when .absolutely pure has a sharp m. p. 
1 Itr. Under slightly varying conditions an oxy-compound 
[(BhS).,l!gO] ., ] is formed. As is evident, it is not easy to control 
the reaction so as to give one product to the complete exclusion of 
the others. The nilrite-mercaptide i.s always found to be admixed 
with the other products of this re.'iction. 

The nitritc-nicrea])ti(lc gave dilTerent results of analy.sis on 
different occasions, dej)ending iij)()]i the proportion of Ph 8 .jITg .admixed 
with it; generally, however, the values have been found to be inter- 
mediate between that of the pure compound and PbyS..IIg. 

Calc, for PhSIIgNO,, found Calc, for Pli.,S.,IIg. 


Hg = 

r,6-;33 

rji-3() 

44'4 1 

S = 

!)-01 

14-23 

21-30 

c = 

20-2S 

26-4-1. 

32-00 

11 = 

l-tl 

2-24 

2-30 


It will be noticed that the substance consisted of almost ecpial 
proportions of both. 
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The componncl of the formula PhoS.^Hir ^avo the followioj^ 
results on analysis : — 

0-1042 gave 0-080 1 Hgand 0-3l:M. RaSO,; IIg=14-48; S = 22-J6. 

0-0964 gave 0116 CO. and 0 0280 11,0; C = ;3217 ; 11 = 2-7. 

Calc. Hg = 44-41s S = 21-80; C = 82 00; IT = 2-:30. 

The compound [ i3(PhS)llgO] , gave tin; following results on 
analysis : — 

0-4016 gave O'JnOd Ilg ; IJg=87-o0 

0-4338 gave 0-5620 BaSO , ; S = 17-82 

0-128U gave 01886 CO, ; C= 11-81 

Calc. ng = 3S-02 .S= 18-25 ;C = 4l-07 

The above two conij)Ounds wen* j>njv(;d to be non-nitrogenous by 
combustion analysis. 


Mi'fvm'ic nUrih^ a ml pJtrnfl~nif‘tlit/l-lln(tltti(l((iifoni : /omtahon of the 
eompofnul : 


C()-Nl*l» 

I 

OSIIc?N(),+2TI,U 

II 

CII,CT!~N 


The eom))uuiid was grecnish-gn’V in colour and was a real 
nitrite. 

0-1981 gave 0-0951. llgS and 01 1 10 BaSO p llg= 11-51; 8 = 7-69 
0-1771 gave 0-1586 CO, and 0-0582 11,0; C = 21-8S; U = 8-05. 
()-2886 <>^ave 20-8 c. c. N, at 80 ' and 760 in in ; X = S-10 
Calc. lJg= 11-07 ; 8 = 6»-.57 ; C = 2 1-6 1 ; 11= 1-85 ; N = S-68. 


1\)TK NT I A L M KRC A PTANS. 

Mt^rcurtc nit riff nml /ihrm/ff/ilonnui : Jonnnt ion of the compomnl : 

Nil IlgNO.. 
ii I 

C S 

I V 
XIIIMi () 

In this ease flu* tendeiuw to form into a pasty mass is well marked 
and it was with great diilicultv and alter several lailures that the pure 
product was obtained. It was deep yellow in colour and was a 
nitrite. 

0*3512 gave 0 2850 ilg and 0-1-227 BaSO^ ; lIg = 66-9; S = 4-S 

0-2015 gave 11-4 c. c. N, at 26*^ and 760 mm ; N=C-40 

Calc. ITg = 65-^^5 ; S = 5-2-2 ; N = C-85. 
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Mercnrin uifrife and sijuf-diplif^irf/ iliiourea; formation of the'] 
com^mund : 

Nil [Ml 
I 

lMiN = 0-S-lIgN()., 

A 

IlK-O 

It was a bi’owiiisli yellow granular powder, and was a nitrite. 

0-31.:2*> ‘.wo 0*1970 and 0*10()9 BaSO^ ; H^=57*o7 ; S = 4-n4 
0-3970 gave 01141 CO,, and O O^ H 11,0; C = *2:i*27; 11 = 1*94 
Calc. Hg = 58*07 ; S= l-04; C = 2:1*01; 11 = 1*00. 

The Jibovo com|)oiind is only rarely formed. 1 he product generally 

obtained conforms to the forinida 

NhglMi 

I 

IMiN:=C-SIIgNO., 

0*155.5 gave 0 09 17 HgS and 0 07 11 BaSO, ; ng=52*5l ; S = 0*55 
0*2275 gave 0*1307 lIgS and 0 099:> BaSO^; Flg = 5l*80 S = 5*99 
Calc. IIg=52*|.3; S = 5*59. 

Mrrrnric niirUe und l/tlosen/irailjaiidr: funualimi vf the eompoand: 

XhirXlK 

I 

xn -c-sifgXf), 

The thio-eomponnd was taken in jupieous solution. Tlje produet 
was a dull yelhAV granular powder and was a nitrile. 

0*2715 gave 0*1870 HgS and 0-|:5r»:’ BaSO^ ; Hg = 08*87 ; S = 0*89 
0*103*2 gave 1 1 *8 c. c. N, at 32' e and 7r»0 mm ; N=12*0 
Calc. Hg=08*9(); S = 7*30 : N = 12-87. 

Mrrefirtc mfnte and phrtt/// thimeiuivarhniido \ fonnatiint of the 
coHf pound : 

XligXniMi 

I 

Nn-c-sifgxo, 

It is an orange yellow granular powder and is a nitrite. 

0*30°! gave 0*1821 Ilg and 01320 BaSO^ ; Hg=59*2; S = 5*91 
0*2030 gave 20*5 e. c. N, at 33"" and 700 mm ; N = 1M0 
Calc. Hg=58*70; S = f>*20; N= 10-90, 
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Merctmc nilnie aud iliphcmfl fftioKentirarfjazldc : fomaiioR of the 
coinponud : 

NlijcNIIl'li 

I 

riiN-C-gllKNO, 


It is an orange yellow granular powiler ami is a nitrite. 

0-J797 gave 0 0925 Ilg; Hg^ol tH. 

0'25?7 gave 0-24.98 CO., and 0-05:>:3 i{.,0; C = 2(i-2i ; 11 = 2*25. 
0*1380 gave 1 1-7 c. (?. N., at 32^^ and 700 mm ; N = 9’38. 

Calc. IIg = 5Ml ;C = 28*57; 11= 1*87 ; N =9-51.. 


Jfenufnc nil rile and di/j/tf.^nff/ .s'd^flnhCttrljiKidc : fort/nifin/i nf the 
amipoiiiul : 

Xlijr-NlIPI) 

I 

PliNllN^C-SH-rXO.. 


It is a beautiful pink coloured granular powder and is a nitrile. 
0*1007 gave 0*0905 llgS and 0*0007 BaSO p IIg = -|.9-91 ; S = 5*00 
0-1103 gave 0*1 lOt CO, and 0 0:H7 li,0; C = 20*l 1; II=:2-J.8. 
0-1107 gave 1 1*7 c. c. N, at 30'" an I 700 mm ; N= 11-20. 

Cale. llg=19*83; 8 = 5*31; C=25-9I ; 11 = 1*82; N=ll-02. 


Mert’urir. nifrife tuid jihfuifl dif/iiontrljicitilo acid /dtcnt/flffdnninc: 
fonmliun uf (he eorip^mnd ; 

I 

A 

Hp-0 

It is a blackish violet granular powder and is a nitrile. 

0-1971 gave 0*1519 ligand 0*1031 BaSO, ; llg=07*71 ; S = 7-18 
0*1051 gave 8*5 c. c. N, at 27'“' and 700 mm ; N = 5-89. 

Calc. ng=07-40; S = ri9; i\ = 0*30; 0 = 9*11. 

Mercuric uilrife and, K^iihca jf! di I huicxi rinvj uale : fanaaiutii of (he 
name compound as ahorc : 

0*3294 gave 0*2239 Hg; Hg = <)7-‘.17. 

0-1790 gave 0*0007 CO., and 0*01.58 11,0; C = 9*21; 11=0*98 
0*1321 gave 6*8 c. c. N, at 2?° and 700 mm. N = 5*S8. 

Calc, sec above. 
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Mercuric id I rite aud yj. iddtirihphciK/f-lfdonrea : fornhition of the 
CO Of pound : 

N(),llgS-< iz>~NH 
1 

]IX = C~S-]IgX()s 
A 

Ilg-O 

Gi*eal caution is uoccssjiiy in the preparation ot* this conipouiid. An 
acetone solution ol* the thio-coinpoiinil is added in a thin stream 
under vigorous sliaking io a solution oF mercuric nitrite, care being 
taken that the latter is always in fiirpe crcciin ; otlierwise, the pro- 
duct turns blackish, being slowly converted into mercuric sulpliide. 
The compound was yellow and sometimes orange red and responded 
to the tests oF a nitrite. 

0-3578 gave 0-:>H0 Jig ; llg. = h7-37. 

0-1823 gave ()-()t)(U IJaSO.^; S = 7-:M-. 

0-1302 gave 0 0tt2 CO.^ and 0 0102 11,0; 0 = 0-20; Il=l-dt. 

O'l ttS gave 7*1 e. c. Ni at 2(r and 700 mm ; N = 5*87. 

Calc. Hg = G7*12; S = 7-10 ; 0 = 0-11; 11 = 0*07 ; N = ()-29. 

Absence of chlorine was also proviMl. 

MrcitATio.v or ai.kyi. KAurcAr.s. 

Mercuric nif nhi and nnido^phciu/ 1 -cn rtmuic-/ h ln^incl fii/f csfer : 

formation of the cumponud : 

NCH, 

II 

C-SlIgXO.. 

I 

Niirii 

It is forined as a yellowish while lIoccMilent precipitate whicli when 
dry turns orange yellow. 

0-30:)0 gave 0*1 lOJ. II g and 01 533 BaSO^ ; lIg = lS-0l ; S = (;-01 
0*11()1 gave 0*1238 CO, and 0*0329 11,0; C = 23*10; H=2*5l 
Calc. IIg=18*12; S = 7-75; 0 = 23*21; 11 = 2*18. 

Mer»'nric nit rite, and imido-phcuft-c irh(imic4liiocUi ijle^icr \ fornudion 
of the compound ; 

NO,ll, 

It 

C-SllgXO., 

I 

Nin>h 
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0-2918 gave iYlUO Ilg ; Hg^ ; 

0-1986 gave 17-10 e. e. N., at. 28'*^ ami 760 inin ; N = 9-92. 
Calc. IIg=i(;-8ls N = 9-97. 


Mercunn itifrl/e and fdnuit/l nnidopInmi/L rarhamitdhionhdht/featcr \ 
formatiua of the eotn pound : 

NPli 

II 

C-SIT^-XO., 

I 

NMi-l'li 


Tt is ail orange ^^ellow granular powder and is a nitrite. 

0-2801 gave 0-1088 Hg ; lIg=:89-86. 

0-28-77 gave 0*80 !7 CO, and 0 078S H,(); C = 8l-70; Il = 8-io. 
0-28()8 gave 22*1) c. e. N., at 29^c and 760 nun. ; N = 8-99. 

Calc. lIg=t0-9; C = 8t-50; H=2-67; N = 8-86. 


Merenrte nitrite amt phenijfimiitophentjl earhn miethioedh iff inter \ 
fornialion. of the compound. : 

NPh 

II 

I 

NMtPli 

rt is an orange yellow granular powder and is a, nitrile. 

0-8780 gave 01 178 Ilg and 01 87 t IjaSO j; lfg = 89 68; 8 = 6*91. 
0-1282 gave 9-1 c. e. N., at 82" and 760 inin. \ = S I'8. 
tJalc. I[g = 39-02 ; S = 6*89; N = 8-88. 


Mercnrif nitrite and tnetht/f ether of ph. dit hiohiazoli ne mtfpht/drate: 
formation of the compound: 

UII, 

I 

IM«X-X 

I 

C-S-lIgX()„ 

A 

SC-S UgXO., 

The thio-eora pound was dissolved in ehlorot'orni and the clear 
solution thus obtained was vigorously agitated with inorciirie nitrite 
solution for nearly half an hour, when an emulsion was formed. It 
was allowed to stand over-night. A cream coloured granular mass was 
obtained, which was thrown on fdtcr and washed with water, alcohol 
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and finally with cl i loro form and dried in a vacmim desiccator. It 
evolved nitrons fumes with IICI. 

0*11)8 1 gave 0*10.55 llgSand 0*1 ‘581 Hg =45*85; S = 0*58. 

0*1870 gave 0*0881 CO, and 0*0290 11,0 ; C= 12*88 ; 11 = 1*75. 

0*1008 gave 10*2 e. c. N, at 80° and 700 mm ; N = 7*08. 

Calc. Hg=45*07; S= 10*90; C= 12*88; H = 0*91. N = 6*39. 

Mercnrlc nitrile ttitd phentjidithiohiazoUiie di^n! ftliide \ /onnalion of 
the compound : 

riiN-N () \-\IMi 

II I I II 

c — s s — (; 

II II 

sc -IS IIifNU, XO, S-CS 

0-2910 gave 0*1288 llg ; llg= 18*80. 

0*1 190 gave 9*00 c. c. N, at 80° and 700 inni ; N = 8*8.5. 

Calc. llg = 41*75; X = 8*77* 

Intekactiox with the ai.kyi. iohiuks. 

Mercttp/ide nitrile of n-pfienf/f-ditftioOucidine sn/p/ti/drate ond 
Victhf/l iodide: fonnntion of the compound \ 

Oil., ClI, 

on, 11 I ■ 

> N - N — ( ; — s — s - c 1 1 , 

Cll., I I I I 

oil, oil, I I 

The inethotl of procedure is exactly Ihe same as in flic interac- 
tion of mercury-mercaptide nitrites and llic simple alkyl iodides. 
After ivlluxing with methyl-iodide it was found that a portion was 
left undissolved, whicdi, when |)uriliod by washing several times with 
acetone^ melted sh:ir|jly at 127 'C. The soluble portion (in acetone) 
however, had to be pnrilied by precipitation by addition of ether, 
and the pure eomi)ound thus uldained melted sharply at 107°. It 
gave the following results on analysis : — 

0*8129 gave 0*081 I llg; llg=:25*y2. 

0*1107 gave 0*1000 llg and 0*8718 Agl ; Hg = 25*90 ; ! = 4S*72. 

0*0841 gave 0*0808 and 0*0287 11,0; C = 1 1*78; 11=2*15. 

CBHyiN,S,IIgl;. rwpiires, Hg=2582; 1=18*28; C=1M5;. 
H = 2*00. 
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The insoluble compound (in acetone) of the formula 

Hgl Me 

PI. I I 

>\-N-C-S S-Mo 

Mo 111 

M*! I 1 

m.]). 127“, jijavc the follo\vin<j results on analysis: — 

0-1807 fTiivc 0 0440 11-:, 0*1527 and 0*0870 BaS 04 ; 

= 25-!)G; I = 1.8*03; S = (VIO. 

0-1070 irave 0-0500 CO, and 0-0731 11,0; C = 15 00; II = l-:39. 
0*1227 t!:ave 4'-2 c. c. N, at 3)“ and 700 inin. ; N = 3*73. 

C, I lI, 7 N,S,lIj^T,, requires, = 21-33; [ = 10*35; 8 = 7*70 
C = 10-00; 11 = :J-S7. 


T/ifi uhovp mfil'Cltjif i(te uIIiiIp mul 'nul 'hip \ /‘nnihitinu of (hp 

Cimpountl : 


Ilifl Kr 


Va I 1 

>y_N = C-R~S-Ki 
Kf. I I I 

Kt. I [ 


In this ea^e also, the solid)le portion (in ae(‘tone) was purilied by 
repeated crystallisatioi'i. 'Plio [lun* eonipoiiiid was a dull yellow 
crystalline |)owder and nudted sharply at 73-7 T <*. 

0*23 lt» j^ave 0*0572 llj^, 0*1000 A- I and 0*0972 13aS04 ; 
Ilg = 21-00 ; I = 15-71; S = 5*77* 

0*2501 jravi; O'OOl I 11^ ; II-- = 23*83. 

0-1278 ^^ave 0*0703 CO, and 0*0200 11,0; C = I5*li ; 11 = 2*58. 

0-2170 gave 7*8 C.(\ N, at 31’ ami 700 mm; N = 3 50. 

requires, Ilg= 21*00; 1 = 45 0; S = 7-7l 
C= 15-0; H =3*07; N = 3*57. 

The above three i)ropfu-iitions were rej.en led at. least half a dozen 
times, and in eaeh Crise, sharply d.dined com[)ounds of the above 
composition were obtained. 

memipf thi nlfrifp and Iodide : formal Ion of ihe 

compound, \^PhMeS,^, 

The pure ])rodu(!t was obtained by repeated crystallisation and was 
a dull yellow crystalline powder, in.p. 00“. 


VidCf foot-noto, ji. 26 . 



u 


KAY AND GIJilA 


0-4616 <?avo iyHb'Z and 0*4:353 Agl ; llg = 27-13; 1=50-96. 

0-1131 gave 0-0551 CO,.; C = 1:1*29. 

CRllMSallgl;. requires, Ilg = 26*6; I = 50-66; C = 12-77. 

Phiuufl wmapflile nitrite ami ethijl iottide-. formation, of the 
componmt [/V/AYiS.,, Ugl^, AY/.] 

The soluble port ion (in acetone) in this case, first of all appeared 
as a greenish yellow oil, whieli soon eiysiallised on stirring and had 
the m.p. 59° 

0 *2991 g-.ivo 0*0774 Ilg and 0*267:1 Ag 1 ; llg = 25-85; 1=48-24. 

0-1:302 gave 0 0740 CO, and 0*0282 H,0; C = 1 5*5 ; 11 = 1-86. 

Ci^IIij-S.Hgln requires, ng = 25*6t; 1=48*84; C=15-39; 
II = 1-92. 

f^h»S.f/g and methjf iodiite: formation tf the eomptnutil \ 

U«;I Ph Ph 
I I I 

Mc-S-S~S-Mp 
I I I 
I T I 

The product was an oil, which on stirring crystallised eu mime. 
It was washed several times with acetone wlnui the colour turned to 
yellowish white. It was insoluble in acetone find melted sharply 
at 111-112°. 

0-:3l50 ga;e 0 0()15 Ilg, 0*2915 Agl and 0*2007 HaSO,; 
Hg= 19-53 ; I = 50*00 ; S = 8*75. 

0*1410 gave 0*0902 CO, and 0*0:190 11,0. C = 17-41 ; 11 = 3-07 

C^^lI,,.S,Ilgi, requires, Ilg = 20*24; 1 = 51*42 ; S = 9*71 ; 
C = 17-00; II = 1-62. 

It will be noticed that wdienever a suljihonium compound contains 
]>henyl groups, it becomes insoluble in acetone. 

Merenjit (de nitrite <f thinrartjaniintc amt ethijf imtiit : formation 
of the e.ompoamt : 

Kt Kt 
i i 

i-o-s-npri 
I I 
Kt. I 

In this case a deep ])urpIe-colonred needle-shaped crystalline 
product was obtained. It wa.s soluble in acetone. 
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0-3083 gave 0*0890 llg, 0-2920 Agl and 0*1042 BaSO^; 
Hg=28*73; 1=51.18 ; S = 4.(>4. 

0*1214 gave 0*0552 CO^ and 0*0232 11,0; C= 12*04; I1 = 2*J2. 

CylljsSHgla requires; ng=28*09; 1 = 53*51; S = 4*49; C = ll*8; 
H = 2*ll. 

Mercaptide nitrile of phenyl inndo^phenylcarhanficlhionielhylesier 
and Methyl iodide \ formation of the eompound 7/^/,, MeL^ 

The mercaplide-iiitrite was reOnxed with methyl iodide. Next 
day a yellow crystalline mass was loiind at the bottom of the liquid. 
The motiier liquor was drained off and evaporated on the water bath 
when a treacle-like mass romaiiied. The yellow crystalline product 
was exhausted several times with acetone and an insoluble pale yellow 
crystalline residue melting at 17()— 180° remained. The treaele-Iike 
mass on stirring with a little acetone crystallised en mosae. The 
acetone liltrate from both was concentrated to a small bulk and treated 
with ether when a mealy, pale yellow crystalline mass was precipitated. 
Hut, as this had no sharp melting point, it was subjected to fractional 
crystallisation. The fractions had melting points varying between 
( 1 17 — 155°), (153 — 101°) and ( 100 — 1 1 6°). The first two were once 
more dissolved in acetone, filtered off the insoluble ]>ortion and again 
precipitated by ether. The process was repeated five or six times 
when at last a fairly good croj) was obtained, whieh melteil sharjily at 
100— 102°(:. 

0*3290 gave 0*0791 llg and 0*3281 Agl; ng = 29‘:)l ; 1 = 53*89. 

0*1150 gave 0*0*221 CO, and 0*0218 HyO; C = 5**2l ; 11 = 2*11. 

C 3 Hc,UgT.,S, requires llg = 28*98; 1 = 55*21; C = 5*22; 11 = 1*30. 
From its appearance, melting point and analysis, it is thus found to 
be [Me,S 2 , Ugl.,, Mel]. 

Mercaptide nitrite of phenyt i nndophenytcarfjamict hioethyl ester 
and ethyl iodide-, formation of Ugl. 2 } 

The procedure was almost the same as in the previous instance. 
On concentrating the acetone .solution a portion crystallised out, 
which had no sharp in.p. (rr., 100-138°), 

It was puvitied by repeated fractional crystallisation; when 
absolutely pure, it melted sharply at 110-111°. 

0*3127 gave 0*0802 Hg and 0*0978 Agl; Hg = 27*57; 1=61-40 

0-2740 gave 0*0758 Hg; Hg=27*0() 
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0 0861 gave 0 0327 COo and 0*0255 HgO; C=10*37 ; H=3-29 
C JI, sS.Hgl., reiiuires, Hg=27*32; 1=52-05; C=10-37; H=3-29 

Memi'pUde nii rile pom the p, chforo2iheiiylf hion rea deiirative^ viz., 

llgNO, 

I 

()..NlIgS- < z > - Nn-G-S— ITg 
II V 
NTl () 

and elhpl iodide : formation of the eomponnda : 

(Sllgl )2 and L^t^Sg, Hglj, EtI] wliieli agreed with the analysis 
already published (I.e.p. 109). Tin* tli-niereiiri-di-iodo-disiilphide had 
reversible phototropie iiroperi ies. 


Phentjl dUhiolitizoUue disnfphide^ merenrie iodide and ethif iodide : 
st/nlhenia of the componnd : 

Ktl 

V 

eiiN-N Ugl Ki \-NIM* 
il i I ii I 
G-S-S -0 I 
till! 

SO-S i 1 s-cs 


0*3127 gave ()'05I2 llg, 0*2366 AgT and 0*3026 IhiSO^ ; 
Hg=10*;38; 1=10*89 and kS = 1;5-29* 

0*1571 gave 0*1066 CO,; C=18-17. 

Calo. Ilg=l6*45; 1 = 11*75; S= 1 5*79 ; (^= 1 9-74. 


Sl’MMAHY .\.\l) roxei.l'sio.v KNUXCIATiOX Or LAWS. 


From the present investigation ii is found (1) that mercuric nitrite 
acting u]>on the aryl substituted thioearbainides brings about their 
taiiiomerisation and the divalent sulphur atom thereby acquires 
additional encMgy and the ca])acity to take up the radicals of lIg(NO.,) 2 , 
becoming tetra valent, thus : — 


NO, NH 

I Hg(NO,y, II 

C = S > C-SHgx\ 0 „ 

NHPh NHPh 


Nil HgNO., NH H«NO, 

II I II I 

C S - llgNO . C S - Hg 

II IV 

NllPh NO, NHPli O 


Owing to iho iedious proress involved, the Rulplmr nnd iodine gonietinies CBjne 
one too low' (vidv ‘Trnns. Chein, Sot-.*' 1916 , 109, p. 133 ). 
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(2) That one and the same atom of sulphur cannot retain the load of 

one Hg(NO ^)2 and an additional ( — HjijNOy) j^roups, but by partinij 

with N 3 O;, becomes an oxynitrite 

HkNO.. 

I 

-s-llg 

V 

o 


(.*3) that sometimes, however, mercuric nitrite acts in a twofold 
character. Not only does it brin" about tautonu?ne ehanufes as 
indicated above but an atom of hydrogen in the imino-j^roup is 
simultaneously replaced by its equivalent of (hi») ; in siicli cases, the 
molecule beiiif*- already loaded with (— II^N().J and tlu* siil]>hiir 
atom can no Ioni*er become telravalent by taking’ up a fresh load of 
Ilt*-(NOa)a (Cf. derivatives of diphenyl-thiocarbamide, thiosernicarba- 
zide, etc., p. 0). If, however, there Ik.* two mercaptanic suli)hur atoms 
in the molecule, one real and the other ])utential, then each of these 
snl]diur atoms can individually take up its own quota of llfl^NO^; 

SIlgNO.. 

I 

Phxii 

I 

s-ngxo., 

A 

Hg-O 

(i) that a mercaptan, however complex its structure ini»ht be — 
provided it is a real mercaptan — does not undergo disruption but has 
> 5 imply the II of Sll replaced by (— llgXOjj). If, however, the 
compound be a potential mercaptan, even if its molecule be of a 
simplf ebaracter, c.y., tbiocarbamide, it either undergoes disruption or 
its sulphur atom in view of the superadded energy becomes tctravalent, 
/.A, — SlIgNOa becomes 

-s-HgNO.. 

A 

Hg-O 

(o) that mercuric nitrite can be useil as reagent for the diagnosis of 
real and potential mercaplans, the fw/zernucitf tim enten being furnished 
by salts of phenyl sul])li()carbazinic acid, which is at once a real and a 
potential mevcai^an and as such the hydrogen attached to the 
mercaptanic S is simply replaced by ( — llgNO^), whereas, the S of 
the potential mercaptan possessing additional energy' passes on to the 
tctravalent form, r/-,, 

-S-IlgNO, 

A 

Hg-0 
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(6) that 80 great is the affinity of S for the group (— HgNO,), that 
it pushes the alkyl radical attached to it to the adjacent nitrogen atom 
and thus also brings about migmtion of alkyl radicals. 

(7) that the sulphur atoms forming the ring does not possess the 
property of becoming tetravalent by adding on the radicals of 
Hg(NO.),. 


C. U. Preas-Reg. Xo. 631— O-S-IS— 1,000. 



Interaction of Mercuric, Platinic and Cupric 
Chloride respectively with the Mercaptans 
AND Potential Mercaptans. 

BY 

Prafulla Chandra RAy. 

INTRODUCTORY 

Some four years ago, the author ventured to put forth the view 
that the compounds which mei-curic, platinic and cupric chloride 
respectively yield with thiocarbamide and thioacetamide, etc., are of 
the same nature as those obtained by the interaction of these halides 
with real mercaptans ; they are chloromercaptides (Proc. Chem. 
Soc., 1914, SO, 304). Since then extended investigations have been 
carried on in this field especially through the aid of mercuric nitrite, 
(T., 1917, Illy 101), a reagent which brings about ready tautomeric 
changes. Iodine also has been found to act similarly on these bodies 
(Trans. Chem. Soc., 1916, 109y 698), inasmuch as they behave like 
iminomercaptans. 

It seemed desirable at the outset to undertake a systematic study 
of the behaviour of mercuric, cupric and platinic chlorides towards 
some of the typical mono-, and di-mercaptans, namely, ethyl and 
ethylene mercaptans, phcnyldithiobiazoline sulphydrate and thiobiazol 
disulphydrate. 

Ethyl mercaptan has been found to yield under normal conditions 

Et-S 

a chloromercaptide of the formula >Pt-Ci and under exceptional 

Et—S 

Et-S 

conditions a plataso-mcrcaptide Ethylene mercaptan 

Et— S 

(thioglycol) also yields a chloro-mcrcaptide of the formula 

g g — Q H 

>pt< I* *, In the formation of this remarkable compound, 

8 Cl SH 

two molecules of thioglycol simultaneously take part in the reaction ; 
otte atom of chlorine of the platinic chloride remains, however, 
intact. 



30 


rAy 


Phony Idithiobiazoline sulphydrate or rather its potassium salt has 
been found to bo equally reactive towards platinic chloride and it 
readily yields mercaptides in which platinum functions both as a triad 
and a diad element as in the case of the simple ethyl mercaptan. 

The valency of platinum calls for a few remarks. The salts of 
the type MX3 are scarcely represented among the platinum com- 

Et-S 

pounds. Ill the formula platinum, no doubt, may 

be made to appear as tetravalent by doubling it. Platinum has 
its proper place in the eighth or transitional group in the periodic 
system, which also includes iron and iridium. Now, the chlorides 
of these metals arc represented by the simple formula MCI 3 and not 
by MjjClfl. Moreover, platinum with high atomic weight of 194 will 
have scarcely two atoms coalesced into the complex = Pt — Pt = . Salts 
containing two atoms of platinum in the molecule have, it is true, 
been described, but they are of a very complex character.* 


The product of the reaction of mercuric chloride with thiocar- 
bamidc has been assigned the formula HgCl2CSN2ll4 (Rosenbeim 
and Meyer, Zeil,, Anorg, Chem., 1903, 34, Ibid, 1900, 49, 13). 
In other woids, it has been regarded as a ni3re additive or molecular 
compound. From considerations based upon analogy the author 


/NH,-C-S-HgCl 

II 

NH 


)hC1 ; i.e., 


suggested that it should be formulated as y 

it is the product of the reaction of mcit*uric chloride upon ^ 
tliiocarbamide (imino-meicaptan). The hydrogen chloride, wliich 
is formed, is not liberated in the free state but is simply fixed by 
the basic complex. It is well-known that formamidinc disulphide 
exists as a salt of a diacid base because of the presence of the 
amino- and imino- radicals. Convincing proof has recently been 
obtained in support of the above formula. The compound in ques- 
tion has been found to he sufliciently soluble in water to admit of 
conductivity measurements. If it w’ere an additive one, in solution 
it would simply break up into its components. Now, tliiocarbamide 
is practically a non-eicctrolyte and mercuric chloride is very feebly 
ionised in solution (Cf. RAy & Dhar, T., 1913, 103, 8). The aqueous 
solution, however, shows an enormous increase in the dissociation, 
which is of the same order as that of ammonium chloride, proving 
that the salt is the hydrochloride of a base. 


* CoBsa, Ber. 23 (1890), 2503, Cle?o, Bull Soc. Ohem. 17 (1872), 289. 
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Thioearbamidc may be expected to behave in like manner to- 
wards platinic chloride and yield a 3 ompound of the same type 
thus 

NH 


H,N-OB-NH, PtCl* NH,-C-S 

H,N-CS-NH, Nil 

li 

L NH,-0-S^ 


Pt' 


01 

1.HCI 


01 


Reynolds and Pratorious-Seidlcr (Ber., 17, 807), however, make 
the compound an additive one of thiocarbamide with platinous 
chloride and assign to it the formula 2 (CSN 2 H 4 )PlCl 2 ,HCl or 
8 (CSNjH 4 )PtHCl 3 . That this view of the constitution of the 
compound is erroneous is evident from another consideration. The 
platinio chloride on being reduced to the platinous state would set 
free chlorine, which would, in turn, act upon a portion of the thio- 
carbamide and foramidine di-sulphide hydrochloride Avoiild be simul- 
taneously formed;* the derivative in question is, however, free from it. 

Cupric chloride is analogous in its behaviour towards thiooarba- 
mide 


NH, CaCI, 

CS< > Nll.-C-S-CnCI 

NH, II 

NH 


In this case, however, the hydrogen chloride is liberated in the free 
state and has actually been detected in the filtrate. This is what 
might have been expected. The chlorides of mercury, platinum and 
cobalt have the caiDacity to form complex compounds with ammonia, 
amines and amino-groups, which, on account of their basic character, 
can fix a molecule of liydrogeu chloride ; while copper being a more 
positive metal does not possess this property. t 

The view taken above offers also a ready interpi’etation of the 
reaction between platinic chloride and thioacctamide, first studied 
by Kernakow (Journ. ttiis, Chem. Soc., So, 613). The Russian 
chemist formulates the compound as PtClg, 4 CaH 5 NS, PtCl 4 i.e., 
an additive one of four molecules of thioacetamide with one of 


* It has been actiiallf found that sulphnryl dichloride, whioh acts as a mild 
ohlorioatiug agent, behaves ezactlj like iodine towards thiocarbamide and yields 
the hydrochloride of the base. 

t Tho ammonioal componnda of copper are quite distinct from those of 
platinani and cobalt | the latter oome under Werner’s supplementary valencies. 
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platinous chloride and another of plantinic chloride. This formula^ 
^when halved, stands as PtClg, 2 C 2 H 5 NS, and is in reality 

nci,* the platinic chloride functioning exactly 

like mercuric chloride. Thioacetamide here also simply undergoes 
tautomeric change. One strong argument in favour of the suggested 
constitution is afforded by the fact that, if platinic chloride were 
actually to be reduced to the platinous form, the available atoms of 
chlorine would act upon two other molecules of thioacetamide. It 
has already been shown that iodine, acting upon thioacetamide, 
completely breaks it up, the whole of the sulphur being precipitated. 
(T„ 1916, 109 , 698). The product, in question, when treated with 
carbon bisulphide, however, did not give any sulphur. The correspond- 
ing cupric chloride derivative has been found to conform to the formula 
Gn,-c-s~GaCi j it is, in fact, a chloromercaptide. 

*NH 

Attention may be drawn here to one striking contrast in the 
deportment of mercuric nitrite and chloride respectively towards these 
potential mercaptans ; both equally bring aboirt tautomerisation and 
the initial products are R— S — HgN. ^ and R— S — HgCl respec- 
tively ; but the former on account of its readiness to take up an 
additional molecule of Hg(N 03)2 undergoes a break-up and assumes 

-S-HgNO, 

the form of a sulphoxy nitrite ^ A , the sulphur atom becoming 
tetravalent. (See above p, 27.) 


“ NH 
I) 

GH,-0-S Cl 

>Pt< 

CH.-C-S Cl 

R 

NR 


The reaction between platinic chloride and thiosemicarbazide is 
of special interest. The compound obtained has the empirical 
formula PtCl 2 S 3 NgH 4 . Here also a tautomeric change of the parent 
thio-body, under the influence of the halide, evidently takes place, 
resulting in the formation of azoniethylene- thiol with the elemination 
of a molecule of ammonia thus : — 


NH,-C-S NH-O-SH 

* — ^ I 

NH NH, NiH NH, j 




nh-o-sh 



r(NH-C-S), = Pt-Ol 
4 II 
^N 


HCl 


• In this formula there is a defleienoy of only one atom of hydrogen. 



INTBBACTIOK OF IfBTALLIO CHLOUIDES WITH MERCAPTANS 3S 

The mercaptan now acts upon platinic chloride in the usual 
mannerj the resulting product being a chloromercaptide. Of the 
three molecules of hydrogen chloride generatedi one is fixed by 
the complex body because of its basic character due to the presence 
of several imino-residues. 


EXPERIMENTAL. 

I. 


Mercaptans and Metallic Halides. 

(/?) Ethyl mercaptan and platinic chloride, 

Hofmann and Rabe (Zeit. Anorg. Chem.^ 1897, iJ, 294) maintain 
that if to chloroplatinic acid be added ethyl mercaptan in alcoholic 
solution, at iii*st an orange yellow platinimei-captide Pt(SEt )4 is 
formed which, when heated to 100^ in a vacuum, readily yields 
plataso-mercaptide. It has been found, however, that by the inter- 
action of platinic chloride and ethyl mercaptan, a platini-chloro- 

Bt “ S 

mercaptide of the formula >Pt~Cl is almost invariably formed 

and that it is only under exceptional conditions that a plataso- 
mercaptide Ft (SEt) , can be obtained. If the components be added 
in a half-hazard manner, a mixture of the two compounds in varying 
proportions is formed. The modus operandi is therefore given here 
somewhat in detail. A concentrated solution of chloro-platinic 
acid in alcohol is taken and a very dilute solution of ethyl mercaptan 
in alcohol is added to it from time to time under vigorous shaking ; 
for the first few moments, only a deep orange coloration is noticed, 
but shortly after a precipitate begins to put in an appearance. Care 
should be taken that the platinic chloride be always in suflScient 
excess. The orange yellow precipitate is allowed to settle for half 
an hour and sucked on the filter pump and washed preferably with 
alcohol and dried in a vacuum. If the conditions of reaction be 
reversed, if a dilute solution of platinic chloride in small instal- 
ments be added to an excess of a concentrated solution of ethyl 
mercaptan, under vigorous shaking, for a few minutes the solution 
remains clear, after which a yellow salt begins to separate out, which 
is very nearly pure platasomercaptide Ft (SEt) 2 . 



Prep, 1. 

Prep. 2. 

Prep. 3. 
Prep. 4. 


Pt 

Cl 

S 


Remit of Analym , ' 

0 050 gave 0 0^76 Pt, O-OU AgCl and 0-006 Ba804.* 
Pt=56-20; Cl= 11-33; 8 = 17-85. 

0-0502 gave 0-0283 Pfc and 0 0375 BaS 04 . 

Pt=56-37; 8 = 18-47. 


0-0226 gave 0-0126 Pt. 
0'0258 gave 0*0145 Pj;. 
Found 
2 

56-37 


1 

65-2 

11-33 

17*85 


3 

55-75 


18-47 


Pfc=55-75. 

Pt=56-2. 

Calc, for (EtS)a PtCl. 
4 

56-2 65*02 

10-09 
18-19 


Flataso-mercaptide Pt(SEt)j. 

0-1817 gave 0 0814 Pt, 0*012 AgCl and 0 1985 BaS 04 . . 

Found Calc. 

Pfc 61-81 61-43 

Cl 2-25 

S 20*71 20-24 

Contamination with distinct traces of the previous compound, 
which is invariably formed, accounts for the presence of chlorine. 


(i) PlienyMitJiiobiazoline snljobytlrafe and platinic chloride. 


The potassium salt of the mercaptan was used. To a concentrated 
aqueous solution of it was added under stirring a dilute solution of 
chloro-])latinic acid in a thin stream. A yellow precipitate came 
down, which on drying became orange. Here also, as in the case 
of ethyl mei-captan, the platinum atom functions as trivalent and 
divalent. 

Remit of Analysis, 


0*980 gave 0*0213 Pt and 0-J805 BaS 04 . 


Calo. for 




phN-N ^ 



Fonnd 

1 H 

Pt 



V so-s J 

• 

Pt 

26-68 

22-88 


8 

81-00 

83-U 



Chlorine was found to be absent. 


C*alc. for 


Ph-N-N 
it 

CS 
. I 
8C-S 

80-12 

29-18 


I Mmu. 
: 

26-28 

81-16 


• The estimation throughout was rfPectect by fnsioS with sodium nitrate and 
sodium carbonate. 
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A second preparation gave Pt= 25*32. 

Ph-N-N^ 

j 08 1 Ft requires, Pt= 17*78 ; S=36*10, 

80-8 y 

It will thua be seen thit here also the compouud corresponding 
to the teti^avalent platinum is never formed bnt a mixture of almost 
equal proportions of that yielded by trivalent and divalent platinum. 
As has been previously shown it is only in the case of the simple 
mercaptans like ethyl mercaptan thst the. products can be isolated in 
a pure state by taking proper precautions. 

In the above reactions the free HCl of HaPtCl^. acting uiK)n 
a portion of the potassium mcrcaptidc^ liberates the corresponding 
mercaptan, which is insoluble in water and the available chlorine atom 
of the tetravalent platinum chloride also acting upon i>otassium 
mercaptide gives rise to the disulphide equally insoluble. The dried 
precipitate was therefore exhausted first with alcohol and afterwards 
with benzene for the extraction of the impurities. The colour of the 
compound, which was yellow, after this treatment, became orange. 

(e) Phenyl-diihiobiazoline anlplnjdmie and cujma chloride. 

The potassium salt in aqueous solution was used as it was found 
to be more reactive than the mercaptan itself. 

To a concentrated solution was added a dilute solution of cupric 
chloride with vigorous stirring. A gelatiriuous precipitate was 
obtained which, when dried in a vacuum desiccator, was of a yellow 
colour. It was cupric mercaptide. 

BmiH of A dal pis, 

0 H18 gave 0 247 CuO and 0*4002 BaSO^. 

Found Calc, for (PhNjjCj,S3)jjCu. 

Cu=18-00 12*37 

8=38*21 87*39 

Chlorine was proved to be absent. 

By the reverse process, i.e. by using a dilute solution of the 
mercaptide and concentrated solution of cupric chloride, the 



corresponding chloro-nniercaptide was obtained but it was contaminated 
with tlie mercaptide. 

Found Calc, for (PhN 2 CaSa)CuCl. 


Cu = 17*63 19-60 

S= 30-66* 29-63 

Cl= 6-28 10-96 


II 


Dimeugaptans and Metallic Halides. 


{a) M/iylene mercaptan {thioylycoV) ami platinic chloride, 

A dilute alcoholic solution of platinic chloride is gradually 
added under vigorous stirring to a concentrated alcoholic 
solution of thioglycol. A yellowish brown precipitate is 
obtained^ which is washed with alcohol and dried in a vacuum. 


It conforms to the formula : 

s 

C,H.< >Pt< 
6 


S-0,H* 

1 

Cl su 




It is evidently a remarkable compound ; two molecules of thio- 
glycol which take part in the reaction have had three hydrogen 
atoms of the thiol-groups (SH) replaced by the three atoms of 
chlorine of platinic chloride and only one (SFI) group remains intact. 
In orther words^ it is three fourths a mercaptide and one fourth a 
chloride. 

Besiilt of A nalym, 

0-0788 gave 0-0373 Pt, 0*032 AgCl and 01608 BaS 04 . 



Found 

Calc. 

Pt 

47-8‘t 

46’96 

Cl 

1003 

8-58 

s 

28*03 

30-93 


* The analysis was conducted by fusinfif the substance with sodium nitrate and 
sodium carbonate. Although the “melt** is evaporated with hydrochloric acid, 
it is not easy to convert the whole of the nitrate into the chloride and hence 
the p. 0 . of sulphur often comes out too high. 
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The com pound is by no means pure; there is reason to conclnde that 

• s Cl 

a simpler mercaptide of the formula c,H.< >Pt< ; (Pt=54‘8fi 

8 Cl 

Cl=19*88 ; S = 17'91) is simultaneously formed in small quantities; 
the higher value of platinum and chlorine and the lower value of 
sulphur is thus accounted for. Attempts to obtain the chloro-mercap- 
tiue in a purer form proved unsuccessful. 

(b) Thiohiazole^dwdphyilratc anil me eimc Monde. 

An alcoholic solution of the di-morcaplan prepared according to 
the method of Biisch (Ber.^ 37^ 2518) was added in a thin stream io 
an aqueous solution of mercuric chloride undor vigorous stirring. A 
granular faintly yellow precipitate was obtained, which was sucked 
dry in the pump, washed with alcohol and dried in a vacuum 
over sulphuric acid. The eom 2 )oiind conformed to the formula 

N-N a\-N 

II II II II It II 

cihk~sc cs-sc (;s-sc cs-iigci 
V V V 

S S 8 

it is the pi*odnct of the condensation of three molecules of the 
di-mercaptan (Cf. similar chain compounds under the action of 
meitjuric nitrite). Although no nitrous acid is present here to bring 
about oxidation, evidently so great is the tendency towanls the forma- 
tion of the chain compounds of sulphur that aerial oxidation suffices 
for the purpose. 

Re%nU of Amlym. 

0-3 W gave 0-151 Hg ; 0-1479 gave 0*328 BaSO^. 

0-1204 gave 10*20 c. c. N.j at 29”c and 760 m. m. pressure. 

0*1650 gave 0’014+ AVgCl. 

Found Oale. for (02N2S)"S^(HgCl)a. 


Hg 

45-29 

4.3-65 

S 

30-43 

31-48 

N 

8-95 

9-18 

Cl 

6-05 

7-70 


The compound is seldom obtained pure ; products have sometimes 
been obtained in which only one molecule of the mercaptan takes 
part in the reaction ; they are, of course, contaminated with the 
above and vice-versft. 



Pound Calc, for (C,N»S)S,(HgCl),. 

Hg 60-02 64-63 

S 21-20 16-51 

N 5-85 4-5-2 

Cl 9-84 U-47 


This preparation evidently contained an admixture of the previous 
one ; the p.c. of meroury is thus lowered and that of sulphur 
increased. 


(tf) Thiobiazole-duulphgdrate and cupric chloride. 

To the concentrated solution of the potassium salt iii dilute 
alcohol was added a dilute solution of cupric chloride. A yellow 
gelatinous compound was obtained^ which was dried in a vaomun 
desiccator. It conformed to the formula (N«C 2 S)S.,Cu-p 2 HyO. 


Remit of AnalyniH, 

0*2362 gave 0*0747 CiiO and 0*6854 BaSO.,. 


Found 

Calc. 

Cu^ 25-26 

25-66 

S ' 39-85 

38-79 

By the reverse process i 

\.e,, by ii.sinv a concentrated solution of 


cupric chloride and a dilute solution of the mei^^aptide, an impure 
chloro-mercaptide was obtained. 

Found Calc, for the corresponding chloro-mercaptide. 

Cu 32-79 36-70 

Cl 4-74 20-52 

It will thus be seen that the tendency is always towards the fornOa- 
tion olLthe mercaptide. As the scries of memaptides and chloro- 
mercaj^ides described above arc insoluble in ordinary solvents, it is 
difficult to purify them. • 


III. 

Potential MKiicAFfANs and Mbtaltjc Hamdrs. 

(fl) Thiocarbaniide and mercuric chloride, 

. The components were acted upon both in alcoholic and in aqueous 
solution ; a copious white precipitate was obtained which Was washed 
with alcohol and dried in a vacuum. The filtrate was found to be 
neutral. 



Interaction of metallic cRlorIdNs wrtTa lisRCAptANs 36 
Renuli of AmlpU. 

0-2200 gave 0-1445 HgS; 0-1980 gave 0-1637 AgCl and 0-1446 BaS 04 . 
0*l4o6 gave 10-4 c.c. at 22^c and at 760 in. m. pressm-e. 

0-1318 gave 0184 CO^ and 0 0193 U,0. 

Calc, for CSNaH^UgCIa. 


Hg 

56-62 

57-64 

Cl 

20-45 

20-46 

8 

10-08 . 

0-22 

N 

8-14 

8-07 

C 

3-iS2 

3-46 

H 

1-63 

1-15 


CuNDlcnvlTY Measckemext. 

V T 

256 21^5 

There were evidently two ions in solution and the 
the order of ammonium chloride. 

(4) Tkiocarbamide and pl-tiinic chloride. 

An acetone solution of thiocarbamide was cautiously added under 
constant stirring to platiuic chloride solution. Au orange yellow 
precipitate was obtained which was washed with alcohol and dried 
in a vacuum. 

Prep. 1. 0-0838 gave 0 0365 Pt, 0 0910 BaSO^ and 0-0804 AgCl. 

0-0582 gave G-6 c. c. Nj. at 33®c and at 760 m. m. ])ressure. 
Prep. -i. 0-0196 gave 0 0540 l 3 aS 04 and 0-0482 AgCl. 



Found 


Calc, for C}N 4 H;S,! 


1 

3 


Pt 

4S-56 

— 

43-01 

8 

14-01 

14-95 

14-17 

Cl 

23-74 

24*03 

23-57 

N 

12-39 


12-40 


(e) TAiocaiiumide and cupric chloride. 

To an alcoholic solution ofycupric chloride was added under cons* 
tant stirring an alcoholic solution of the carbamide. The granular 
precipitate when dried in a vacuum had a white colour with a faintly 
bluish tint. 


98-96 

dissociation is of 



Henult of Aiial^m, 


0*0608 gave 0*0:J75 CuO. 

0*0il3 gave G'lJ c.c. at aud 760 ni. in. pressure. 

9*0588 gave 0*04*83 AgCl aud 0*0780 BaS 04 . 

Culc. fur yU-C-S-CuCl. 
Found ^ I 




NH, 

Cu 

360a 

36-88 

S 

18-33 

18-43 

Cl 

30-31 

20-44 

N 

15-41 

16-12 


(^/) Thioiwelamide and plalinic chloride. 

Thioacetamide in alcoholic solution was added under stirring to 
platinic chloride solution and the precipitate irhich was brownish 
vellow, was treated as before. 


Eesnli of Analym. 

Prep. 1. 0*05*2d gave 0*022*2 Pt. 

0*0856 gave 0*0782 AgCI. 

Prep. 2. 0*0852 gave 0*0360 Pt and 0*0785 AgCl. 

Prep. 3. 0*0334 j gave 0*0144} Pt. 

0*0813 gave 5*2 c.c. Ng at 32°cand at 760 m. ni. pressure. 
Prep. 4, 0*1457 gave 0*0630 Pt ; 0*1097 BaSO^ and 0*1313 AgCl. 

Found Calc, for C 4 HQN 3 SgPtCl 3 . 

12 3 4 


Pt 42*40 42*26 43*11 43*83 43*20 

S 15*99 14*23 

Cl 22*59 22*79 22*29 23*68 

N 7*01 . 6*23 


(4) Thioacetamide and cupric chloride. 

The method of preparation was exactly the same as in the 
preceding case ; the colour of the salt was almost white. The 
alcoholic filtrate when distilled off was found to contain free hydrogen 
chloride. 

Remit of Amlyeie. 

Prep. 1. 0*0555 gave 0*0260 CuO. 

0*0595 gave 4*6 c.c. Ng at 29‘5°c and 760 m. m. pressure* 
Prep. 2. 0*2818 gave 0*1261 CuO, 0*42 BaSO^ and 0*2260 AgCl. 
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Found 



1 


Cu 

35-03 

35-78 

S 


20-46 

Cl 


19-73 

N 

8-57 



Olla-C-S-CuCl. 
Calc, for II 
Ml 

J8*5:i ^ 

20-55 ’ 

8 - 11 ' 


There can scarcely be any question as regards the purity of the 
compou id analysed. The unusually high percentage of sulphur calls 
for an explanation. It was treated with CS.j but no free sulphur 
could be detected. It is just possible that the free hydrogen chloride 
liberatedi acts upon another portion of the thioacctainidc and the 
latter undergoes the usual decomposition: II, S and free sulphur 
being formed. The HuS in turn would act upon the copper chloride 
forming copper sulphide and the free suljiliur is probably adsorbed. 
This anomaly was only found in the case of thioacetamide. 


{a) Thmemicarhazidc and plaiinic chloride. 

On adding an aqueous solution'^ of sernicarbazidc to platinic 
chloride under varying conditions, dark brown crystalline precipitates 
were yielded but no definite formula could be assigned to any of 
these. 

Hesiift of Aiia/i/sts, 



1 

2 

3 

4 

Ft 

49-68 

46-14 

50-56 

5107 

Cl 

11-90 

24-65 

15-16 

19-29 

S 

15-73 

13-27 

12-43 

11-35 

N 

_ 

— 

— 

12-55 


It will thus be seen that each of the above four preparations had 
a different composition ; evidently, mixtures were invariably obtained. 
After repeated failures the method as described below gave satisfactory 
result. 

A concentrated aipieous solution of thiosemicarbazidc was taken to 
which was added a dilute solution of platinic chloride. No immediate 
precipitation took place. In the course of half an hour a granular, 
hard, pale white crop began to be deposited. The solution was 


* ThiosemicarbaBido was found to be almost iusolublo in cold alcohol, ether and 
acetone. 



allowed to stand over-iiig^lit. The granules when collected and dried 
had a yellowish white colour. 

Remit of Jnal^sie. 

0*286t gave 01171 Pt, 0-1719 AgCI and 0-387 raS 04 . 

0-0381 gave c.c. at 30^ and 760 m. m. pressure. 



Found 

Calc, for PtOI.SsNgH* 

Pt 

10-89 

4004> 

8 

18-56 

19-78 

Cl 

U-85 

14-63 

N 

17-97 

17-31 


Summarff and condusivn, 

1. While mercuric cliluriJe by iiileracCiou with a mei-captan 
yields invariably a chloru-mercaptide, thus : 

RS H + ClHgCI = RS HgCl + HCl 

cupric and platinic chlorides, on the other hand, have generally a 
tendency towards the formation of mercaptides or at best mercaptides 
with only a slight admixture of chloro-mei^aptides. 

Platinum in relation to mono-mercaptanic radicals either 
functions as trivalent or divalent. 


3. "The above chlorides bring about tautomeric changes in 
thiocarbamide and thioacetamkle. Thiosemicarbazide also with 
platinic chloride undergoes similar transformation and yields a 
degradation product, which may be regarded as azomethylene-thiol : 


NHa-C-S — > NH-C-SH 


I I 

Nil Nil, Njll NH, 


— > NH-0-8H. 




II 

N 


4. The chloro-mercaptides of the potential mercaptans, inasmuch 
as they contain one or more imiuo-groups, have the capacity to fix a 
molecule of hydrogen chloride ; in fact, they are hydrochlorides of • 
complex bases. 



WANDSaiNa OF HTDROOBN FROU TUB ALPHA POSITION 
TO THR SULPHUR ATOM IN THIOPHBNB AND 
THIOPHBNB CARBOXYLIC ACIDS : 


BY 

Pbafulla Chandba Hay. 


By the interaction of a)3-thiocrotoriic acid and mercuric chloride 
a oompound was obtained to which was assigned the constitution as 
represented below : — 

CH^.C-C-C-O 
V I 
s C) 

HgCl 

(Trans. Chem. Soc.j 1917| 111 ^ 511} 

It was evident that the elimination of an atom of chlorine as 
hydrochloric acid could only take place by the hydrogen of the 
carboxyl group shifting itself to the sulphur atom giving rise to a 
mercaptan and this latter in turn acting n|Kn mercuric chloride in 
the nsual way. The sulphur atom also now becomes tetravalent 
with the formation of a snlphoninm derivative. 

It occurred to the author that as a^-thioero tonic acid may be 
regarded as the lowermost liomologiic of a>tluophene carboxjlic 
acid the latter should also yield with mercuric chloride a corresponding 
chloromercaptide. : 

UC-CH 

li It 

HC 0-0=0 
V I 

S 0 

I 

HgCl 

This anticipation has been fulfilled. 

The wandering of the hydrogen of a carboxyl group to the 

. nuclear atom in the ortho |x>sitiou is not without many parallels. 

In the ease of orthoaldehydic acids, Liebermann lias found that 

'O.OHO 'C-CHOH 

I srroup changes to i >0 

lO.COOJl /C-0 

II 

o 

(Bar., i9, 765, 2288} 
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HAY 


Peculiar interest attaclies to the formation of the above ohloro- 
meroun-componnd, when it Is borne in mind that a) 9 -thiocro tonic 
acid is itself the product of a tautomeric change in its parent sub-^ 
stance, namely tliioacetamide thus : — 

CHa.CS.XIIa + CH.Cl.COOH 


- CHa.C.SjH 


cm, 


'O.OOOH 



- cna.o=»o.cooH4NH*or 
V 

s 


Volhaid, however, has shewn that thiophene its.df with mercuric 
chloride gives two inercuri chlorides of the forinula C 4 H 3 SHgCl 
and C 4 H 2 S (HgCI )2 respectively. He does not express any opinion 
as regards their constitution but simply contents himself by saying 
that it is the hydrogen in the a-position that is successively replaced 
by the chlorine of corrosive sublimate with the formation of hydro- 
chloric acid (Ann. 267 ^ 172). 

From the context one would gather that the HgCI groups remain 
attached to the two neighbouring carbon atoms. 

The mechanism of the reaction on the present instance is easily 
intelligible on the hypothesis that thiophene acts as a potential 

mercaptan in the presence of suitable reagents, e.g. HgCl 2 > thus 

HC-CII HC-CH 

li II N li 

nc cii — > lie c 

V ^ // 

s s 

HgCl 

the divalent sulphur atom becoming tetravalent. 

When, however, a second molecule of mercuric chloride acts upon 
the above, a compouml of this formula is momentarily formed. 

HC-Cfi iic-cn 

11 II II II 

no c 0 c 

\/ ^ V 

Cl - S - HgCl Cl S - HgCl 

I 

HgCl 

i.e,, the tetravalent sulphur atom becomes hexavalent, but as this 
coufiguratLou is unstable, a molecule of hydrogen chloride goes off 
and a dimercuri-chloride is generated. It is equally possible that by 
the further action of HgCl, the tetravalent sulphur atom becomes 
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hexavalent liy tlia wanclcrin<; of the second labile dydro^eii in the 
a-position giving rise to a mercaptan and consequently to a chloro- 
mercaptide. The author has recently succeeded in preparing a 
compound^ which has the empirical formula 

[Et,S„ IIgI.,EtI]IIgI.^ 

i.e., cthyldisulphonium-mercnri-iodidc (Trans. Chem. Soc., 1910, 
109, 135) ill combination with an additional molecule of HgT,. It 
may be represented by the graphic formula 


Hgl 

I 

Et-S— 

I 

1 


I 
I 


HffT 

Et 


I 


lu other words, one atom of sulphur in the chain behaves ar* 
tetravalent and the other ns hexavalent. 

Volliard also noticed that a-methyl thiophene gives only one 
monomercurichloride ; this is readily explaini^d as the adjacimt hibiio 
hydrogen being already repl iced by the ClI# group is no longer 
available for combination with the chlorine atom. 

One strong argument in favour of the constitution suggested 
above is based upon the strong affinity of sulphur for the llgCl groupi 
which justifies the very nomenclature oF rnt^rcaptM-ns. It is scarcely 
possible that the HgCl radie.il would beliiikel to rhe cirb»n atom in 
preference to the s dphur atom. For, in that case the hydrogen in 
the /9-position might equally have been replaced ; moreover, benzene 
might also have been expected to have one or more of its hydrogen 
atoms replaced by (HgCI). 

Experimental. 

Thiophene a-carboxylic acid was prepared according to the method 
of Paal and Tafel (Ber., 18, 458). 'fho aqueous solution when 
treated with a solution of mercuric chloride gave a white gelatiunus 
precipitate, which was dried in a vacuum over sulphuric acid. 

llesult of analysis : — 

0.06*25 gave 0.02 i7 AgCl and 0.058 BaS 04 . 

0.248 gave 0.1674 HgS. 

Found Calc, for C,U,0,SHgCl 


Hg 

64.69 

.-iS.l? 

Cl 

9.77 

9.79 

S 

8.35 

8.83 


Details of this interestiug oompotind tvill be comiiiiicatcd later on. 



SYNTHESIS OF a^S-THIOOROTONIC ACID. 

By Paafulla Chandra RIy and Manik Lal Dey. 

Monochloroacetic acid and tliioncetarx^ide have been found iu 
interact in acetone solution with the proclinition of a^4hiocrohnic acid 
according to the following equation : 

Cfl,‘CS-NHg + CH,01-CO,H«CH,C=C-CO,H + NlI,Ol 


8 


Evidently the thio-bdly undergoes a iautomeric change thus : 


CH.-C:S— >CH3C-Sin 

.1 II I 

NH, j M 


Cl- 11,1 


CCO.H 


Experimental. 


Molecular proportions of thioacctamide and monochloroacetic acid 
are separately dissolved in the minimum quantity o{ anhydrous 
acetone, the solution mixed and set aside. In the course of twenty- 
four hours a precipitate of ammonium chloride is noticed, which 
increases day by day, and after about a week the ammonium chloride 
is filtered off. 

The filtrate is now freed from acetone by evaporation at the 
oixlinaiy temparature when a heavy, or»nge-ycllowoil of an unpleasant 
odour remains with a few crystals of ammonium chloride. The oil is 
dissolved in ether, the solution filtered and evaporated, and the oil 
allowed to crystallise in a desiccator. 

It takes about tliree months to obtain a good cro|> of crystalsi but 
occasionally they appear earlier. Tlie crystals are purified by reciystal- 
lisation, first from acetone and then from alcohol. The first crop of 
crystals obtained in this way were pure, hail a faint yellow tint, and 
melted sharply at 135^; wlien the ethereal solution was evaporated 
ilowl}", transparent, rhombic plates were obtained. 

The acid is fairly soluble in water, readily so in alcohol, acetone, 
or ether, and sparingly so in cHoroforni. Its solution rapidly decol- 
orises bromine water and alkaline permanganate solution, thus prov- 
ing its UDsaturated character. 

The barium salt forms shining, rhombic plates, tbe laad salt white, 
needle-shaped crystals, and the silver salt is obtained as a faintly 
yellow, gelatinous precipitate. 
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Attempts to analyse the acid met with no success ; thus when 
mixed with concentrated nitric acid in a sealed tube for the purpose 
of estimating sulphur^ it explodes violently. Fusion with sodium 
carbonate and nitrate is also attended with explosion. The barium^ 
silver and lead salts were therefore analysed. 

Barium %aU : 

0-1238 gave 0*0800 BaSO^. Ba=37-99. 

0-1118 „ 01460 BaS04. S=N-94. 

C8He04SjBa requires Ba=37*23 ; 8 = 17*44 per cent. 

Ltai sail : 


0-1682 gave 0-1368 00^ and 0-0514> II, 

0. C=22-10; H=8-40.* 

0-0628 „ 

0-0432 PbSO*. Pb=46-97 



Found Calc, for CgHjO^SjPb. 

Pb 

... 46-97 

47-17 

C 

... 22-10 

22-05 

H* 

... 3-40 

1-38 

Sih'er talt ; 

0-1250 gave 

0-061.0 Ag. Ag=4S-80. 



C4Hg02SAg requires Ag=li>*43 pei’*cent. 

The formula of the compound is thus fully established. 

Mercury salt . — With mercuric chloride the acid forms a compound 
oontainiiig an atom of chlorine, to whicli the constitutional formula 

CH, 0 = 000 
V I 

s-o 

UgCI 

must be assigned. 

Here evidently a wandering of the hydrogen of the carboxyl to the 
sulphur atom takes place, a mercaptan being formed. 

1. 0*0790 gave 0*0524 IlgS. Hg=57*17. 

II. 0*0828 „ 0*0563 HgS. Hg=57*57. 

0*0020 „ 0*00*20 BaS04. 8 = 9*26. 

0-0812 „ 0 03:39 AgCl. Cl=10*24. 

C4H303C18Hg requires Hg=37*06; 8=9*13; Cl = 10*13 percent. 

* Several samples of organic morenry compounds had boon previonsly analysed 
in the combastion tube and hence traces of mercury vapour wore carried into the 
oaloinm chloride tube, which increased the apparent percentage of hydrogen. 
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HAY AND DNY 


Aelion uf U^driodie Add, 

Tbo concentrated aqueous solution of the acid was repeatedly 
treated with concentrated hydriodic acid and evaporated to dryness on 
the water-bath so as completely to remove every trace of the free 
halosen acid. The residue was dissolved in water, and on ti'eatment 
with silver nitrate solution it gave a copious, pale yellow precipitate 
of tiher ^-iodo-a^-thiolutgrate : 

cn,oi-cn'CO,Ag 

V 

s 

0 0il66 gave 0-0174 Agl.* Ag=31-2.‘J ; 1=30-73. 

C 4 H 402 lSAg requires Ag=30-77 ; 1=36-18 per cent. 

Molecular Conductmli/ and Dimdalion Conttant. 


The conduct! 'ity of the acid and of its barium salt at different 
dilutions was determined. The dissociation constant of the acid and 
the degree of dissociation of the salt were calculated from the data. 


V 

in lities. 

Acid. 

<=24*’. 

/t (equivalent 
conductivity). K. 

V 

Barium Salt. 
f=25-3°. 

ja (equivalent 
conduct! vitv). 

a 

60 

42-6 0-0U002O 

200 

94 

0-75 

120 

58 0-0001119 

600 

102 

0-81 

240 

77 0-000018 

1,200 

108 

0-86 

480 

101 0-000017 

2,200 

117 

0-93 

060 

132 O-OOOOIC 

4.200 

10.200 

122 

0-97 


410 mean 0-000018 

126 

1-00 


K for crotonic aeid=0-0ofl002; as a general rale, the substitution 
of sulphur for hydrogen in organic acids increases the dissociation 
constant. Thus, in the present instance the value of K for the thio* 
compound is considerably higher. 


By Csriuti’i incthod, without addition of lilrer nitrate 



Intbeaction op the Potassium Salts of Phenyl-oithio- 
biazolinb-sulphydeatk and Thio-biazole- 
disulphydratb with the Halooenated 
Organic Compounds. 

By 

Prafulli Chandra Ray 
Prafulla Chandra Guua 
AND RaDUA KiSHEN DaS. 

Gabriel aa<l| later on, Ilolmberg treated sodium ethylmercaptide 
with chloroform and obtained orthotrithioformic-ethylester CH(SEt), 
(Ber., lOi 185} Ibid 40^ 1740) — a compound which is the sulphur 
aualogue of Williamson and Kay^s ether. In the present investiga- 
tion it will be shown that the potassium atom of the complex 
cyclic mereaptides namcnl above is singularly reactive towards the 
halogen atoms of the organic bodies of divers types. Thug} 
chloroform} bromoform and iodoform yield compounds with the 
potassium mouotnercaptide} which may be represented by the 
general equation given below : — 

SK-Biaz + CHX 3 =.3KX + CH( Biaz)., 

where X represents an halogen atom and ^^Biaz” the radicle of the 
complex mercaptide. Nitro-chloroform acts cjxactly like chloroform 
but \s far more reactive than the latter and the reaction may be 
expressed by the following equation : — 

3Biaz.k + Cl3CNO,=XOoC{Biaz)3 + 3KCI. 

The behaviour of tribromovcsorcin, benzal-chloride, monochloro acetic 
acid and ethylene dibromidc has also been found to be of identical 
nature. The potassium salt of thiobiazole-disulphydrate} on the 
other hand} acts almost as an inert substance towards chloro-} bromo-} 
and iodoform. 

It is evident that the presence of two (SK) groups ot the dimer- 
cai^tidc exercises a sort of inliibitory influence on the halogen atoms. 
The reactivity of those halogcnalcd bodies can bo, however} matorially 
enhanced by further substituting the remaining hydrogen atom 
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by a nltro-group. For instance, iiitro-cbloroform very readily acts 
upon the dimercaptidc even in the cold. The introduction of an 
additional negative group has thus a marked effect. The reaction 
may be represented as follows : — 



+ 201,CNO,- 


N-N 
II II 
S-C C-S 


! 


V 

s 


N-N N-N 

II II II II 

3-C 0-S S-0 0-S 


V 

8 


V 


V 

8 


+ 6KCI + N,0, 


Nitrous fumes (N2O3) escape during the reaction and an atom 
of oxygen as shown above forms the connecting link between the 
two carbon atoms of the residues of two molecules of nitrocbloroform. 

Ethylcne-dibromide reacts upon the potassium mono-mercaptide, 
but only one atom of bromine is acted upon by the potassium 
atom resulting in the formation of 

N-NPh 

BrOU,-CI.U-S-0 

I 

8-CS 


Alonochloro acetic acid, benzal-cbloride and ethylene dibromide, no 
doubt, act upon the dimercaptide but the products of the reaction 
have been found to be insoluble in the ordinary solvents and thus 
cannot be puritied . 

Expeiumental. 

K~Biaz* frith iodofomt^hromoform and chloroform. 

The reacting substances were taken in molecular . proportions, 
i,e, 3 molecules of the mercaptide were treated with one molecule 
of the halogenated body in alcoholic solution. The reaction mixture 
was refluxed on the water bath for several hours. An insoluble mass 
was obtained consisting of the potassium halide and the organic 
derivative. The mixture was then triturated in a mortar with water. 
The acpicous filtrate, on eva|X)ratiou, gave ciystals of the potassium 


• For brevity’s sake "Bias” has boon nseC for (B-S) whore R is the complex 
PhN-N 

II 

radicle C — 

I ■ . 

BC-S 
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halidu. The iasoluble portion was dried and dissolved in benzene; on 
evaporation oE the solvent^ an oily liquid was obtained. It was 
redissolved in benzene and precipitated by alcohol as an oil. On 
keeping, the oil turned into a yellow powder. As it was difficult to get 
rid of the last trace of ioiloform, the |)owder was repeatedly washed 
with alcohol and dried in the steam oven, till the odour of iodoform was 
no longer perceptible. The substance bad the melting point 66-68°. 

With bromoform exactly the same method was followed. But as 
it is highly volatile, the excess of it was easily removed from the 
yellow compound, which had the melting point 66-68°. 

When the reaction mixture in alcoholic solution was heated to 
^10-^20° ill a sealed tube for several hours, a tarry resinous nias.s was 
obtained; it was filtered off the mother liquor and dissolved in benzene. 
Addition of alcohol to the benzene solution gave the same tarry 
precipitate but not the yellow powder. The alcoholio mother liquor, on 
concentralio'i, gave needle-shaped shining crystals which had theshar]) 
melting point 62°. Analysis proved this ])roduct to bo the alcoholate 
of the compound described above, conforming to the formula 
CIl(Biaz)a+ The yield of the crystalline product was 

very poor, evidently most part of the pro<lnet had become rcsinified 
owing to the high temi)erature employed. 

No reaction took place when chloroform was retluxeci with the 
mei*capt«de in alcoholic solution. The mixture was therefore heated 
in a sealed tube as in the case of bromoform. The filtrate, separated 
from the resiniiied mass, gave, on evaporation, (crystals of the alcoho- 
late having the melting point 62°. 

It is thus evident, that iodoform and bromoform are more reactive 
towards the mercaptidc than chloroform. 

Result of analysis : — 

(1) The yellow powder from iodoform, m.p. 66-68°. 

0*0953 gave 0*1502 CO^ and 0*0202 H«0. 

0*0876 gave 0*2087 Bas 04 

0*075 gave 8.3 c. o. N, at 24° and 760 m. m. pressure. 


Found 

Galo. for CH(B] 

C 4i/98 

48-60 

H 2‘88 

2-76 

S 41-19 

41-80 

N 12-60 

12-21 
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The yellow powder from bromoforin gavo Csai4't,. 
N=3l2-6». 

The ateoAofafe : 

Result of analysis : — 

0‘1520 "ave 0'25d2 CO^ 

O llOI gave ll'4 c.n. Ng at 32® and 700 m.m. pressure 
0-1200 gave 0*3532 BaS 04 . 


Found 

Calc, for CH(BiRz)„ + 2C,HsOII 

C 45-23 

44-6 

N 11-20 

10-83 

S 88--18* 

37-50 


K-Biaz and Nitro»cklorofom, 

The alcoholic solution of the parent substances was refluxed as 
before. A bulky yellow precipitate was obtained ; after decanting 
off the mother liquor it was washed with alcohol and triturated with 
water in a mortar to remove the potassium chloride. It was obtained 
pure by ci-ystallising from hot benzene. Yellow shining crystals were 
obtained; melting point 12S-129®. The reaction was almost quantita* 
live as was proved by weighing the potassium chloride formed. 

Result of analysis 

01140 gave 0 1727 COg and 0 0307 11,0. 

0-0948 gave 1 1*4 c. c. N, at 32® and 760 m. m. pressure, ^ 

Found Calc, for NOgC (Biaz), 

Q 41-81 41*07 

N 13-18 18-37 

K^Bia.: and frihromoremcinof. 

The alcoholic solution of the parent substances was refluxed as 
before. The amorphous ])owder, obtained after the reaction^ was 

* It may be necessary to point out- that in these compounds, the sulphur atom is 
linked both to a fatty as also to an aromatic and cyclic residue. Carius* method gave 
the result nnusunlly low owing to tho formation of snlphoiiic acid. The excess of 
nitric aoid was, therefore, nciitralisod with sodium carbonate and evaporated to 
dryness and fased in a silver dish. The «melt” was several times evaporated with 
hydrochloric acid before the addition of baHum chloride. Owing -to the pretence of 
a largo amount nf aodium chloride and unacted upon sodium nitrate, the result 
generally comes out a little high. 
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fi'tied from potassium bromide by ivaler and was dried. It was 
dissolved in a mixture o£ alcohol and carbon bisulphide ; on evapom- 
tion, shining crystals melting at 166° were obtained. 

Result of analysis : — 

0*0881 gave 0‘l4r58 COg and 0*0236 II., O. 

0*0724 gave 0‘1897 BaSO^. 

Found Calc, for (011)^0^ HCBiaz)^. 


c 

45-13 

•16-03 

H 

S-97 

-2-30 

S 

36-00 

36-55 


K~Hiaz and Beuzul-chloride. 

The components in alcoholic solution were relluxed for about an 
hour. The crystalline product had the melting point 59-62°. 

Result of analysis : — 

0*0708 gave 0*1321 COg and 0*019,3 HgO 

0*0849 gave 8*6 c. c. N.j at 22° ‘and 760 m. m. pressure. 

0*0974 gave 0*2550 BaSO.,. 

Found Calc, for CcMsCHCBiaz), 


C 

50-87 

51-11 

H 

3-03 

2-96 

N 

U-02 

10-10 

S 

35-83 

35-55 


K-Biaz awl Elhfjfene dihrontide. 

After reduxing in alcoholic solution as usual the insoluble product 
was freed from potassium bromide by means oE water and dried. 
This was then dissolved in ether. On evaporation, shining crystals 
melting at 94° began to app(?ar. 

Result of analysis : — 

0*1644 gave 0*2183 CO. 

0*0812 gave 6*6 c.e. N. at 30° and 760 m.m. pressure. 

0*1303 gave 0*0715 AgBr 

Found Calc, for Bi*CH 2 CH 5 f(Biiiz). 

C 36*21 36*03 


N 8*97 8*40 


Br 23*85 24*02 
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K-Biaz and Momchloro acetic acid. 

The reaction takes place even in the cold on mixing up the 
components in acpieous solution and is completed on heating. The 
product crystallises out from boiling water in silky needles of melting 
point I'JfS®. 

Result of analysis : — 

0.1279 gave 0 1935 CO 3 and 0*0414 HaO 

0*1580 gave 0*3495 fiaS 04 

0*1697 gave 15*00 e.e. Ng at 24® and 760 in.ni. pressure. 

Found Calc, for C 02 l~lCHa(Biaz). 


c 

41-26 

42-06 

H 

3-60 

2-81 

N 

9-9!) 

9-80 

S 

30-38* 

33-81 


It is of interest to note that while monochloroacetic acid behaves 
like an ordinary chlorinated body, dichlor-, and trichlor-acetic-acids, 
on the other hand, behave like “strong acids” such as hydrochloric 
acid^; i,e, they simply reproduce the original mercaptan. 

PotaHehm enlb of UiiohiazoledimlphydriLte and nifro^chhrofbrm. 

The components were rcfliued with alcohol for several hours. 
After some time, nitrous fumes were evolved and a yellow precipitate 
was obtained. On cooling, it was filtered off the mother liquor and 
washed with alcohol to remove the adhering nitrochloi'oform. The 
powder was triturated in a mortar with water to remove the potassium 
chloride formed during the reaction. The yellow powder was found 
to be insoluble in nearly a dozen of ordinary solvents and even in 
mixtures of some of these. Two different preparations had, however, 
the same melting point ( 166-168®) and the same percentage 
composition. 

Result of analysis : — 

0*1734 gave 0*1274 CO^ 

0*0853 gave 14*00 c.c. Ng at 31® and 760 m.m. pressure. 

0*0899 gave 0*3907 Bas 64 . 

Found Calc, for (CjN^SJaCjO. 

C 20*04 19*83 

N 18*03 17*40 

S 59*68 59*50 


• For explanation of the low result of sulphur, see foot note ante p. 62 . 
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Chat!7 Compounds op Sulphur. 

Part r. 

BY 

Prafulla. Chandra Ray. 

The close analogy between mercuric chloride and nitrite has 
been found to hold good tliroiighout the investigations carried on 
from 1918 onwards. Thus, whilst mercuric nitmte with sodium 
sulphate at once gives an abundant yellow precipitate of the oxy- 
sulphate, known as i\\e^tHrpefh mineral — the chloride and the 
nitrite fail to give it. ( Praiis. Chem. Soc. 1897, 1103). The explana- 
tion lies in tlie fact that these latter salts are very feebly ionised in 
solution and thus have no tendency to yield basic compounds. 
Ammonia, amines and even a class of alkaloids have been found to 
behave towards mercuric nitrite similar to the chlorides (Trans. 1913, 
f03, 3; Trans. 1917, 111, 507). 

The substituted thiocarbamides, thiocarbimides, thiobenzaraide 
elc., have been shown to give rise to a purely inorganic sulphoxy- 
nitrite of the empirical formula [3(SHgNO,)HgOj2, which is in 
reality a chain compound containing six atoms of sulpluir in the 
link (Trans. 1917, 111, 101). 

Recently, an attempt was made to isolate the radicle (SHgCl)^, 
which would be the analogue of mercuri-iodo-sulphide (SHgl)jj 
l.c. 109, by treating mercuric chloride with some typical thio- 
bodies named above, as also thioacetic acid and ammonium dithio- 
carbamate. It was expected that in each case the radical (SUgCI) 
would get detached from the parent body and lead an independent 
existence. This exi)ectation has bi»en realised, but in a qualified 
sense. The radical SHgCl, no sooner it separates out, assumes 
the from [3(SHgCI)HgO]2, which is the exact analogue of the 
oxy-nitrite. It has been shown already that the complex nitrite 
containing several NOg groups by the elimination of N3O3 
(i.e. NO+NO2) readily yields the oxy-nitrite. 
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At the first sij'ht, it is not easy to understand liow the 
chloride also would give birth to an oxy-salt. The explanation 
lies ready at hand when it is borne in mind . that hero water 
takes |>art in the reaction; [3(SUgCl) HgOJy is formed thus; 

HgOl ITffCI HprCl HgCl 

i III 

ClUirS.S S S S.S.HffCl 

i r i . T‘: 

Hg CIH 0: HCl jOllI .0: HOI j Hp 


HgCl HgCl HgCl IlgCl 

I I I I 

p ClHg.B.S S S S.S.ng0l + 4TICI. 

I I I I 

Hg O O Ilg 

In other words, as soon as the radicle SdgCl separates out 
every three of this take up an additional molecule of mercuric 
chloride, i.e.y the radicles HgCl and Cl and a molecule of water 
simultaneously takes part in the reaction, four molecules of hydro- 
chloric acid are generated and the oxygen atom forms the connect- 
ing link between the mercury atom and the neighbouring sulphur 
atom and the two symmetrical complexes coalesce into a single 
molecule. 

It is necessary to point out here that whilst the radicle SIIgNOg 
has often a tendency to jiart company with the parent body, 
the radicle SHgCI. often j)refers, on the other hand, to remain 
attached to it. Thus, thiocarbamide when aeded upon by mercuric 
chloride yields the compound (NH 2 “C;NH-SHgCl) IICl, which 
is actually a ht/drochloride as has been shown in a previous com- 
munication. If, hoAvever, thiocarbamide be converted into its di- 
acetyl derivative and then treated with mercuric chloride, the 
molecule undergoes a bi’eak up with the detachment of the radicle 
SHgCl and formation of the oxychloride; S-iliphenythiocarbamide 
also behaves similary.* lilvidently, the introduction of the nega- 
tive radicles acetyl and phenyl ncuti-alises the basic character of 
the comiwund due to the presence of an amino- and imino group and 
deprives it of the power of the formation of a hydrochloride in which 
diameter alone it is stable. 

* P. K, Sen working in this laboratory has prepared diacctyl thiocarbamide and 
has already ihown that both this compound and I'diphenyl thiocat bamide yield with 
mercuric chloride the oxy-chloride [3(SHgCl)ngO]o. 
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It is a cliaracferpstie pro|'»erty of mercaptans^ roal and potential^ 
that with marciiric nitrite and chloride they yield Ihe nitrit«» 
mcreaptido and chloro-mcrcaptide respectively. Thioacetic acid, 
though an acid, contains the group SII ainl as such behaves like a 
typical mercaptan . 

Thus : 

O () 

II nprCL II 
CH3-C-SH cn3C-SHsCi 


As soon as this compound is formed it acts upon a molecule of 
water. 




0 " 

II 

ClT.,-0— SllfcCI 
H 

Oil 

CII 3 -C-..- SllgCl 


and the scission takes place as shown by the dotted line, a molecule 
of acetaldehyde and acetic acid being formcHl. 

Ammonium dithiocarbamatc assumes the tautomeric form 
SNH 

radicles -SH and -SNH^ with mercuric chloride 

yield -SHgCl, which separates out and assumes the oxychloride form. 

Allyl thiocarbimide CgllgNiC.’S simjdy takes on the components 
of mercuric chloride and CgH^NrC-.SCl-IIgCl is temporarily formed, 
the sulphur atom becoming tetravalent. As this confignration is 
unstable, a rupture takes place along the line of least resistance, the 

radicle decomposes into the stable radicle -SHgril and 

chlorine; whilst the organic portion of the complex RN:C< with a 
molecule of water yields a primary amine and carbon iiionoxide. 


liivperimeiiia!. 

Method of preparation : — The thio-body in af[iieous or alcoholic 
solution as the case may be was added by means of a pipette in a 
thin stream to an aqueous solution of mercuric chloride under 
vigoiTous stirring, care being taken that the latter was always in 
large excess. 
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A granular white prcocipitatc was obtained which was washed 
first with water and then with alcohol and finally dried in a vacunm 
over sulphuric acid. A special precaution is necessary in the case of 
mustard oil. If an alcoholic solution of it is added to an aqueous 
solution of mercuric chloride the white precipitate is obtained^ but, 
at the same time heavy oily globules begin to settle down at the 
bottom and it is not always easy to separate them from the sulphoxy- 
chloride. It is best, to add the alcoholic solution of the mustard 
oil to an alcoholic solution of mercuric chloride. The mixture 
remains clear but on copious dilution with water and stirring, the 
white precipitate liegins to put in an appearance. The reaction 
mixture is allowed to stand over night and the produq^ collected and 
treated as before. 

The interaction of each of the above mentioned thio-bodies with 
mercuric chloride was repeated several times and the composition 
thro ighoiit was found to be identical. It is therefore not necessary 
to give (he analysis of each preparation ; that of one or two typical 
ones are given below. 

Mercuric chloritfe and thioacetic ncuL 
Result of analysis : — 

0‘2o87 gave 0*2370 HgS ; 

0*1465 gave 0*0625 AgCl and 0*1070 BaSO j by fusion with 
NaNOa and NayCOg. 



Found 

Calc for Hg 4 Sj,Cl 30 

Hg 

■ 78-98 

7S-68 

Cl 

10-55 

10-46 

s 

10-0:5 

9-13 


Mc^'cnrie Chloride and mustard oil. 

Result of analysis ; — 

0*3102 gave by distillation with copper powder 0*2631 Hg. 
0*2795 gave 0*1285 AgCl and 0*1818 BSSO 4 , 

Found:— Hg= 7 7*34; Cl=:ll*37; 8 = 8 * 93 . 

The absence of carbon was shown by combustion analysis. 



Mercury Mbrgaptibe Nitrites and their Ubaction 
WITH the Alykyl Iodides. Part VL Chain 
Compounds of Sulphur — contch 

BY 

PllAFULLA CHAXDKA RaY 
AND 

Prafulla Chandra (iuii v. 

In part IV of the present scries of investigations^ it has been 
shown that thiobiazole ilisulphydrate gives by interacting with 
mercuric nitrite a series of sulphoxy compounds in whioh two, three 
and four molecules respectively, of the dimercaptan arc condensed. 
In the present investigation, tlie poIysuI])honium (viz. tetra-, hexa-, 
octa-, and dodeca) compounds will mainly be dealt with, which are 
formed by the action of alkyl iodides upon these sulphoxy compounds 
as also upon a new hcxanuclear sulphoxy one, formed by the con- 
densation of six molecules of the dimei-captan. 

The sulphoxy bodies may be included under the general formula 
(C. 2 N 2 S 3 ) ajHg^O; where 3, 4- or 15. A condensation product 
of five molecules has not as yet been obtained. It is nut easy to 
explain why in one operation the value of x should be two and in 
othera it should run up to six ; possibly the concentration of the 
I)arent substances is the main determining factor. It has often 
been found that two preparations under similar conditions had 
identical composition. In the majority of cases the value of x has 
been found to be three occasionally two and four, and only rarely 
six. 

The preparations could not have been admixtures because, each of 
them strictly conformed to a definite formula. But the must con-^ 
vincing proof of these compounds being of definite composiou is 
afforded by their deportment towards the alkyl iodides. These 
sulphoxy bodies behave exactly like nurcaptide nitrites and yield, 
as a rule, the corresponding sulphonium derivatives and in a few 
cases those with a fewer number of nuclei. The reducing action of 
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the alkyl iodide removes the oxyea atom of the sulphoxy ring and 
the bonds being thus snapped^ an open chain compound is formed ; 
thus : 

s-R"-s-s-ii"-s-s-r-s lu I II II I 

I I — > ing-S-R"-S-S-K"-S-S-R"-S-HgI 

Hg 0 Ilg I II II I 

The six sulphur atoms of the chain now become cpiadrivalent by 
taking up the components of alkyl iodide. 

In this manner, a series of tetra — , hexa — , octa — and dodeca- 
sulphonium compounds have been prepared. Each of' these with the 
exception of propyl and butyl derivatives is characterised by its 
crystalline character and moreover its successive crops have been 
found to have the same melting point; the possibility of their being 
mixtures is thus precluded. 

Another iutcrcsting point is the shifting of the double bonds ; 
thus : 

N-N 
11 II 

-C C- 
V 

s 

takes up two alkyl radicles and is clungcd into 

I I 

-C C- 
I VI 
ttSU 

where ll=Me, Et, Pr, Bu. As a rule, this is confined only to one 
nucleus. Evidently we have here an extension of Thiele^s theory to 
nitrogen compounds. 

In one isolated inslaucc and that in the case of interaction with 
methyl iodide, instead of there being a shifting of the double 
bonds, both the pairs of nitrogen and carbon atoms throughout the 
molecule were saturated by taking up additional methyl radicles ; 
thus ; 

X-N Mo Mc-N-N-Mc 

II II — > 

-c c- 
V 
s 


-c c- 

I Vi 
M e 6 Me 
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A ^ S-(0.N.8).S.,-8 

Herammear iulphox.y compound I I 

Hg — 0 Hg 

The compound was associated with 7 H^O* 

0*1$136 gave 0*049 HgS. Hg=28*5a 

0-1109 „ 0-3216 BaSO^. 8=39-82 

0-1716 „ 18 c.c. Ng at 30® and 780 mm. N=ll-59 

Theory re luires, Hg=27-97 ; 8=40-28; N=ll-76 


II 

Interaction with the Alkyl Iodides. 

General method of preparation : 

The above siilphoxy derivatives were refluxed on a water bath with 
alkyl iodides for several hours and allowed to stand overnight, 
sometimes a crystalline mass and sometimes a heavy dark brown oil 
settled at the bottom ; the excess of alkyl iodide was decanted or 
boiled off and the former dissolved in the minimum quantity of 
acetone and filtered off from the insoluble matter whenever necessary. 
On adding ether to the filtrate, a pale yellow, mealy crystalline 
precipitate was obtained. This process was repeated to further purify 
the product. 


Binuclbar Condensation. 

S-(C,N,S),S,-S 

(1) I I and methyl iodide \ formation of J9f- 

Hg 0 Hg 

tkiohiazole tetraenlphoninm methyl merettri-iodide. 

Me N-NMe Mo N*N Mo 
I II II I I I I I 
lIlg-S-0 0-S-S-C C-S-Hgl 

I V I I IVI I ^ 

1 S I 1 MoSMo I 


The product had the m.p. 101-102® 

0-2186 gave 0 0667 Hg and 01971 Agl. Hg«25-94 ; 1=49-28 
0-1610 „ 0-0480 COg. C=7-75 

Ci^HigN^SeHggl^ requires Hg=95-84; 1=49-38; 0=8-18 
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(2) The corresponding ethyl iodide compound was sparingly soluble 
in acetone and was therefore purified by crystallisation from the 
boiling solvent^ m.p. 107° 

Prep. I 

0*2674 gave 0*0647 Hg and 0*2188 Agl. Hg = 24*l9; 1=48*2* 

0*2848 „ 0*0967 C = ll*25 

0*2049 „ 6*4c.c.N3at24°aad 760 mm. N=8*53 

Prep. II 

0*8600 gave 0*0885 Hg and 0*1232 gave 0*0516 COg. 

Hg=24*58; C = I1*42 

CieH 3 oN 4 SflHggIfl requires, Hg= 24*51 ; I=46*69j C = ll*76; 
N=3*43t 

The corresponding binuclear tetrasulphonium compound with 
n. propyl and n. butyl iodides did not yield crystallinie products, but only 
a dark brown treacle-like pasty mass, which was purified by repeated 
precipitation by ether from acetone solution. It has already been 
shown that with the simpler mercaptides, these higher n. alkyl iodides 
gave crystalline products with sharp m.p. (CF. T. 1916, i09, 606). 
It is very likely that in these particular cases the alkyl radicles are 
converted into the iso-varieties, from the consideration that isoalkyl 
iodides always gave such pasty masses (l.c. 607). 

(3) T/ie correspond i II tetrasulphonium propyl compound : 

0*3407 gave 0*0814 llg and 0*2821 Agl. Hg=23*89; 1 = 44,74 

0*2271 „ 0*1170 COg. C=14*05 

Ca 2 H 42 N 4 SoHg 2 lo requires Hg=23*31 ; 1=44*40; C=15*38 

(4) The butyl compound ; 

0*3675 gave 0*0800 Hg and 0*2839 Agl. Hg = 21*77 ; 1 = 4175 

0*1973 „ 0*1278 COg. C=17*66 

0*1280 „ 3*6 c.c. Ng at 30° and 760 mm. N=3*ll 

Ca 8 llB 4 N 4 S 3 Hg 2 l 3 rcquircs Hg=22*22; 1=42*88 ; C=18**60; 

N=3*ll 


*As a large qaaiititj of copper powder hai to be need and as the process is a 
tedious one, the iodine and the sulphur sonietimos come out low (see T.1016, f09,611) 

tAs these polysulphouium compounds are non-oxylio every element in them 
admits of iis percentage being determined by direct analysis ; it has not been 
however deemed essential to do so in every individual case. 
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Trinuclear Oomdehsation. 


S-(0,N,S),S,-S 

(5) I I anil methyl iodide ; formation 

H g O — — Hg 

thiobiozole hexasulphonium methyl mercnrUiodide, 


of 


Tru 


MeN-N MoMeN-N MeMeN-N Mo 
I II II I I ii II I I I II 

IHg-S-C 0 -S-S-C O-S-S -0 C-S-Hgl 
I V II V I I |V| I 

I S I 1 S I I MeSMo I 


The product on refluxing the parent sulplioxy compound with 
methyl iodide was an oil/’ it was dissolved in hot acetone, which on 
cooling deposited a crystalline mass. This on reerystallisation from 
hot acetone yielded needle shaped crystals m.p. 101-102°, ^it was in 
fact the same compound as described on p. 61 (compound No. 1) The 
original mother liquor on concentration gave two successive crops 
m.p. 85-86°., the analysis of which is given below. 

0*2947 gave 0*0685. Hgs=21*r)5 
0*1480 „ 0*0470 COg. C=8*6C 
Ci 4 H 24 NoS 9 lIg 2 lg requires llg = 20*,?0 ; C = 8*48 


(6) The compound with methyl Iodide in which all the double bonds 
are saturaiedj viz ; 


Me-K-N-M© 


ri 

S-C 


Me 

1 


I IVI I 
IMeSMe S 


Hgjij 


The method of preparation and purification was the same as in the 
case of the preceding compound. It was a white crystalline 
substance, m. p. 94° 

0-8717 gave 0-3678 Hg and 0-3075 BaSO^. IIg=18-24j S=l!-36 
0-i218 „ 0-0882 CO, and 0 0506 H,0. C = 13-15; H=2-54 
C,,H, 4 NgS,Hg,I, requires Hg=18-78; 8=13-32; C=13-52; 
H=2-63 

Formation of this type of compound has been noticed only in this 
one instance, 
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(7) The hexasulphoninm propjl compound : 

It conforms to the ordinary type (cf. No. 5). 

0-2912 gave 0-0540 Hg and 0-2404 Agl. Hg= 18-54; I=:44-61 

0-1467 „ 0-0886 CO 3 . C= 16-47 

CgoHBcNoS^Hggl 8 requires ng = 18-lt; 1 = 46.1; 0 = 16-8 

As will be noticed, the trinuclear suipboxy compound gives com- 
pounds No. 1 and 5 with methyl iodide ; of course, the latter in major 
proportion. This tendency towards the formation of the di-nuclear 
tetrasulphonium compounds from the higher nuclear sulphoxy bodies 
is particularly noticeable in the case of interaction with ethyl iodide. 
With this alkyl iodide only the di-n\iclear s^lphonium compound 
(No. 2 ) is always obtained, even from tri-and tetra-nuclcar sulphoxy 
derivatives. In all these cases of formation of a lower member from 
the higher sulphoxy compounds, a dark brown pasty substance with 
a penetrating odour and lachrymal properties was always formed, 
which resisted all attempts at purification. 


Hexanuclear Condensation. 

S-(0,N,S).S.,-S 

( 6 ) ^ aiid ethyl iodide : formation of Hera- 

thiohiazole dodecaeulphonium ethyl mercuri-iodide. 


Et N«N Bt 
I I I I 
-S-C C-S-Hgl 
I I V I 1 
1 EtSEt 1 


Et N-N Et 
I 11 II I 
-S-0 0-S- 
I V I 

I S I 


It had the m. p. 90-91° 

0-3581 gave 0-8269 Agl. 1=60 03 

0-2008 „ 7 c. c. Ng at 27° and 760 mm. N=8-90 

0-1548 „ 0-0746 CO, . C=18-14 ' 

C 4 oH 7 oN,,Si 8 Hg,I,^ requires 1=61-20; N=4-84 C=18-82. 

It will thus be seen that the type persists throughout, in that 

the alteration in the position of the double bond is limited to only 
one nucleus of the chain, 
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. In the previous communications the compounds hitherto described 
were tentatively classed under the sulphonium group^ though no 
direct proof could be adduced for adopting this view. One of the 
purest compounds of these series, Me. EtS^.Hglg. EtI; (T. 

606) was selected for molecular weight determination in 
acetone solution by the ebulHoscopic method ; the value obtained 
was 7 12, that required by theory being 718. It is thus evident 
that the constitution is atomic ; in fact, Hilditch and Smiles threw 
out a suggestion in thje case of monosulphonium compounds that 
these are not molecular. (T. 1907, 91 ^ 1396). A study of the 
physical properties of the interesting polysulphonium compounds 
treated of in this paper is being undertaken, which, it is hoped, will 
throw additional light upon their constitution. 


Mercury Mbroaptxde Nitrites and their Reaction 
WITH THE A.LKYL lODIDBS PART VII. CHAIN 
Compounds op Sulphur. 

By 

Prafulla Chandra Ray. 

The present investigation deals with the chain compounds 
of hexavalcnt sulphur. On treating the product of interaction 
of thiocarbamido with mercuric nitrite, viz,^ the sulphoxynitrite, 

HgNO, 

I 

NH,C(:NH)— S-Hg 
V 
O 

(Trans. 1917, 111, 102) with ethyl iodide a yellow crystalline 
substance was obtained. It was found to be completely soluble in 
acetone. On purilieatioii by precipitation with ether it had the 
m.p. 98 — 100°. Analysis provctl it to conform to the formula 
Et 2 S 3 ,EtI, 2 TIgT 2 ; in other words, it is a member of the disulphonium 
series already described (Trans. 1916, 7C9, 134) with an additional 
molecule of mercuric iodide in combination, to which should bo 
assigned the constitutional formula 

Eb Hgl Hgl 

\/ I 

Et S ■ S Efc 



one of the sulphur atoms in the chain becoming hexavalent. The 
formation of this compound suggested the possibility of the direct 
conversion oi.all the membei's of the series, RR'S 2 , R^I, Hgl^ into 
RR'Sg, R^l> 2Hgl2. This antiei|>ation has been realized with one 
notable exception. When the alkyl radical happens to be methyl, 
combination with an extra molecule of mercuric iodide does not take 
place. The presence of the radical ethyl, on the other hand, favours 
the combination. Thus in the above series where R=Me and = 
and Bu the extravalencies of the sulphur atom are not revived ; but if 
R' happens to be ethyl, this anomaly disappears. To what extent ethyl 
favours the increase in valency will be evident from a typical case. 
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When the ethyl mereaptide nitrite (Et-SHgNOg) is treated with 
methyl iodide, by an interchange of the radical we get EtMeSsj 
Hglg, Mel (l.c. 603 ) ; but in this ease although there arc two methyl 
groups the presence of a single ethyl ludical is sufficient to counteract 
the prejudicial influence of the former and the comiwund EtMeSg, 
Mel, ^Hglj is readily formed. 

The marked genetic affinity of the radical ethyl for sulphur and 
its influence in the increment of its valency is further evidenced by 
the fact that a compound of the empirical formula Et4S2, 2EtI, 
Hglj has also been obtained from ethyl sulphide by its interaction 
with ethyl iodide and mercuric iodide. On repeating Smiles’ experi- 
ment (Trans. 1900 , 77 , 161 ) under slightly altered conditions, with 
a view to ascertain the maximum valency of sulphur, it was noticed 
that while the main product was (03115)381, Hgig, as found by the 
above chemist, there was always a considerable amount of a shining 
crystalline substance, practically insoluble in cold acetone. As it had 
a sharp m.p. wlien crystallized out from hot acetone, it was subjected 
to analysis, whicii established the formula given above. What 
evidently hapixjns is that under the joint action of mercuric iodide and 
ethyl iodide or rather their ions, the divalent sulphur atoms of two 
adjacent molecules of ethyl sulphide become hexavalcnt, by their 
dormant valencies flfeoming active and they coalesce into a single 
molecule thus : 

Efc Kt UgT Kt 

\/ \/ 

Et-S— — S-Et 

/\ /N 

I Kt I 

It is remarkable that in the above reaction if ethyl iodide be 
substituted for methyl, propyl, or butyl iodide the products foraied 
in each individual ease is found to be completely soluble in acetone 
and conforms to the general formula Et2RlSlIgl3, but no product 
of the fusion of two ethyl sulphide molecules is formed. The differ- 
ential proi)erty of ethyl as contradistinguished from other alkyl radicles 
is thus brought into relief. 

It was expected that the general method of the preparation of 
the disulphonium compounds already described, viz, the treatment 
of ethyl mercurimercaptite nitrite EtSHgNOQ with ethyl iodide 
should also yield the chain compound with both the sulphur 
atoms as hexavalent. This expectation has also been fulfilled. The 
latter compound is formed in such a small quantity that on previous 
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itiv 

\ 

occasions its formation was overlooked. It has already been shown 
that ethyl disulphide, ethyl iodide and mercuric iodide also combine 
directly to yield the disulphonium compound, Et^S,, Hgl,, EtI. (l.c.). 
Recently this preparation has been repeated and it has been found 
that the hexavalent dtsulphur compotiy|id is also formed in considerable 
quantity along with the former. It thus evident that both the 
tetra-as also the hexavalent chain compound of sulphur is formed 
simultaneously. 

It is of interest to note that Smiles and Hilditch who treated an 
acetone solution of equimolecular proportions of ethyl disulphide and 
mercuric iodide with ethyl iodide obtained diethyl thioethyl eulphonium ^ 
dimercurie eulphide. (05115)3831, ^Hglg (Trans. 1907 , 91 , 1396 ). 
It is evidently the same compound as has been described above. 

An explanation may be offered as to why it is that in the first 
series of compounds only one of the two atoms of sulphur can 
behave as hexavalent ; here the tetravalent sulphur being already 
weighted with the heavy load of the ions of Hgl' and I' has lost the 
capacity to take up additional charge ; in other words, to acquire 
the maximum valency. In the solitary instance, however, in which 
both the sulphur atoms happen to be hexavalent it will be noticed 
that thci'e is only one set of Hgl^ and I 'ions ; the sulphur atom 
which have these latter has got attached to it three additional com- 
paratively light Et radicals, whereas, the other sulphur atom not 
having to bear the load of the heavy Hgl' is in a position to take 
up three Et's and two I's. Facts are already known which go 
to support the view that the maximum valency of an element is often 
conditional upon the load of the radicles. The author has in a previous 
communication shown that platinum when attached to the radical 
of phenyl dithiobiazolinesulpliydrate behaves as trivalent. It is none 
the less inexplicable why the light radical methyl should stand in the 
way of one of the atoms of sulphur attaining its maximum valency. 
The anomalous behaviour of the first member of the alkyl series is, 
however, well known. 


Experimental. 

'General method of Preparation of the series R5S5, RI, 2 Hgl 3 
has already been incidentally described. These ^members are readily 
obtained by dissolving the correspoiiding disulphonium compound in 
acetone and adding mercuric iodide to the solution till no more is 
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taken np. The thick golden yellow liquid is decanted off the un- 
dissolved iodide. On adding ether to its acetone solution a copious 
deposit of yellow mealy crystals is obtained. Solution in acetone 
and precipitation by ether is repeated till the product gives a fairly 
sharp melting point. It has h|pn found that in some instances as 
specially in the case of metl^l sulphoninm compound, MogS,, Mel, 
Hglj, the acetone solution at first takes up a considerable quantity 
of mercuric iodide but purification by the above process gradually 
removes all tlie mechanically held mercuric iodide, which evidently 
remains obstinately adhering to it. 

Bemlt 0 / Aiialygis. 

( 1 ) (a) From the sulphoxy nitrile derivative of thiocarbamide : 
m. p. 98° 

0-.S656 gave 0-12.')0 Ilg, 0'3640 Agl and 0-1029 BaS 04 . 
llg=34-19j I=.52-32j S=5-50 

0-2442 gave 0 0570 00, and 0 0350 H,0. 0=6-87; H = l-62 
Oalc. for Et,S,. Etl, 2 HgI„ Hg=33-73; 1=53-54 ; S=6-4 ; 
0=6-07; H = l-20. 

(J/) Direct synthesis i.e., by the direct union of Hgl, nnth Et,S, 
Etl, Hgl,: m. p. 100 - 101 ° 

0-2118 gave 0-0711 Ilg. Hg=S.3-57 

0-2118 gave 0 0532 00, and -0 0352 H,0. 0 = 6 85; H = l-71. 

( 2 ) McEtS,, Etl, 2 HgT, : m. p. 38-40° 

0-2094 gave 0 0452 00, and 0-0466 H,0. 0 = 5 87 ; H=2-47 

0-3840 gave 0-1236 Hg and 0-3768 Agl. Hg=32-19 ; 1=63 03 

Calc. 0 = 5-12 ; H = l ll ; Hg=34-14 ; 1 = 5419. 

(3) EtMeS,, Mel, 2 HgIs m. p. 50-56° (not sharp) 

0-2467 gave 0 2483 Agl and 0 0840 Hg. Hg=34-05 ; 1=54-39 

0-1428 gave 0 0286 CO, and 0 0211 H,0. 0=5 46 ; 11 = 1-64 

Calc. Hg= 34-65 ; 1 = 54-84 ; 0=414; H = 0-95. 

(4) EtPrS,, PrI, 2 HgI, +CH 3 COCHS. This compound contains 

one molecular proportion of acetone; m. p. 80-31 

0-4410 gave 0-1400 Hg. Hg=31-75 

0-1629 gave 0-0586 CO, and 0-0352 H,0. C=9-81 ; H = 1-97. 

(5) EtBuS,, Bui, 2HgIs + 1| CHgtlOCHs. The substance had the 

consistency of treacle and had 1 -J^ mols. of acetone combined 
with it. 
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0-1340 gave 0 0649 CO, and 0 0363 H,0. G=18‘21 ; H=3-0l 
0-3879 gave 0-1183 Hg and 0-3272 Agl. Hg=29-72 j 1=46-58 
Calc. C=13-10 ; H=2-41 ; Hg=80-10 ; 1=47-79. 

(6) The ooni{x>nnd containing both the sulphur atoms as hexavalent: 
it was very sparingly soluble in cold acetone but &irly soluble in 
the boiling solvent, m. p. 146—147° 

Prepared from £t,S : 

0-1930 gave 0 1068 CO, and 0 0S38 H„0. C=15 09 ; H=3-09 
0-2991 gave 0 063 Hg and 0-2916 Agl. Hg=21-06; 1=52-69 
0-4032 gave 0-8400 Hg and 0-2042 BaSO^. Hg=20-86 j S=6-96 
Calc, for EteSjHgl^ C=15-22; 11=317; Hg=21-14; 1=53-70; 
S=6-77. 
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On the motion of two spheroids in an infinite 
iiquid aiong the common axis 
of revolution. 


By 

BimiLTinnusiiAN Datta. 

It is well-known that the problem of the motion of two spheres in an 
infinite liquid along the line joining their centres has been completely 
solved by various investigators. But tlie corresponding problem for two 
spheroids or ellipsoid.^ lias remained unsolved up to now ; the only 
previous writer to attempt it with some measure of .success being Prof. 
Karl Pearson.* 

The object of this paper is to show how the prolilom can bo solved 
in the case of two .spheroids of revolution of sinall tdlipticities, the 
motion of the solids being along their common axis of revolution. The 
method used is one of continued approximation. 

in Art. 1, I investigate the approximate formal expressions for the 
velocity potential and the current function. In Art. 2, the first approxi- 
mation to the velocity potential is obtained. Art. 3 gives two sets of 
algebraic equations from which, by continued approximations, we can 
determine the necessary constants and tliu.s proceed to the complete 
.solution. In Art. 4, I give the general values of tlio con.stants. 

All the results in this paper are believed to be new. 

I wish to express my indebtedness to Dr. Ganesh Prasad at whose 
suggestion I took up, and under whom I carried on, the investigation 
the results of which are embodied in this paper. 

§ 1 . 


P 



* On the motion of spherical and ellipsoidnl bodios in fluid media," Part II, 
{Quarterly Journal of Pure awl Jpjj/ietl Mathematics f Vol, XX). 
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liet (/•,* ^i) anti (/’g. 0^) Ik* tho polar co-onlinates of a point P 
refGiTcd to two points (), and 0 ^ ; lot s be tiu* dislance between them. 

Then wc shall take to denote differentiation in tho direction of a 

measured from O. to 0„ and to denote differentiation in the 

opposite direction, so that d/?, ^ =— r/xj 

The problem before ns is to tind a function satiisfyin^? tlie 
conditions : — 


(0 V*</» 

(//') ^ = 0, at infinity, 


— 7/ oos I ^ I over tlie fir.st solid. 


(ft) ^ I over the second s<did, 

^ ^ dn., \''2^2i/ 

where dn denotes an clement of the normal to the surface dran ii outward 

into the liquid, denotes the angle between the axis and the normal 

and K, are the velocities of the solids along tho common axis of 
revolution. 


Since the motion is .symmetrical about the axis, we have another 
function called Stokes’s current function,'*' and the boinulary condition^ 
(m) and (/r) now take the forms.t 

(iVP) i/r = — J + runslant. 

{iv^) ^ — -J r*(l— /A*) + coastaiit, 

W'here fi = cos $, 

Let ns assnmel that 



where m may be finite or infinite, A^, being arbitrary constants to be 
determined. 


• See Lamb's Hydrodynamics *' p. Il7. f Ibid, p. 122. 

J That this assumption is justifiable, will be clear from tho actual values of the 
£* and tho B" determined in the succeeding articles. The assumption waj 
•uggeited h; Prof. Pearson’s paper. 
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The conditioiiH (i) and (a) are satisfied ; it remains to determine the 
cuiistaiits and so as to satisfy the conditions (m) and (*r). 

Now 

r = tfV+ r\ — 


I 1 




s being greater than 

Again ^ 

I di\ j t/gi 

the subject to be operated upon being a I'unetiuii of /'i and 


‘ /'i = — '^'*1* 

^ sin 0^ *“ ^1 dO Y i 


therefore 


- i " - 


<?«, , ( 


P (i«.) : = - — 

) ( ‘Vi 

i» . ) i> , . 

+ ^7*1 ^ ~ “ P'’> yj— 


therefore 


f. 5 <-/V (- 1 )" , '•/ p 


=L-ii:i ('-’V \ -d (,.,). 

\»'«/ « i;=M '*/ (/'“”). H 


Further 


(i^ = 

v»-,^ »•. ^‘ 


”=’'‘r, (-l)-»l „ , C-li* i P! Oh 

X V 

* il— « J 


,vP->‘ 
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Re-arranging, we have 


P.W] 

M=1 L »1 -J 

- i.„ ''*« '"■>] ■ 

where 

(f/t) 

K„, = (ii+I)i!i -Ii+ixi+i) +ii+3)(i+a)(n-i)~> 


^ (!-.,•) [ S“' { ... } 

L n=l ^ ^ 

_ 5 ( I.::: • p\ 


where P' is written for | P(/^i) !' • 

r//i., t. 5 


The equations of the spheroids, with centres at 0, and Og. can he 
written as 

i\ = a \1 + €, l\ {fij 


/•jj — ^ I 1 -p 7 '^ (/*aj }, 

where c, and are two small quantities whose second' and higher 
powers are supposed to be negligible ; thus 

r^"" •= a-- { 1-M €, Pg }, 

lU(n+l) c, P. (p,) V 
Thei. from and (r/V/), avo get 
— i '/‘i* (1— /y,®) -f constant 


. * Sec bhiiiVs UydrodynumicHf^ p, 120. 
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r 

s , 


(-1) («- 

1)1 p- 



< r,'-> 

. A’. + , 

1 

fr + 1 


}} 


ivlien P'l = (/ { 1 4- }. 

Evidently the constant is zero ; wo have tlierefore 

- } «, { 1 + -^ €, P, } • 

= r’‘ rL-iSrll! .1. ; i-„c, iM F. ] 

H=l L » J 

1“ ^ + I / * T 

- f=i [ ?’-■ ■ Wi ’ ' ^ '■ '■■ ' ]■ 

Since, by Cliristoffer.s formula* 

Ui) 

F. = (2«-l) P.., + CiH-r.i P._, + (>-£)) 1>,., + .... 

aiid, consequently', 

P, (.P.^,-P.-,) + (2h-1) P,_,+C>«-5) P._, + ... , 

tlie ri^lit-hniid member in each equality eialinj; with the term o if a 
is evcii and with tlie term P^ if a is odd. we have 

{ 1 + 2t, P, { 

= A, r(2H-l)P,-, + (2»-5)P..,+ ...1 

«=l L J 


“ Hi [ + ' -J 


See Heine’s ** Kuyelj’imltivnenf** Bil. 1. p. 03. 
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Ifc I'eniains to equate to xero tlie co-cSicioiits of tlie vai*ious zonal 
harmonics. 

Equating the co-efiicieiit.s of i\. 


- i n, «» = f ^ + -M ^ + tl ^ + 

* L ff tfr* /i® 

- €. r ^ +5! — j +7! tiz + 

. L ^ ^ 


(mit) 


- [;r 


K. 


4. —■ 

4 «• 


(> 






Equaling the co-efficieut.s of P,, 


//* =5 

\>!4:Z + 4j'^| 


+ ... 1 


L a* 

(t* 

J 

- OCi 


+ ‘C 

.... ] 


L ^ 7 

•1, “I 


- 

J 




« 


— 5 

[rt* /f, »• 


...] 

- 5ci 

L ** 5 * 

n, + . 

■■] 

— «i 

ft — i« 
t. 

- V * 

» . 

]■ 


Subtracting (a;a) from (.aV/) multiplied by 5, we get 
«• (5-2«,) = (6+.,) ^ 
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To evaluate we iiej^lect the terms* involviii”; .1,. and 11^, 
Then, up to the first approximation, we j?ct 

^ and consequently by symmetry, 

Br = - I «, /<* ( 5 : 1 .- * )• 

It should he [noted that, in j^rtiiifr tlieso approximate values, we 

have nofflecteil terms of tlie oixlers hifrhcr than ( 

\ central distance / 

Hence to this onler (»f approximation, the velocity potential, for the 
motion of two spht?roid.s in an inlinite liquid, is ^riven by 

(»r)«= 4^ (77) 




-j ) ;L 

\ O-f-Cj, * , 



It we i)ut eacli fr=0. s<» tliat the spheimls become splu‘res of radii a 
and 6, we have tlie velocity potential for the motion of two spheres in an 
iiijinite liquid, along their line of centres, to the first order of 
approximation, as 



whicli is Prof. Karl Pearson's result .t 


§ 

Lei us now proceed to approximate .still closer to the value of </» by 
retaining the differential coefficients of the second and higher orders. 
Then from (•tV), by equating the coefficients of 1\, we get, for »> 0 
and:^2, 

0 = (-!)■ (2«+l) [ +(« + 2) ! + ... ] 

- (-1)* (2« + l)«,[ («+l) + (M+n, ! +...] 


+ (- 1 )* 


4-1+1 3(«+ n («<+ -) 

‘ 2("2»t+3) 


r.-+l) ! 


* The term inTolTin(( j 1, is of the samp oiilor ss ; since it, is of the seme 
order as as will bo clear from the rnlno of ^1, obtained on p. 11. Therefore this 
term is nagligible; 
t Ibia p. 1. 
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-(- 1 ) 


■<1.-1 3 ( )»— 1) >I 

„.-i *1 a (2„_i) 


(«-i) I 


(2»+i) [ C 


n+i2 


/j" + + /? 

/li+4 

«*■*■* n+4 


+ 


] 


[ /»•• + * fi*+* T 


i](» + l)(w+2) 

■ 2(2M+sr 


a* 3 (m— l)/i 

~ *' ■ -rciyi-iV 

Equating the eoeflicients (if 

0 = ^- 1 )-^* (• 2 /,+r,) [ /«+•>) ! + (»+ 4 . ! + 

- (-l)»+« (2n+5) «. [ («+:5) ! ,+(«+5) I + 

+ t «. -2(211+7) ^ ^ • 

_ ('-!)• 4.-ti * 3(N^i)0i±?.) („ + i) I 
' «■+• *> 2>+3; ^ ^ • 


— (2m+ 5) j 

-o’+* y«.+* «“+• 
»*+* ■ m+4 «•+• ’ 

■^i+a 1 1 

«+6 ^ J 

— (2)i+5)c, 

r®*^* . 77 + 

L *’+♦ "** ^ J*""*® 

1i^ + a + ... j 

. 0*-'* 

+ J.ii *1 

7. 3(«+3),'nH-4) 

2(2«+77 


a*+* 

#•+« ‘‘ 

p 3(«+lKn+2) 

*+• 2(2n+;i) 


• 

Hence we get by subtraction 



0 = (-l)-n ! (2n+l) (2H+6)-(n*+3«-l)(n+l)€, ] 



ON* TllK Mo 1 ION" OK 1 Wo SPKKOlhS IS AX 1NF1NITJ5 LlCiUID. 0 




-I.- 


a' 




(«-l) ! 


-(-1^ *. -r+i -2ji«T77“ " 


, 3(n—l)u(2n + ~i) 

s' ‘ 2(2m-1) 

_ I'tL I. •l(n+3)0t+l)(^i + l) 

^.•1 + 1 *1 + “ o/o, 


2(2«+7) 

of wliioh the terms contnininf? -‘Im s ncj^lootocl as small 

[\\ r-omparison with the other terms.*' Puttin'^ ??— 2 for in this equation, 
wo fmt 


0 


= (-!)-» 0,-2) ! [ (2,.-;i)(2„+l)-0,*-»-:5)(«-l)*i ] 

^ ' (,-> 2 t 2 „- 5 ) '■ • 

- F ■ ^[ + (y-n-3) u c, ] 


(„_2) (2»+l) 

/-• *' ■ 2,>-5) 


Sul)slituting the value of (-from tliis equation in the previous 
cqufition, and remembering that Cj® is to be neglected, wc get 

= (-!)■ " * 4^ [ (2» + l)'> + ^)-(«’+^5«-l)(« + l)*. ] 

ixvi) _ . ®"+« r(2»+l)(2H + 5; + 0i’+3,i-l)0i + 2)c, 1 

s 11 iS L -J 

- ^ . iZ, c,. K«-1)(2«+5) 


* Putting H + 2 for u in ihc above otinaiiou, we see at onee that the term contain- 

a"** 

it/tj is also of Iho same order as t, /i’m , 
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llonce from symnidtry 

0 = (-1)" » ! [ (‘i»+l)C2»+5)-(H»+3n-l)(»+l)*, ] 

(■•‘•'V) [(2» + l)C2«+5) + («»+3«-l)(«.+2>, ] 

h‘ .'lOi — T)(2 m + 5i 

^n "’ ’ ~ 2 

TvllL'l’C 

Nm.=('' + 1) -(/r + -2)(fr + l)'|;|- + ... 

S • rt 

Thus we have two sets of equations from wliieh by conliiiucd 
approximations we can determine tlio values of the A's and iiV in terms 

of rt, 6 and 

§ i. 

Putting n=4 in the first equation of § 3, we got 

o=!)[.ii^+o! ^,;-+ ... ] 


-9 c, 

[.! 

4 +7ri;.. 
(1^ 

+ 

... ] 


fl- 

Til 



A, 

re’ 


3-3*4 
‘ 0 . 7 “' 





(j V 

jf. 

s 

+ 

-9c, 

ra« 

L 

+ J?s 

+ 

] 


7> 

3o.d 




Cj i|.. 

>11 



- '** 
"* ’v* 

c. /.\ 

3*3-4 

•J-7 





ox TJfK .MOTION OK TM'O SI*i;i:OII>S Is AX IXFIXITK lAQUll). 11 
From tin’s ofpiatiuii nml (vir) wi; . 

- ;V l»(S-3., 5,, -11 .»» 5 1 


_... . 9(5+.i*j_„_ 9e,7?,-5 c.JJ.-^Tn 


Xpfrlectin" the terms involving A., and 7?,. wliioh aroof mdor higher 

, / linear dimension \ 

tlian ( , , • I , we get 

V central distance / 

_ ■'-4 18(5-3c ,-9t, — < - 9t, /.’ 

Snbstituting tlie value of Ave get for the first approximation 

Wo next proceed to appinixiniate to tlie remaining values of the A’s 
and Jf’«. We see that generally, for m>o and ^2 


•1.+, = 


f-11* a«"+» li. 


I «+2 

fi, _ (/4’+:1 h-1)(2»_+:i>, _-| 

L (2n + iy(2« + j)-(..>+3.i-l)(V.+l)€,J 


+ r-1/. X 

__ 3vm— l)(, 2 ii + r))) 

7! 2t(2y+li(,2«+5)-(n’ +:W-l)(n+l)€.] ’ 
and, consequently, hy symmetry 

7{ •''V+L 

n| ■ 5" + ‘ '11+2 


+ (-l) 


.!>•*+* 


r . ()i°+3)i-l)(2H+3)t. 1 

L ^ (2»+l) (2H+»y— f«*+3)i— 1) («+l>, J 

„ ^ 3(n-ll(2.t+5) 

"*• «12 [(2«+l)(2« + 5)-(t»*+3H-l)(n+l)e,] 
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Examples : — 


II 

.=!r 

r 

'5-2., X ( 
.ii+co / ( 

' 1+ - ] 

' ^ 7-2c, j ’ 

4 _ «. ( 

fjL-2jx\ I 
L r) + e, / 1 

1 153., 

77-68., 

«, n’i* / .")— 2e, 

2"2 ! ■ \5+t; 

'-) ( 77 ^ 68 .')’ 

* " 2 ■ s* ' 

( 5-2*. \ ! 
^.5 + *. / 


_ «, t"n» 

/5-2€, \ 

(, , 153., 

^*“2-3! s“ ' 

G+c; ) 

+ 77‘-6«r 


L { 5r:2it ' 

'\ 


L»-2! a* \ 5 + 6, / V TT—ChSe,, / 



On the determination oi a rough surface on 
which a moving partiie may describe a 
prescribed path. 


lU 

Xalixi-mohax Ihsr, 

The object of Hio propcnt ])si])ii- js <o show bow tlic solution of the 
following problem run be nnide to deptMiil on tin* solution of lui orilimtnj 
linear diffcrcniial equal uyh : 

“ To liiul the ronijli surface on wliir li a moving parlielo may deseribo 
11 prescribed curve.*’ 

A very simple case of Ibis problem. tliai in which the surface 
i.s smoolh and gravity tlio only exteri.al f(»rce, was studied by the 
distinguished Belgian -mathematician Catalan."^ 

That the ordiimry differential e»j nation is generally not soluble by 
(jniidraturea should not sui^>rise us, because, as is well known, the 
motion of a paiticle on a rough siirfma* has hocii shown to be dcterniin- 
ablo by quadratures in only a .small numhei* of cases.f 

I should like to oxpics;; my indebtedness t») Dr. Oanesh Prasad, 
at whose suggestion 1 tinik up, and under whose guidance I carried or, 
the inve.stigation of thi.s ))roblem. 

1. lad ns tir.st con.'^idej* the case when llic cxiermil force is .<iniply 
gi-avity. 

Taking the axis i»f : n crlically upuavils and nniiy ior i he mass of 
tise t)article, llie equations of moti«ni art 



-- 

/ l: 

- ’■ " 1 ■ 

// 



HI ft 

- /. 




{Is 



n If 

— (J — /• li 


whore /, 9a, n are the directi()ii-c.irsinos of the noriiiul t(» the required 
surface, the co-eiricioui of friction and U the normal ro-aetiou. 

*“Sm’ uiio probleme de nuV.ainiiiie ” {Jntirn>it ih' Ufa 7 Series 1, 
tome 11). 

t See p. 507 of Prof. Stackers a»*tul-» o-i dynamics in tin? “ Kneyvlop.'idic der 
MatlicnmtiBclicn Wissensclmftcn ” Veil. IV. 
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Eliminating 72 we Imve 


, de 


d» 


m - /A 

da 




d{v* 

^ - tiv 

ds 



Thus we have 

' = ('“'£-')■»- '■ + 


simplifying, we get 

■ II ill d*' I ds 

1S5- + ' '• -jr + V - /^ -rf, /!/ 


= V — — , and 
ds 




r* 


rf*i/ 

d^ 


+ uv-^. +{,u-^'^)g 


£z 

ds 


o. 


Hence we obtain 






... 


... (3) 


2. Now, let the equations of the given curve be 

>'■ = /i («). ?y = ft (*). 

/, and /, being two known functions. 

Then, the equation of the required surface may be written in the 
form 

X - * - /i (*) + { y - /• (*)} 4 > (». y. *) = 0 : 

our problem is to determine the necessary form of 
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Now 

= d.t> + ihj* + ,/*> = {! + [/, (i)]» + [/, (.-)]«} 

_ rfs’ . 

~ {piAV 

wUci-o ^IpStaiKlB for 1 + + [/,(.-)]». 


(J‘S 

ds 


= P (:). 


= \p (-)Y A" (- J + P 0) P (-) /V ( ), 

as* 

4!.y- = [p (o.l> A" (--) + /. (0 p' (=). 


Also-g-=l+ {j/-A(-')}-|^ 

= 1 for all points on the curve. 

Similarly = P for all points on the curve, 

% 

where P = {/i (=)» A (-)> 5 

J^L = -{/,' (*) + ?/,'(.)}. 

o; 

I _ _ !L — 

S.C Sy 8; 


where n* = 1 + P* + {/', (:) + P/. A)}’- 


I = 



P .ri . = - lAM + IVIC-:)) 
n n 


Hence from (3) avo have 

?[/>(--)?{ f A' fO- A'. 

~ [{K*)}V.^0+kM 0/. '(:)]-! W-)}7.''(=)+p(=V(--)A'(-’)J 


= 9 (j) say. 


r 


* “* 


fl' (r) 


‘rS 


= lpU) & (:). 


,/p 

(,') coufaitiiiijf r and _ 
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If wo substitato tliis value of r in lljo kocoiicI of the equations 

as 

(2) we a differential ecjiuitioii in r from wliieh 1* can bo determined, 
altlionjrli not jsecc.'ssiirily by quadratures as the differential equation is 
»>ciicj ally of a complicated foim and is insoluble by quadratures except 
in special cases. 

.‘b T-et th(? value of P ib.iis detciTiiincd be denoted l»y F (a). Then 
ojie of the forms in wliich <!>{ ■. //. c- can be expressed is j^iven by 

</> C*'! y- '^'=1;' (:)+ ‘'-/i (■)) </'! (•<’. 

+ 'lU—.i'i (-'>1 <i'5 (•. .'/• -). 

wliej'O and arc perfecth' arbitrary fiinctimis. 

Substitutiiij;* tbir, value of c/> , ?/, z) in tlie equation of the surface 

we get a class of equations (ff tlic requirLd surface. 

4. Let us now consider the case in Avliich the piuticlc moves under 
njnj coiisvrvaHco s'ljsfrm of n lernal fnircs. 

* 

If the components of the external forces are given by X =- 

F= i s= I the equations of inotitm will be 
hy hz 

,c =X4-/Jt— jLtJl similar equations. 




Tlien proceeding: exactly a*^ in Art. 1. wo derive llic following two 
equations : -- 


III 

hy 



A' 

ds^ 


- 1 

) th 




d^y 

_L / 


dy \ 

dr 


// C * 

~(h^ 


in — //, 

"ds ) 

\is 



whence wc obtain 
K'' 




(h: 

li7 


iVy 

(fo* 


r- [[ + /- 8- J - L( V.-,. J 


-1 


, (I'hl 
■in . -I 

lls'* tis’ 
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But, Oil the curve. g-- can he exjiressed lu terms of z 

ulonc. Tliereft)vc, as in tlio previous i-ast*. wc -ret a differential equation 
i]i z for P, fj’om which P can be determined. If F (z) be the solution 
of tin's equation, the equation fif.the requijcd surface will he of the 
same form as in Art. :1. 

,5. I lift fit raft. CP fwanqilps. ( I) Let the presei-ibed path he the circle 
.(•= : tan re. • ® =1 , 

and let jifravit^' be the only external foi-ce. Then, it is easily seen from 
Alt. 2 that the ordinaiy differential (‘qnution for determining the 
required surface is 

d / P sin 2a_ \ . M ^ 

d: \ 1—2 V: tan re/ (1—2 P: tan re) \'cos* a— r*’ 

where 

iV CDS* (1=1—4 P: tan re+ l ,* ./** sec- re+4 P'^ (cos* re— j. 

( II ). Let the prescribed path be the helix 
=co8 k:. y=sin k:, 
under the action of gravity. 

Then the ordinary differential e(|natiou for P is 

d i P sin Avr+cos kz\ / kc /a U — 1 Y 
dz \r cos fc:-8iii kz) " \ P cos A-:-sin kz /’ 

whore c*=— i. .j ami H«=l+i"‘+A’ (!’ coi A:-siii Ar)V 
1 "f" re- 

If we put 

P sin kz + oos k^ _ q 
P cos fc;— sin kz 


;lie above equation becomes 

!!S = -2k+2A‘f ^ a/q» + i 
(/: ' 






BANERJI 



lllusirallny the Emission of Light by the Boundary ofaClrcul, 
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Figs 


17 . 18 . 19 


20 . 21,22 


23 , 24 , 25 


Illustrating the Emission of Light by the Edges of Apertures with 
Rectilinear Boundaries. 




On the Theory op Foucault’s Test and 

^ THE B/ADIATION PROM THE FdGES OP 

Dipfraoting Apertures.’ 

By 

SuDirANSUKUMAIt BaXBRJI. 


1. Introduction, 

In a recent paper published in the Pliilosophical Magazine^, Lord 
Rayleigh has given a treatment on the principles of the wave theory 
of the phenomena observed when an optical surface is examined by 
the well-known ^knife-edge’ test due to Foucault in whiab a screen is 
placed in the focal .plane and advanced gradually so as to cut off the 
rays coming to a fociis^ the optical, imperfections, if any, becoming 
evident when the surface is viewed by the eye (or through a telescope) 
placed behind tlie focal plane. Assuming that the surface is bounded 
by parallel straight edges, and that the source of light is also linear. 
Lord Rayleigh has shown how the luminosity of the boundaries 
which is observed when the bulk of the light is cut off, may be 
accounted for as due to the diffraction of the rays reaching the focal 
plane. He has also considered the effects produced by introducing 
optical retardations of a linear type over the surface of the aperture. 
In the present paper, I have extended Lord Rayleigh’s method of 
investigaticn to other cases of interest, particularly those in which the 
surface under test has a circular bouuJary and is illuminated by a 
point source of ligiit. (This, it may be remarked, is the case that 
most frequently occurs in practice®). In the course of the work, it 
was found that the configuration of the luminous fringes observed at 
the boundary of the surface presents some very remarkable features 
which will also be dealt with in this pa 2 )er. To illustrate the results 

^ A preliminary note describing the results contained in Section 5 of this paper 
was published in ‘Nature*, May 10, 1917. 

* Lord Rayleigh, “On Methods for detecting small Optical Retardations, and 
on the Theory of Poaoanlt’s Test**, Phil, Mag., February, 1917. 

* See the Memoirs by Draper and Ritchey on the Construction of a Silvered 
Glass Telescope, Smithsonian Contributions to Knowledge, Vol. XXXIV (1904). 
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obtaiuedj jdiotographic I’ecords have been secured, a selection from 
which is reproduced in the Plate. These phenomena have an 
im]X)rtanfc bearing on the general theory of diffraction, being evidently 
related to the well-known Gouy-Sommerfeld effect of the ^tmission 
of light by a diffracting edge*. I have also attempted to consider 
the effects noticed in Foucault’s test, when the retardations ai*e of a 
nonlinear type, that is when the foci of the pencils do not all lie in 
the plane of the knife-edge. In the praetieal applications of 
Foucault’s test, these are probably mon* common than, retardations of 
the linear type. 


fi. of fhe CIrcifJar Boiimlon/, 

As remarked above, the optical surfaces examined by the ‘knife- 
edge’ test are most frequently limited by a circular aperture, the 
illumination being that due to a |)oint source. Fig. 9 (Plate) 
reproduces a photograph of the luminosity observed at the boundary 
when the knife-edge is put in horizontally into the focal plane from 
below so as to cut off rao^t of the light. It will be noticed that the 
luminosity is a maximum on the upper and the lower boundaries, and 
diminishes to zero at the ends of a horizontal diameter. In onler 1o 
give definiteness to a discussion of this effect, it is necessary to 
postulate some specified form for the boundaries of the aperture in 
the focal plane which admits the diffractcMl rays into the field of view 
of the observing telescope. For instance, we may assume that 
horizontal slit is placed in the focal plane below the centre of the fieM. 
Fig. 12 in the Plate reproduces the beautiful lunette-slia|)ed diffraction 
fringes that appear'on either side of the boundary of the circular 
aperture with this arrangement. The luminosity, as in the case of 
the simple knife-edge test, tends to zero at the ends of a horizontal 
diameter. The explanation of this fact and of the peculiar form of 
the fringes will appear later. 

More striking still are the interference phenomena obtained when 
the boundary is observed through a pa^r of apertures of the same form 
placed in the focal plane. With two horizontal slits placed on the muf 

• Gwiiy, Ann. d. Phys. et de Chim., (6), 8, p. 14.5, (1886). Sommorfeld, Math. 
Ann., Vol. XLVII, p, 317, (1896). See also, E. Mney, Wiedemann’s Annalen, 
(1803), and Kalaschnikow, Jonrn. Russ. Phys. Ges. 44 (1012). For a rigorooB 
treatment of tlie problem of diffraction of light by a rectilinear alit, see Schwarzs- 
child, Math. A: n.. Tol. 55, (1902). 
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tide of the centre of tlie lunette-shaped inferfer^uce fringes are 
observed, the cuitral fringe which coincides witli the boundary , being 
white (fig. 15 in the Plate'). Rut when two hori/.ontal slits are placed 
on opjmilfi aides ol the centre of the field, the renfraf JYukjc is Ifack, 
in other words, the boundary of the aperture is itself non-luininous but 
appeal’s surrounded on either side by luminous bands (fig. fi in the Plato). 
This remarkable fact is one of great generality. In all eases in 
which the apertures in the focal plane through which the diffracted 
rays i)ass (whatever be their actual form) are symmetrically disposed 
about the centre of the field, the latter itself being excluded, the image 
of the boundary of the diHraeting surface appears as a black lino. 
This is irrespective of the actual form of the boundary itself, that is, 
whether it is circular or of any other shape whatsoever. Fig. 16 in 
the Plate represents the appearance of the circular houudary when a 
horizontal wire is placed across the centre of the focal plane. A fine 
black line may be seen running through the luminous arcs and 
dividing them into two. A case that admits of detailed mathematical 
treatment is that in which the arrangement is completely symmetrical 
about the axis. Figs. 7 and 1 0 in the Plate show the results obtained 
when the central part of the Held at the focal plane* is blocked out by a 
circular disk and only the diffracted rays, passing through an annulus 
of greater or less width surrounding i1, enter the observing telescope. 
It will 1)6 seen that in both pliotogi’aphs the boundary appears as a 
perfectly black circle, with luminous rings on either side of it. 

Let R be the radius of the circular aperture of the lens and assume 
that ill the focal plane, there is a screen containing an annular 
aperture, Rj, being the radii of the circles defining the annulus. 
Let ^ be the angle of diffraction of parallel rays which meet at any 
point Q in the focal plane. Since the path-difference between the 
rays leaving a point (/*, 6) and the centre of the diffracting aperture 
is evidently r cos B sin the diffracted disturbance at a point in the 
focal plane due to an area rdrdB can be written in the form 

/ ^ r cos B sin \ 

)• sin Stt I ^ I ih'dB. 


The total disturbance at Q in the focal plane is therefore 


27r R 



2' (4 


Me. 


\ 


( 1 ) 



2£ 
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The rajs from the various elements r dr (W of the second aperture 
may be regarded as meeting in the field oF the observing telescope 
proceeding at an angle with the axis and producing the observed 
efFect. The total disturbance in this direction due to the second aper- 
ture is therefore 


R, 2ir R 

j j j 

0 li, 0 0 


r cos 0 sin ^ 
A 


- rL£OB_^jRii^' j (2) 


Since ^ and are small ([uantities the above expression can be written 
as 


2v Rg R 


0 R, 0 0 (:<) 

This expression can be written in tlie form 

2v R, Stt R 


0 R, 


0 0 


the other integral being zero on account of symmetry of the difPract- 
ing aperture. 

But the integral 


27r R 

( rt /• cos 0 

— 

0 0 



. 2 RA 

) dr (?«=-. -J, 

/ TT 



Therefoi*e the expression (4) becomes 

0 R. 

neglecting a constant factor. 


( 5 ) 



ON THE 'illKOKY Of FOK AUl/r’s TEsT 


If /'is the focal len*]fth of the lens, then <^= — 

‘ . f 

The expression (5) can be written in the form 
27r R, 


sill 


2v 




0 R, 

2ir B, 


— cos 2ir 




0 R, 


Since the second aperture is also symmetrical about the axis, tne 
second integral is zero, for the elements of it arising from two points 
situated at eipial distances on opposite sides of a diameter are equal 
and of opposite signs. Therefore the intensity as viewed in the direc- 
tion is 

27r I{, 


= [ I eu. J , (“* y)]’ 


0 Hi 

Integrating with respect to 6' , we get 
R. 

r 

1 = 




K. 

(neglecting a constant factor). 

If the angular semi-aperture of the lens be denoted by then ll==/ifr. 
Therefore 

R, 


\ 


Since is a very large quantity, it is convenient to use semi- 

convergent expansions for Jo and J,. We have 

wx /Yr ( l*-3* ) 



2i 
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<^+4’Tir(Ty 




f<Ki-24-32 


a. / ir\ ( 3.1_3-5-71-3 /lV'' 

■*■ (■' W «-16-24 Vj:j 

3-5j7 » ll i :j-5-7/_l.V _ ■)1 

xf "■ J J- 


Thus wlicn .r is larj^Oj 


■'.(-)= y/i j 

[”■ {'"i' 


'"‘tJ)]. 

J !(•'■)= \/-- 1 

' me 1 

["■■('- 1) 

+ ■’- 

'■"'('.ri)] 


Therefore, 


K, 


u. 

1 r A f 


[ i27r« J 




K, Ojr 

X f +<!>')■<'■ 

— (tjD 

X 


-M 


K. 

R. 2»- 

A- / I . :3\f 




— dt 


«. 

II, 2»- 
X* /I 3\f 




a, 


4-tLrms involving higher powen of J. 
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Taking obtain (neglecting a constant 

factor), 

-{ Ci 50(1 +*:)-« 3 (l+£)] 

)- ]’ 

6 ' 

Calculating the values of the expression for different values of we 
construct the following table ; — 

TABLK 1. 


i 1 

«/>'«// %'l ( X const. 

factor.) 


o-oo 


26,179 

0-50 

-•2187 

17,829 

0-40 

-•1190 ' 

14,161 

o-co 

+ •2550 i 

1 

65,025 

list) 

+ •8193 i 

671,085 

o-ao 

. 

+ 1-1385 I 

1,290,220 

0-92 

+ l-ll(i9 ! 

j 

2,007,612 

0-91. 

+ 1-6617 i 

2,761,281 

O-ilf) 

+ l--105ri 

1,975,447 

0-98 

+ •8154 j 

i 664,878 

0-99 

+ •3964 ! 

157,134 

100 

+ 0732 ' 

5,358 

101 1 

-•5241 

274,581 


' I 

<l>' V' . ( X const. 

factor.) 

. i 


103 ; 

-•8891 

790,50! 

104 ; 

-1-5360 ! 

2,350,657 

1-06 : 

-1-7009 ! 

2,891,056 

108 

-1-5498 

2,390,862 

i-io 

-1-2687 ; 

l,e09,597 

1-30 

-1 0471 : 

1,096,438 

i- io ; 

-•3597 . 

139,385 

1-60 

i 

+ •0582 

3,387 

1-80 

1 +"2539 1 

64,465 

3 00 1 

i +-3579 1 

128,095 

•2-10 ! 

j 

+ •1010 

10,201 

2-60 ’ 

-•0536 ' 

2,873 
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Plotting the values, we obtain a curve (fig. 1) representing the 
distribution of intensity along any given diameter. The fringes that 
appear on either side of the boundary are clearly shown, the most 
remarkable feature being .the extreme rapidity with which the 
intensity falls practically to zero ou the boundary itself (BB in the 
figure) from a large value on either side of it. This feature depends 
on the inner radius of the annulus being small and the outer radius 
Hq being very largo, and is entirely confirmed by observation under 
these conditions. 

When the radii and II 2 of the annulus in the focal plane do 
not differ much or if they are both large, the brightness falls off to 
zero on tlie boundary but not very suddenly, A larger number of 
well-defined fringes also appear on either side of the boundary in 
the foinier case. [See for instance, fig. 13 in the Plate]. This will 
be shown from the following calculations based on the data obtained 
from an actual experiment. The data were 


R=’94 mm.,/=)i7*2 min., 11^ = 1*72 nim,, 
B 2 = 2*61 mm., X=*00045 mm. 


We thus obtain for this case 

-{a IMM ( l+^)-Ci 80 M ( 1+4)} 

+X ( )+ etc.}* 


The values of this expression for different values of ^ are shown, in 

Table II in which the calculated and observed values of the 
ratio ^7^ which the illumination is a maximum or minimuni 
are given for comparison. It will be seen from the Table that 
changes sign at the minima and these are therefore absolute 


zeroes. 
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Observeil 
values of 
for 
Max. or 
jNlin. 

O i-'? O ‘.C ciD a r>i 1 

o • : — * ; ; -f» o : : os o co ■ 

p I -o . -o -oo -o I 

plirf rH tH tH pH rH pH 

Calculated 
values oi | 

Max. or 
Min. 

= d =dadad=- 

.jS ej eS * 1-1 M •tf* CB ^ 

ff\ . .Kk 

S3 * ‘ ' X) ■ C? ■ 1'- • >o ‘O 

^ C't'^BOt^asoci 

c o oopoOfT^^T^ 

.1^ .1, 

I 

( X coast, 
factor.) 

XJOSCSCSC/SJ^^CSOO^OSOSGOCO^^ 

'^^^OCiOOOOOS'-HCOOS»0''^'9?^«-OSCO^O 

•O coco OS 

sO CIO* 'sT 'H!' QO 'J? 'sf ‘o' 1-^ ^cT l>r l>- CO CO 

-firHr^SO-f» coo ' 

fH fH 

' 

V 

■ 

SO^OOOOCOOSf— trOr— ‘OQOpHC3S*f-i-0 
»o CO w cs CO »o t'«- r- iO to lO OS 

O iCOOI*f*QO<C^CJO«4<pHCOGOCO‘0 

OC1CO'^COCIO'S*COO<-HI^JOO|— lO 

4-1 1 1 1 1 |+-t-+| 1 I+ + + 

t 

i 

1 

0»0 0i0 0»0 0000000000 
OOrH— t.^^ltO^lOCOt^OOOSOriOl 
pppppppppppppp*7*^ 

Observed 
values of 

Max. <ir 
Min. 

■ o O I-H >.-5 o 

• OS o : CO : i .o : f '. ; : co ; o 

.QOCS .OS .OSOS .OS . OS • .p 

^oooio i « 

j 

Calculated 
values of 
*7i/r for 
Max. or 
Min. 

'd><d >< n s ^ fl 

• = es.:: :« .= e9 c« .:: 

sg?s .s .SS .?■ . .5? . .S 

lO Cl ^ * OS ' lO CO ' i-< 'CO ■ o 

OOOSOOlCOiOt^ OO o 

pppOSOSOSOS OS p 

oooooio c 

I 

( X const, 
factor.) 

CO— '•fiO'-^oocOGO — aocsosQOeotOCC 
i^oco^aoocococoaooovOQOiooi 
cooo’^oi'^f'coo— 'Oiior-co*— ‘ooco 

I o<*c:cc30t^cocooscccoaoc»o«»oo 
— Ol OS lO 00 <M lO 

•-^ pH i-H 

% 

COI^HHQOOSCOOSOSpHOSCOOSOOQO^cO 

eO‘OOOr-rft^^coosoit«-v^^‘''^ 

looiooosf— ikor^.-Hts,ko^r..PMiCo>0 
j O— <oooii-iOGOoiOf>ico^eooio j 

1 ! 1 1 + + + 1 1 1 + + + + + T V ; 


0000000000s00*00£0 
QOAOpHQ)CQ^lQQOt^r«OOOO^C^O 
p p OS OS OS Oi OS OS OS OS OS Ott 9 p p 

ooooooooooooooo*^ 




;iO 


fcjUDHAN^SUKUMAR BANKKJI 


The values fur I shown in Table II have been plotted in fig. 2. 

The investigation given above may be modified to suit the case 
* in which we have one or more slits (instead of an annulus) in the 
focal plane^ by suitably altering the limits of integration in the 
expression (5) given above. The writer hopes to give the detailed 
numerical calculations in a later paper. It is possible, however, to 
understand in a general way the reason* for the peculiar configuration 
of the fringes for these cases shown in figs. 6, VZ and 15 in the 
Plate. If instead of a slit we have in the focal plane a small 
aperture at (r',0') through which the boundary is viewed, the 
luminosity of the latter appears confined to certain regions lying 
in the neighbourhood of the two points. r=R, and + 
and which are more or less well-defined according to the size and posi- 
tion of the aperture. The farther the aperture is from the centre of 
the focal plane, the feebler is the luminosity observed through it. 
Accordingly, if we regard the horizontal slit placed in the focal piano 
as consisting of a number of elements along its length, the vanishing 
of the luminosity of the boundary at the ends of the horizontal diameter 
is seen to follow as a consequence. At and near these points also, the 
ladial width of the luminosity should obviously be the least as the latter 
is, roughly speaking, in inverse proportion to the corresponding radial 
width of the aperture iu the focal plane. This gives us a qualitative 
explanation of the lunette-shaped form of the fringes in these cases. 

Figs, 5,8, 11 and 14 in the Plate illustrate the remarks made 
above regarding the localisation of the luminosity of the boundary 
observed in certain cases. Fig. 5 represents the effect observed 
when there were two small circular apertures in the focal plane not lying 
on the same radius vector. Accordingly, we have on the boundary 
four separate regions of luminosity. Fig. 8 represents a photograph 
obtained when a ring of six circular holes was placed symmetrically 
in the focal plane. Each of the six spots seen along the boundary 
is crossed by very fine fringes due to the interference ot the effects 
produced by the pair of apertures at the end of each diameter. Fig. 
14 w-as obtained when the ring of holes was slightly displaced 
in the focal plane. Twelve sjwts appear on the boundaiy. Fig. 1 1 
represents the effect observed when the screen in the focal plane was so 
placed that two out of the three pairs of a])erture8 fell on lines passing 
thmigh the centre of the field. Accordingly, only eight spots are 
seen, the four larger ones being crossed by fine interference fringes. 
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13, Case of the Rectangular Boundary* 

Some beautiful and stiking colour effects are noticed in the 
* knife-edge ^ test when the surface under observation is 
bounded by parallel straight edges. (The source of light should 
be either a point or a fine slit parallel to the boundaries of the 
surface and to the knife-edge, so that the diffraction fringes formed 
in the focal piano are sharply defined). When the knife-odge is put 
in the focal plane so as to cut off all the diffraction bands on one side 
and also a few of those on the other, it is observed that the boundaries 
of the surface appear luminous and ‘white, but the region inside the 
boundaries shows colour, this being practically of the same tint 
throughout but most marked midway between the boundaries. The 
whole of the field between the boundaries cdianges colour as thij 
knife-edge is moved so as to cut off more baiuls of the diffraction 
pattern formed at the focus. The colour is successively the follow- 
ing as the knife-edge is moved into the focal plane : — brilliant white, 
yellowish white, yellow, dark yellow, orange-red, indigo, blue, green, 
greenish yellow, yellow, orange-yellow, orange, orange-red, 
purplish red, purple, indigo-blnc, bluish green, grass-green^ 
greenish-yellow, orange-yellow, purple, greenish blue, green and 
so on. The field outside the boundaries also shows a colour 
(though much less vividly) which is in general complementary 
to that observed betwewr the boundaries. When the source of light 
is monochromatic, it is found that the luminosity of the entire 
field of observation between the boundaries undergoes large iluctua- 
tions as the knife-edge is moved in the focal plane. The colour 
effects ncticcd in white light are obviously due to these fluctuations 
of intensity not being in the same phase for different parts of the 
spectrum. 

The theory of Foucault's test as developed by Lord Rayleigh is 
found to be capable of explaining these remarkable colour phenomena. 
The expression given by Lord Rayleigh for the intensity of the field 
as viewed in the direction 0 i.«f 
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where ii, fj deliiie the aperture in the focal plane and 0 is the angular 
senii-apertiirc of the lens. In practice is large. To illustrate the 
fact that the luminosity of the field between the boundaries undergoes 
fluctuations as is griulually incrcasetl, I have prepared the following 
table showing the intensity of. different points of the field as calcu- 


lated from the expression given above taking 




27r0 


and 


27r0' 


where .e has the values 1, lM53, 2, and 3 in succession, these being 
approximately the v'alues for which the intensity at the centre of the 
field is greatest or least. 

It will be seen from the figures in Table III that the intensity 
of the entire field between the limits + 1 becomes alternately 
greater and less as is increased. (This fact has not been brought 
out ill Loixl Rayleigh's paper). The region outside the boundaries 
does not show such a marked variation. In fact^ observation shows 
that when is large, a variation of produces a relatively insigni- 
ficant effect on the intensity of the field outside the boundarie.s. 
If, however, fa be not large, experiment and theory agree in show- 
ing that a variation of either alone or of and (f* — f i remain- 
ing constant) results in a marked fluctuation of the intensity of the 
field outside the boundaries, and the colours observed in this region 
with white light become more prominent. It should be remarked 
here that when (a is not largo, the regions inside and outside the 

boundaries (observed in white light) arc not generally of uniform 

tint throughout, as diffraction frings appear showing a rcgulai; suc- 
cession of colours, although a preponderance of a particular colour 
within the boundaries and of a complementary colour in the region 
outside is noticed. As the knife-edge is moved in, the relative inten- 
sities of the different colours change to an enormous extent, and 
the positions of the different fringes shift to and fro. The changes 
in the ])ositioii and the colour of the bands within the boundaries 
are most interesting to w^atch when their number is small. If 

it is arranged to alter both and (f , — (j remaining constant and 

small), a fluctuation in the number of the fringes between tlie 
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boundaries from one to twoj or two to three, and vice verea^ may* ^e 
observed, these changes synchronising with tlie fluctuation in the 
intensity of Ihe bands. 

Fig. 23 in the Plate represents the luminosity observed at 
the edges of a rectangular diffracting aperture in Foucault’s 
test. In taking this phofograph, was small and large. 
The luminosity accordingly appeam highly condensed at the 
edges. Fig. 20 reproduces a photograph obtained when 
and ^2 did not differ very considerably. Diffraction fringes are 
clearly seen on either side of the boundaries in this case. Fig. 
17 reproduces a photograph of the aperture obtained with two 
parallel slits in the focal plane on the same side. It will be 
noticed that the central fringe which coincides with each boundary 
is white. Figs. 21 and 24 represent photographs obtaiueil wdicn 
the central band and a few fringes on either side of the diffrac- 
tion pattern at the focal plane were cut off by a wire parallel to 
the edges of the aperture. It will be observed that the positions 
of the boundaries in these two photographs appear as tine black 
lines with luminous bands on cither side. The same feature but 
with the dark lines at the boundaries much broader is shown in 
figs. 18 and 25, which were secured by placing two parallel slits 
symmetrically in the focal plane, that is, one on cither side of the 
centre of the field. 

Wc proceed to consider the explanation of the black lines 
marking the positions of the boundaries in the four photographs 
mentioned in the preceding para. In the focal plane we have two 
apertures extending from to and from — to — ^2 respectively. 
On account of thesymmetry, the Ci-functions disappear from the ex- 
pression for the intensity of the field as viewed in the direction which 
may be written in the form 

\ 

where 6 is the angular semi-aperture of the lens. Whenf^/d=±l» 
that is, at the boundaries, this expression becomes very small 
but the suddenness with which the illumination falls to zero at 
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these points depends very much on the magnitudes of and To 
illiistrate tnis statement^ I have calculated the distribution of intensity 

for a hypothetical casein which = ”aml o=s'^. The values 

V $ 

are shown in Table IV (in which the factor 4 in the exi)i*ession for 
the intensity has been neglected) and these have been plotted in 
Jig. 3. 

TABLE IV. 


1 


4>l0 

I 1 

i._ 

1000 

1 

0-0045 

o 

o 

1 1-7956 

1005 

1-5129 

1010 

‘2-9584 

1-020 i 

1 • 5376 

1-030 

2-0161 

1-100 

0-8281 

1-300 

0-0020 

1-500 ! 

0-0605 

1-800 

O-OOl'O 

:]-000 

0-0182 





0-998 



l-S49(i 

0-990 ; 

3-l-i:>5 

0-980 

2- 1603 

0-970 

2-4025 

0-9C0 

1-0050 

0-700 1 

0-0000 

0-500 i 

0-0357 

0-200 i 

0-0057 

0-000 1 

0-0853 


Another case in which the disparity between f i f, was much 

smaller was chosen for experimental verilication of the positions of 
Ihe diffi^action maxima and minima given by theory. It is found 
that the illumination falls off to practically zero value ou the 
boundaries but much less suddenly than in the case previously dis- 
cusseil. The experimental data, the calculated intensities of the 
illumination and ihe theoretical and experimentally observed positions 
of the maxima and minima are shown in Table V. The agreement 
is fairly satisfactory. For eom]>anson with the preceding case, the 
illumination curve has beCn plotted in fig. 4. As in the case of the 
circular boundary, the minima of illumination are absolute zeroes. 

4. Ofier forms of Boundary, 

The cases in which the surface is bounded by forms of apertures 
other than those considered previously are of interest from the point 
view of the general theory of diffraction. Figs. 19 and 2:2 in the 
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TABLE V. 

•654min., = • 968mm., /= 13 -40018., X= -OUOlSmiTi., width of the aperture= -OQaSmm. 
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Plate represent pliotog^raphs oE the effect observed when the surface 
is bounded by a quadrilateral and triangular apertures respectively. 
These photographs were obtained by using a point source of light and 
an annular aperture placed symmetrically in the focal plane. It will 
he noticed that the boundaries appear as black lines with luminous 
fringes on either side, thus showing a complete analogy with the 
cases of the circular and rectangular boundaries previously consi- 
dered. 

In order more fully to study the luminosity at the boundaries of 
the triangular, quadrilateral and other forms of aperture, an arrange- 
ment was devised in which a screen containing a small cii*cular hole 
could be placed excentrically in the focal plane and rotated in 
this plane. This hole comes successively over different )>art8 of the ^ 
diffraction pattern formed at the focus, and the luminosity at 
the boundaries observed through it undergoes a series ‘of changes. 
For instance, with a triangular aperture, it is known that the 
diffraction pattern at the focus consists of a six-rayed ‘star’, the 
‘rays’ being perpendicular to the three sides of the triangle respec- 
tively. When the hole comes over any one of the rays, the corres- 
ponding boundary appears luminous, bat. in other cases it becomes 
in*actieally invisible. Similarly with a quadrilateral aperture, 
the diffraction pattern is a ‘star’ with eight rays perpendicular to 
its four sides, and each of the sides appears luminous when the 
excentrically placed hole in the focal plane comes over tlie corresi^ond- 
ing ray of the pattern. 

Wlielhtr any particular part of the boundary appears luminous 
or not seems in general to depend on tlic normal to the boundary 
at that jwiut being parallel to the radius vector from the centre of 
llie focal plane to the aperture in the screen through which it is 
viewed. This is stated here as an experimental fact, the detailed 
mathematical explanation of which is dcferrecl till a future occasion. 
An interesting illustration of its generality is furnished by the obser- 
vation, that minute irregularities in the boundary often appear 
luminous when the adjoining parts which are straight are invisible 
from any given point in the focal plane. A discussion of the 
cases in which the boundary is a complicated Hgure such as a 
grating or a series of j^arallel apertures is also reserved for a future 
occasion. 
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6 . On Uie Theory of FoucanWs Test with 
non-linear Retardations. 

Lord Rayleigh has considered in his paper the cases in which the 
wave before reaching the focus suffers retardations of a linear type 
4 >ver its various parts. The principal result obtained by him is that 
any direction in which the retardation has a discontinuous change 
is strongly marked by excess of brightness. If, however, the retar- 
dations are of a non-linear type, the theory becomes considerably 
more complicated. The various parts of the wave would arrive at 
foci not all lying in the plane of the knife-edge. As a first step towards 
a detailed discussion of such cases, I propose in this section t<i con- 
sider the effects noticed when the retardations are non-linear but of 
such magnitudes that the geometrical foci of the different parts of 
the wave are coincident hut lie in a plane in advance of or behind 
the plane of the knife-edge. Practically speaking, this case is iden- 
tical with that ill which the wave suffei*s no retardations whatever 
but the knife-edge is introduced in a plane lying behind or in 
advance of the focus. Actual experimental observations in the case 
of a rectilinear boundary under those conditions show that when tlie 
knife-edge is sufficiently advanced so as to cut off the geometrical 
pencil of rays, the two edges of the field still appcjir luniinotis hut 
differ markedlf in their hrifliane/i. This difference becomes greater 
and greater as the knife-edge is put iu a plane farther and farther 
from the focus. The effect is revei’sed if the knife-edge is put in 
front of instead of behind the focal piano and has no doubt been 
frequently noticed by those who have applied Foucault's test in 
practice. It should be remarked also that when the knife-edge ij? 
considerably advanced in any given plane, the inequality of the lumino- 
sity of the two edges diminishes. The mathematical theory of these 
effects is given below. 

Let A represent 'the lens with its rectangular aperture which 
brings pamllel rays to a focus 0. lict a screen containing an aperture 
jiarallel to the aperture of the lens be placed at a distance a io 
advance of the. focus. A is the centre of the first aijcrture ami tl 
any point on it, so;that;AQ=.«. If P be any point on the secouJ 
aperture and B the centre of the screen, then putting BP=i and 
AO=/, we get 

PQ» = QO*h-OP»-!>QO.OP cos POQ 
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=/• +a» +f* +2/. v'a^+f* cos + tan 

=Cf+ •v'o*+f*)*— 4/.V'a*+^* 

Since sin* j tan~* is small proyided— is small, we haye, 

extracting the square root 

P«-/t t ( i+to-i). 

Now, assuming that (/a is small, we get 

PQ=:/+ Va*+i* 

2.f+'^a*+(*,a a{f+'^a*+(*) 


Va*+$* 


Thus we see that 


PQ=/+ A+B*+C»*, 


A-v/a*+f* 

B=- _ 

«(/+v/a*+l*) ’ 

c=- 

2/. (/+v/a*+f*) • 

Therefore the vibration at the point ( of the second aperture will be 
representea by 

/cos2w(l_/±i±|f±^)^. 

—1 

If T be written for X, the above integral can be written in 

the form 


^T/cos2,r( 


A+B»+C** 


+Bin T J sin 2ir dt. 


S 





SUDHAN8UKUMAB BANERJl 


The rays from the various points of the second aperture may be 
regarded as a parallel pencil inclined to the axis at a small angle 
Wlien we proceed to enquire what is to be observed at an angle we 
have to consider the expression 

CobkT J J cos K (A+B*+0»*-^) * 

—* 

+BinKT J J gin K (A+Bs+Gf*— 

(f. -• 

2ir 

where fis define the limits of the second aperture. 


The intensity I represented as the sum of the squares of the 
integrals, is given by 

f. * 

I=[j J cosK (A+B*+C»*-^) J 


*LU sin K (A+Bs+Cf*— dsd^ 


The integration can be carried out with respect to a on putting 
i=se— a and choosing a, so that the term containing the first power 
of z in the expression A + B (ir— a) -fC {«— a)*— vanishes. The 
integrals are tlius retiuced to integrals of the Fresnel class and can he 
integrated in semi-con Vi-^rgent series. Since k is a large quantity, 
we retain o ily a few terns of tlie seru*s, and the subsequent integra- 
tion with respei^t fo f is effected hy integrating by parts. 

We thus find that the intensity is iiroportional to the sum of the 
squares of the expressions (1) and (II) given below 


( 1 ) 


+ 1*1 ”•(^1 


B,e,\ B, C COM K (A, +B,«-(>C,«*— 

.2Cj20, jL* »c(B,+20..) 


•f ’ • • ■ ■ . ■ * 


<»• 





ON TUB THBO&Y OF FOUCAULT’s TEST 


43 


[^— cos K (Aj+Bjt+Cx#*— .« J 


U $ 

C08^(A 1 + 3^8 + 

k^B,+ 2 Q, 8 ) £ 

8 

—F 

(ll)— j^sin K (A,+Bt«+ 0,«*— ^f,). • J 

( /u B,c,\ B," / r sin K (A, +B.«+C,«*— 

“I**"'®' 2C„'2C,)L k(.B,+20,») 

— # 

f 

4-_^i — r sin K (Ai <^i) .si 

2CiK l 


Af 1 


BjcA ) r sin K (A, +B,g+OiS*— <Afi) 

“2 07/2 C , ) L K ( B , + 2 0 ,s) 


.|bi— sin *' (A,+Bj»+Ci».— «Wi)Ji 
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2/(/+o) [^■'■2a'(/+a)^‘] , 

a ==_— iltfL— 

• -«(/+«/ 

b ==_-/±£-— 

/+^ . 

U. -<#»(/+«>}* 2a /-fa. {f,-<#»c/+o)] 

a ==_/±'L_ 

' -«(/+«)’ . 

b «- 

/+« , 

/+«)}» 2a(/+a){f,-«A(/+a)}»’ 

This expression has been used to determine the ratio of the intensities 
of the two ed^es for different positions of the advancini^ edge at 
different distances from the focal plane. The ratio of the brightness 
of the two edges was also determined experimentally by photometric 
comparison. For this purpose^ a double-image prism was used to 
obtain a pair of images of the luminous edges polarised in perpendi- 
cular planes which were then observed thi*ough a nicol. The results 
are shown in table VI. The agreement between theory and experi- 
ment is fairly satisfactory. - 


TABLE VI. 


2«=3‘47 mm.,/=43*3 cm., X=’0006 mm. 


a 

i 

( 


( 

1 

Observed 
ratio of the 
intensity of the 
two edfres. 

Calculated 
ratio of the 
intensity of the 
two edges, 

— 4’0 cm . 

0-85 

mm . 

5-66 

mm . 

0-25 

0-21 

-4-0 


2-65 

99 

5-66 

99 

0-41 

0-38 

-2-5 

99 

0-72 

99 

5-38 

99 

0-32 

0‘80 

-2*5 

99 

2-43 

99 

538 

99 

0-53 

0-48 

-1-6 

99 

100 

99 

6-95 

99 

060 

0 45 

-1-5 

99 

2-87 

99 

6-82 

99 

0-65 

6*59 

0 

99 

. . 

1 . 

. • 

1-00 ■ 

100 

+2-5 

99 

•76 

99 

5-76 

II 

1-82 

1-28 

+ 2-5 

99 

2-76 

99 

6-76 

II 

114 

I-ll 

+ 4*6 

99 

•61 

99 

6*61 

99 

2-37 

2^29 

+4-6 


2-6 

99 

6-61 

99 

1-42 

1-87 
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6. On the Emission of Light by the Kdges of Dif rooting Apertures, 

A few further observations on the apparent emission of light from 
the edges of a diffracting aperture ma}’ bo mentioned here. In the 
previous sections, it has been shown that the boundary of a diffract- 
ing surface appears as a Hack fine (surrounded by luminous fringes 
on either side), when observed solely by diffracted light admitted 
through apertures placed sywmcirtcoUy in the focal plane. A similar 
result is also found when the screen which blocks out the geometrical 
pencil of Tays is placed symmetrically in any plane either in or 
beyond the focus. It would appear from this observation that we 
may regard the edge of a diffracting aperture as sending out two 
streams of light in directions more or loss nearly normal to itself 
(one on each side of the wave normal), and that these streams are in 
opposite phases. This is distinctly suggesttMl by Sommerfehrs well- 
known investigation on the diffraction of light by scnii-intinite screen, 
though of coiii*sc the results arc md strictly applicable in the case 
of a convergent wave limited by rectilinear boundaries at a finite 
distance from each other. In this investigation' it is shown that the 
illumination in any part of the field (excluding a vciy limited region 
on either side of the dividing i)lancs) may l)e foiuul by superposing 
upon the direct and reflected streams of light, a radiation emitted by 
the edge of the screen, the amplitude of this being given by the 
expression 



When is nearly equal to tt— or one of the two terms inside 

the square brackets becomes very large compared with the other, and 
the latter may then be neglected. AVhen changes from a value 
less than to a value greater than r— </>' or if it changes from a 

value less than to a value greater lhan the e.Kpression for 
the amplitude changes sign, showing that tlie ])hase of the radiation 
emitted by the edge changes by ir when we pass fi'om one side of the 
plane of transition to the other.* 

' Math. Ann., Bd. 47. (1896). 

' For the case of tho roctangnlar boundary the change iu the phase of the 
vibration at th$ focal plane in passing across tho zero point has been remarked upon 
bv Lord Rayleigh in his paper. Phil. Mag., Feb.. 1017, p. 171. 
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I have also attempted to study the phenomena of the flow of energy 
in the opti^I field due to rectangular and ciroular boundaries in 
convergent light by placing a narrow screen^ or a wids screen with a 
narrow aperture in it in some selected part of the field and tracing 
i he phenomena observed in its rear. .Interesting results have been 
noticed particularly in the case of a circular boundaiy but a descrip, 
tion of this is reserved for a future occasion. 

The author has much pleasure in gi*atefully acknowledging the 
helpful interest taken by Prof. C. V. Raman in the progress of 
the work. 


Calcutta^ the 2ith January ^ 1918, 



On the Forced Vibrations of a 
Heterogeneous String 

By 

SUDHANSUKUMAR BaNERJI. 

1. The boundary problems in one dimension had already a 
considerable literature'*^ by the end of the nineteenth century, which 
since that time bad expanded rapidly. By such a problem is understood 
primarily the following questiont: — to determine whether an ordinary 
differential equation has one or more solutions which satisfy certain 
boundary conditions, and if so, what the character of these solutions 

* In connection with this problem I have consnlted tho following books, memoirs 
and papers 

1. Iiottvttle’s /ourna/, Vol. I, (1830)ipp. 106>186; Vol. II, (1837), pp. 18 and 
418; Vol. Ill, (1838) p. 004; Vol. V, (1840), p. 366 ; Vol. Ill, (1838), p. 361. 

2. Kneser, Die Integral Oleichungen^ pp. 52*63 and tho chapter on tho theorems 
of Stnrm and Liouville. Also, Math. Ann., Vol. 58, p. 81 ; Vol. 63, p. 477 : Vol. 6l 
p. 4U2 ; Vol. 4St, p 409. 

3. Forsyth h Theory of DijferenHal EquationSj Part III, Vol. TV, Chapter IX. 

4. Rayleigh’s Theory of Sound, Chaps. V and VI. 

6. Bocher’s Introduction to the study of Integral Equations. Also Bull. Amer, 
Math. Soc.f Vol. 18 (1911), p. I; Vol. 7, (1001), p. 297 and p. 333; Trans, Amer. 
Math. 8oc., Vol. I, (1900), p. 414. 

6. Q. W. Hill, Acta Mathematiea, Vol. VIII, (1886). 

7. Liaponnoff, Comptes Rendus, t. CXXIII (1896), pp. 1248-1252, t. CXXVIII 
(1898), pp 010.913, 1085-1090. 

8. Mason, Nath. Ann., Vol. 58, (1904), p. 532 and p. 528; Trans. Amsr. Math, 
8oc., Vol. 7, (1906), p. 840 also Vol. 13, p. 516, and Vol. 8, (1907), p. 4Sl. 

9. Hilbert, Q6ttinger Nachrichten, 1904. 

10. Schmidt, Math, Ann., Vol. 63, (1907), p. 438. 

11. Birkhoff, Trans. Amsr, Math, 8og,, Vol. 10, p. 269; Vol. 9, p. 873. 

12. Dnnkel, BuU, Amer. Math. Soc., Vol. 8, (1902), p. 288. 

18. Hobson, Pros, Land, Math, Soc., 2nd series, Vol. 6, p. 849. 

14. Horn, Math, Ann., Vol. 62, p. 271 and p. 840. 

16. Holmgren, Arhiv.fdr Mat. Astr, Oeh Fysik, Vol. I, (1604), p. 401. 

16. Richardson, Math, Ann., Vol. 68, (1010), p. 279. 

17. A. 0. Dixon, Proe, Lond. Moth. Soc., Series 2, Vol. 8, p. 83. 

15. Haar, Znr Theorie der orthogonalen Fnnktionon systems, Math. Ann., 
Vol, 60, (1910), p. 881 1 Vol. 71, (1911), p. 88. 

t See Booher's Leotore on Boundary Problems in one Dimension, Fifth Inter- 
nsetonil Oongrefs a/ Mathsmatkiani, (191S)» Vol. II, p. 168. 
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is and how their character changes when the differential equation or 
the boundary conditions change. This problem is one of which special 
cases come up constantly in applied mathematics. In the present 
paper, I propose to consider in detail from the point of view of physical 
applications one such case, namely, the problem of the forced vibrations 
of a heterogeneous string. I have also considered a few illustrative 
examples in which the laws of density have been so chosen that the 
solutions assume extremely simple forms. 

It is well-known that the differential ecpiatiou of free vibrations, 

g" + p {j,) y = 0, (1) 


together with a system of boundmy conditions can be re])laced by 
a single integral equation of the second kind which is of the form 


Kneser in his book on integral equations has given a solution of 
the present problem for the case when the differential equation (1) is 
equivalent to uii iu/e^nl equation of fie Jirsl kind with a ngmmekical 
kernel y ri:,, to an integral ecjuation of the form 

,t (.<7 J K(.i’, 

where K (.r, $) is symmetrical in .r, 

The solution given in the present paper is slightly different in form 
from that given by Kneser and is more general. 

*2. The differential equation of the forced vibrations of a string 
whose logitudiual density p( e) is variable and which is under the 
action of a transverse foi-ce x is 


or simply 



d*u 


+X» 




( 2 ) 


if T be supposed to be included in p( r) and x* 

If the string be supposed to be fixed at its extremities, we must 
have 

y:=o, when .r=o, 

uud . 2 /=o, when x=sl, (3) 

where I denotes the length of the string. 
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THoitt teking the differential equation of free vibrutione of the 
gtHng, vtM., 

-^+X.V(»)y=o, (1) 

where as is well-known X., etc., determine the different free periods 
of the string, we see that if Vr, be two different normal functions 
satisfying the equation, then 

d*Ur 

-^+X,V(.,)«,=o, 


d*Ug 

15 r+x.V(*)».=o- 


Multiplying the second by «, and the drat by u, and inteigrating 
with respect to x between the limits o to ‘,vre get 

=<.X.*— X,*) J p{x)u,itgdx. 

But since both //..mnd vanish when =e and rs/, we get 

J p(a>)«,M,dt =n. 

Now it is'^possible to express the solution of (d), viz,, 
d*y d*y 


(4J 

( 2 ) 

( 5 ) 


ill a series of these normal functions, that is to say, we can take 

Subslitqting in the differential equation, we got 

, _ d*«a(0 . 

p(-0S« . ^ + X* 

(This will be true only if it is jios^iblc to differentiate (6) term by 
term. In cases where this not |K)ssible this process will not be valid. 
For these cases a different method of procedure will have to be 
adopted.) 

Now since 


we get 




Sq.x.*p(*)«.(»)+Xi 
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?«.(■») 


( 6 ) 


Exnandins normal fnnctions, we get 

,JL=sa,»,(»)+ai«i(»)+...+o.«,(x)+..., 

f»C*) 


where 


0,s= 


_ j,X «.(•')«* « 

p ix)iil(x)dx 


(Since p(.b) is finite and continuous between the limits o to 2 and can 
never be aero between these limits, it will in general be possible to 

expand in the above form.) 

p(jj) 


In other words 






' '' r p(x)ul(,r)d.c 

Substituting this expression in (6), we get 

» L"* J « f pi.ryul{jt)dx 

Equating the co-effioients of u,(.e), we get 

JV.,,., 

— rrj • 


(7) 


/ 71 

Now writing Q,= , we have %^+X!g.=Q.. 

p(x)ul(.v)df 

It we snppdse that x ^ simple harmonio periodic function of the 
time, 80 that 

X=V(m)coB(pt+y), 

we mngt have aleo 

y=« coB(j8t+Y)> 

We have ’ 

Q.sQ, coB(j9t+Y)i 
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where 


Now putting 
we get from (7), 
Thus we get 


V 

©•=^ 

/»(»)«; (a)ia 


q,—On<soa(fit+y), 

W-j8*)«.=G.. 


y= Sg,a,(x)= S tf,«,(*)coa(j3«+y)=M 


n M *»“P n ^*~P 


Thereforo 


cos(^<+y), 

• >■ « • 

J ^p(^)ul(u))dx 


ys:co8(/3t+y) a 

n 


w.C-r") J. 


( 8 ) 


This expression represents the solution of the differontial equation of 
foi’ced vibrations, if is a normal function satisfying the differential 
equation of free vibrations, viz,, 


^+\!p(«)y=0. 


In particular cases^ the solution may assume very simple forms. 


For example, if in <he expansion of • viz,, in 

pM 


|!^s=o,M,(*)+Oi»,(.-B) + ...+o,«,(.r)+..., 


the term, are found to be rapidly diminishiug in value so that 
we can retain a few terms (say three) and neglect the test, the 
solution can be simply expressed as 


ysscot 



+«, 


«i(glQ i 


+«i 


XS-/J* J 


The eolation of the differential equation of the forced vibrationa 
of the string given by expression (8) gives an explicit rdatien 
t>stw8en the normal functions for the string, the density and the 
forces actiiig on the string, and is extremely useful for the purposes 
ei^liDations. 



it 


stmnAifsDKtTJiAA 


3. We shall next obtain the integral equation satisfied by a 
solution of the differential equation 

=0 

and «xprei$s the solution in a slipphtly different but interesting form. 

If we write the density function in the form 
p(.f)=l— (r(.r), 

then the differential equation of free vibrations can bo expressed in 
the form 


+X*[1— <r(aJ)] y=o. 


(») 


It (t) ia a continuous function, then it is well-known that the 
general solution of 


IS 


y fr)s:a sin \ (.u— a)-Hi3 COS X ( 


• ' n. 


sin d(. 


( 10 ; 


Now if we denote bv n (r) a solution of the equation 
l^+A* [l-<r (»)] y=o, 

then u ( i ) will also be solution of the Don^liomogcneous equation 

+X*y=X*«r(.r) u (»). ' 

Consequently, by using (10) we get 

tt (.lOsa sin X (.i — a)+j8 cos X (.t— o) 

+X (*<r (^) sin X (.»—#) u (^) d(. 
a 

Thus we see that the differential equation of free vibrations 
^ +X*[1— cr(.p)] jjfso, 
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it) eqiuvEkofc to the integml equatioD 

n («)=a Bin X («-.«) +^8 cos X («— a ) 


siij 


+X I <r(f) sin X (.t — f) u (() d(. 
•'a 


But the boundary conditions frive w(j*)=o, when j'=<? and w (j)=so 
ivheu 

So that we must have 


« (.<;)=asiiiX» +Xl<r(f) sin X (.* — f) n ((') di: 

•'rt 

(The oonditioii t6(x)=zo, when ..=/, is satisfied for the X’s which 
determine the free periods are the roots of the equation «(/) = (/.) 

Thus we see that the normal function (a*) satisfies the equation 


tt,(.0=a, sin X^aj+X. i<r(f) sin X, (• — f) u, d) df. (11) 

We have seen that the solution of the differential equation of 
forced vibiutions can be expressed in the form 

y=co8(^+y) 2 .Q.. 

Q.= 

Putting ^(■•J) = S”T^~-Q*t we get on multiplying 

1 , sin X„(«— f) - . 

V X integrating 

^11 • 

*» • K-P*Jo *• 

Bat since 

f * 

u.(x)««i ainX.«»+x: I 





6i 

w*get 


SitotfAHBUKUltAIL SA^JlBn 


I 


Aa 




. (x:-j8*)x: 

= 2 Js [^«.(..)-a.wnX.ir] ( 

If we denote by /(.«) the expression 

we find that i^(.u) satisfies the integral equation 

* 0 

where X=^*. 

Thus we get 

y=: ^(^s) cos (fil+y) 

= 008 

/o,j- \ IS a j. 

= cos (fit+y) 2 [ Q. + \i(\s-i3*)J 


( 12 ) 


or. 


c-Ou+ttn wn X„.Tj)“|, 
fs COB (fit +y) [/(»)+ fi*S Ki—fi* J 


- 1 . _ /iF(«>«,Oi!)(ie. (13) 

whore c.s xf Q* = \* Jlp(.e)t»S(»)dJ! 

It is easy Hi see that this expression agrees with the solution given 
by «r for the case of constant density* on putting «r(»)=so. 

4. The solution of the differential equation of forced vibrations 
given by expressions (8) and (18) involves the assumption that ^ 


• Knsser, Vit IntB/ral QltUhungB*, pp. 6S'6 


m THB VOBCBD YIBBATIOBS OF A HBTEBOGBKBOU8 STRING 55 

nonnil liiRBtions for the string which are solutions of the 
differential equation 

^+X!p(») y=o, 

or of the integral equation (11) are known. But a general integration 
of this differential equation is beyond our powers. Although this 
differential equation has not hitherto been solved in finite terms, the 
theoiy^ of the solution of the linear equation of the second order has 
been considerably developed. The theory started with Sturm who in 
an extensive memoir gave many remarkable results concerning the 
roots and oscillatory .properties of the solutions of differential equations 
and the existence of characteristic values. Sturm’s work has been 
developed in various directions since his time, partly by methods more 
or less closely related to his own and partly by a number of essentially 
different methods. Of these there are four which may be briefly 
described as : — 

(1) Liouville’s method of asymptotic expressions, 

(2) The method of successive approximations, 

(3) The minimum principle, 

(4) The integral equations. 

The discovery of the asymptotic expressions for the large characteristic 
values and the corresponding characteristic functions, and the 
applications of these expressions in the theory of the development of 
arbitrary functions as well as the method of successive approximations 
are due to Liouville. « 

The minimum principle commonly Known as the Dirichlet’s 
principle started with Weierstrass and Weber and in recent years has 
been fully developed by Hilbert, Holmgren and Mason. Lastly, the 
method by which a linear differential equation together with a system 
of linear boundary conditions can be replaced by a single integral 
equation of the second kind as well as the theory of these integral 
equations have formed the subject of enquiry in the last few years 
of many distinguished mathematicians including Hilbert, Fredholm 
and Volterra. 


* Booh^ on Botfodaiy problems in one DImensioni Fifth Internattoval Conprei# 
^ (1918)a 
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4 

Itt a oiaasioal memoir on the detoir cinafioo of til#* !aaaif 
G. W. Hill has studied the nature of the soliition of the dlAiiontlal 
equation 

J^ + (e.+2^i cos 2f+2d, cos 4f+ . ) «=o, 


the co-efficients . beinq; considerably smaller than Tiie 

theory of the solutions of linear differential equations with iiniforni 
periodic co-efficients has also been developed by various writers 
and especially by Liapouiioff whose investij^ations deal with the 
equation 


“i/3* 


+/iMp(0=o» 


where /a is a parameter, and p(r) i^ a uniform periodic function 
of period w. 

The followings method of approximating^ to the solution of the 
differential equation 

f\+k*p(Oy=o, 


dnetoLoid Kelvin^ which is of very ^reat importance in physical 
applications for simple cises of density distribution is perhaps well- 
known. 

The differential equation can bo written in the form 
y = — Jdc fk*p{i)y dx 
and it is easy to prose that if 

y, = — JdiJx^py^dx, y, = J dxj\*p[»)y^dp, 9te., 

where y I is any function of t*, to begin with, as for example yi=:.r, 
then y„ yg, etc. are successive approximations converging to that 
one of the solutions of the differential equation which vanishes 
when rsO. 

We thus see that 


y = y. - yi + y* - ••• » 

where 

y. = Cx + O', 

y«+i ^ j *»» . 


• Sm iVoc. Iby. 8(M., VoL XZIT, {Vmf, ft MBi 
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exprosses the solution of the differential ecpiation in a series neces- 
sarily converginjif for all values of x, })rovided p{.f) remains finite, 
C and C' being two arbitrary constants. 


When p(») is given, wo can easily calculate successively the func- 
tions etc. For example, if wc take 

p(«) = p- + p, 

we easily find that the solution of 

S +(P. +P-*")!/=0. 

can be written in the form 


where 


y = y. - yi + y* - y* + ... 

i/rt = c.« + c 


— j djt J (p-,+p« »?") (C.v + C') tie 


,1 * 


!/.= C’p.’J[+CV.’^ 

+ c'p.p, 




+ 


+4) (.n+5; (h+ 2) t»+3) (u+4) (.»+5), 


,] 


+ ("p. 

etc. 


+ (>.*7 


,« + l) (,,+2) (2u+3)(2«+4V * {«+l^K»+3)(2»+4)(2u+6) 


In the particular ease, when *= 1, the solution of the equation 

can be written in the form 

V=Cfo +0 rt Fl- 1 <P*+Pf '>’ +?:-? fPi+Pii)- 

V l^tP.+PtOLl 4j- +7, 

2.5.8 ('p.+p,»)»j. 1 

101 • p/ ■ 

+C' Fl- 1 Oji+IMV’ . 1.4 (p.+p,-r . 1. 4.7 (p.+p,0’ 1 

L 9! ■ P.‘ J* 
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6. We shall next conf’idei' a few illnstrative examples in which 
the density function will be so .chosen that the differential equation of 
free vibrations can be integrated in finite terms. 

Eiample 1 . — ^As the simplest case, let us consider the differentia] 
equation, when 

p(^)=0,+0,.r. 

It is well-known that the primitive of 

d’M , 

J7* +•'*»«=“. 


is given by 

i r A r i + / 2r , K„ + 2) \ 1 

«=■'* L A .c ) -hB ;-^-2 . j J. 

From this we easily find that the primitive of the differential e([natioii 

(C„ + Ci r)ft=f> 


18 

« = (c.+c,o*[aJj{3^ (C.+C,.)’} 


+Bfj {stifC'+C.*)’}]. 

As it is, this solution is not a normal function for the string. In 
order that this should be a normal function for the strinst^ it miiHt 
vanish at the limits .i=o and .» 

Thus we see that 

(C.+o,,o* 


is a normal function for the string, provided A« : is so chosen 
that 



A.J, 


[ft (C.+C.o^l +M|[ft(^*+^'*)'| 


= 0 , 



ON THJfi FUKCKU VlBllATIONS OF A IIM'EUOGENEOVS STRING 59 
aud K is a root of the equation 

in other words, if 

A._ 

JJ. J,(«X.) ’ 

V 

and A. is a root of the equation 

.1 (iX.) -J r«A.) J.tfcA.)=0, 

‘s -- .V “ S- s' 

where 


3C, 


&=3f;(C.+C,0.» 


We thus see that the solution of the differential equation of 
forced vibration can be expressed in the form 


v=«o.tf<+r)Si^ 


fp (,) «.(' 


where 


J 


I’) (l.C 

(C.+CiS-) ui(.v)(ljr 


=A.(C.+C^..O" (C.+C.a-)»| 

-YoA.) (C.+C..r)^ 


We shall next consider a number of cases in which the density 
function is of the type 

p (if) = C + e ^ (.(•), 

where C is a constant quantity and e is a very small quantityi that 
is to say, the density differs slightly from a constant value. 

Example 2. As an example of this type, let f's consider the case 
when 


p (ic) = C, + Cj c. 
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Prof. Karl Pearson^ has shown that the solution of 



can be expressed in the form 

11 = AJ, a e j + BY* ( a e j. 


Thus, if we put nt for », we sec that the solution of 

1 * / V 

n» P* e ) « = o^- 


18 


. \p,\ y Ap.,^. 

u = AJ*, (ae j+BY*,(^ae j, 

where. J*i (fl)andY*i (fl) are the solutions of the first and second 
kind of 

+ I ily + f 1 + ) y=o. 

rffl* (id \ 6* ) ^ 

Using Schlafli^fi expression for the Bessel function of degree n 
(real or complex), r/r., 


Xp.c 




cos ^ — r sin B) ilB 


r - nO. 

Jo 


— viBm-^ z sinli B 
dS. 


we see that the solution of this equation can be written in the form 


J Q 


[cosh cos (? sin B)+i siiih uB sin (z sin B)\ dB 


i sinh Mir I 

— 3 / 


— z sinh B 

(cos m 9— t sin nB) dB, 


In the present case, wo upt 

C.=n*)8>, Ci=a*/8», 8=2p. 
Thus in this case the normal function is 


ae J +BY*, I (US \ 


* Umtnffw of Uathematie$^ Vol. IX. 
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where A» r B is given by 


A..l.,(a) + B.Y.i(«)=o, 

\ +B,Y,/( oe j =0, 


ami X. iVi a ro^t of the e<inatiou 

KPI 


/ A.P‘\ / ^.PI\ 

E*amjile 5. As nnothci* example we shall eonsitlor the case, 
wlieu 


P(')= ; 




-T + 


c 


ta+/S.)> (a+p/)*' 

Prof. Karl Pearson'’^ has shown tliat tlie sointioii of 

'HJL + ^ At- + \ u-o 

dv* - ^ (/r + .fj* («+.»’)* \ 

can be expressed in the form 

_ W.I ( VbY (™— 

n - ^ (<i + .0 _ A.'j \«+ '7 J . 


Putting 


A _ J^’C\ . _ \» 0 , 

A.- ^ , A,_ , rt/3-a 


we see thnti the solution of 




7 f= aA + 


^AJ (X- 


J — ) + 11 Y ( X • , -) I 


C It oj 'u c j 

Uence the normal function for this case is 


Ao+^S,,) 


,/l GA v/?(o+^r) /J p V vp{a+pr) 

U~o 77 ' V4~o;/ 


provided A, :B, is given by 

A,J (oX,) + B, Y (oX,')=o 

''a-g;) « 


Messenger of Mathematics, yol. IX. 
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A.J (hK) + B, Y ihK)=o 




\ 

U C.7 

U C, 

) 

and X, is a root of the equation 


J («X.) 

Y {/A.)-J 

V 

(bX.) 

V o;7 

U cj 


whei-e 

II 

* a 
\\ 

a'o; 


Y (aX.)=o, 


Last!}-, we sluill consider a case whore the normal function is not a 
Bessel .function hut an associated Logondrc function. 

E amph^ J. Suppose tliat the density function is given hy 


p'a?) = C„ + — 




si n “(c Hr .»9 ■ 

and that the limit n <0 Z is such that sin'c + .c) does not vanish anywhere 
hetween the limits. 


It is easily seen that the .solulioii of 
il*U 

d~ 


IS 

Avhere 


+ («+i)*-- 7— 77— 

d * L 4.sin* (/H-.c) J 

n= \''{.sin(f+.i)}. [AP;C/[4)+BQ:(/t)], 

//.=co.s(cH-ii*). 


Hence this ease can be discussed in exactly the same manner as the 
preceding ones on putting 



=(« + ’)•, c ,= 


4?a® 

4“ 


6. In physical application.s, the impressed force is generally sup- 
posed to act in the immediate neighbourhood of one point a!=a, and may 
usually be reckoned as a whole, so that writing 

X = Jv(r)dx, 

we see that if we suppose the force to be concentrated at the point a’=«, 
the solution can be written in the form 


i/=cos^j9/+y) S 


X 

p{.c)ul{,v)dx 


Hence, as usual, all components vanish which have a node at 
the point where the force is supposed to be concentrated. It ^’iU 
also appear that this conclusion does not depend on any particular 
law of force or of density. 



On rotations about concuurent axes, 

AND 'I HE POLAR OP A SPHERICAL POLYGEN 
By C. FJ. CuLLis. 

SumiUftry* in Art. 1 it is shown that rotations of a rigid body 
about concurrent axes fixed in space can he replaced hy the same 
rotations about the same axes moving with the body provided that the 
order in which the rotations are applied is i*eversed. In Art 2 it is 
shown that the pohar of a spherical polygon admits of a unique 
definition and has the same uses as the pokir of an ordinary spherical 
triangle. In Arts. and 4 these results arc used in discussing the 
eonipleto generalisations of Hodri gnus' and Sylvester’s theorems 
regarding rotatioius. 

1. Equivalent rotations about fixed and moving axes. 

Throughout this paper we regard 0 as a fixed point of space, and 
all rotations as rotations of a given rigid body about axes drawn from O. 
An Axis OA drawn from 0 will always be supposed to terniinato in 
a point A lying on the sphere of unit radius whose centre is 0. In 
every theorem the rotations are supposed to be either all right-handed 
or all left-handed, but each of them may he cilhen* positive or negative. 
A rotation through an angle a about an axi.s OA will be called simply 
a rotation a about OA. We may always consider a to be numerically 
Ics.^ than 2v, The axis OA of a given rotation can always bo so chosen 
that the angle a of the rotation i.s positive and not greater than tt. The 
right-handed rotation -a is the same as the right-handed rotation 
27r— a. and also tlio same as the left-handed rotation a. 

The figures are drawn for the ca.se in which O is at infinity and the 
unit radius is infinite, so that all rotations are about parallel axes 
perpendicular to the plane of the figure; but they must be regarded as 
figai’os drawn on the surface of the sphere of unit radius whose centre 
is 0 and looked at from a position outside the sphere, i»o. on the side 
remote from 0. 

Theorem I.— Sfucccwirc rotations of a rljid body thronyh angles 
®ii tt|, ... about the a es OA,, OA,, ... 0A««,, OA* regarded 

(isfi ed in space are together equivalent to successive rotations through 
a*, ... a,, a, about the tt.es 0*1,, ... OA.^, OA, 

^'^ganleil as fixed in the body. 

A purely analytical proof of this theorem is given in Matrices and 
^^lerminoids^ VoU II. The proof given here is more elementary in 
character. The two cases considered include all possible cases. 
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CASK I. — n7(W?» there are 0 }tly two rotaliom. 

The theorem will be proved in this case by showing that two succes- 
sive rotations a and /? of a rigid body about two given axes OA and OB 
regarded as fixed in space ai*e together equivalent to successive rotations 
p and a about the axes Oil and OA regarded as fixed in the body. 



NVe suppose that a and /? both lie between 0 and 2ir, and that All 
is the shorter great arc joining A and II. Lot the rotation a about 
OA carry the point 11 to IV, and let the rotation about OH. 
carry tho points A and 11' to A" and 11", so ihat the successive rotations 
a and /3 about OA and Oil carry the triangle OAB to OA"B". 
The theorem will be established if we show that the rotation /3 about 
OB followed by tlie rotation a abont OA" also carries the tinangle 
OABtoOA"B". 

Now BAB' and irA"ll are two equal is«)sceles triangles whose 
vertical angles at A and A" are both eqiiah to a (or to 27r— -a). Tlio 
rotation /3 about Oil carries A to A" leaving B unaltered, and tin* 
subsequent rotation a about OA" carries 11 tojl" leaving A" unaltered. 
Consequently the successive rotations ft and a about OB and OA" 
carry A, B to A" H", and therefore they also carry the triangle OA13 
to OA"B". 

If p and q are any two planes passing through an axis OL, and if 
0 is the angle of the rotation about OL which carries 2’ to a reflexion 
in the plane ^ followed by a reflexion in the plane q is equivalent to ft 
roiaiion 20 about OL. When we make use of this fact, we have 
illustrations and more complete proofs of Case I of Theorem 1 in 
Figs, ii and iii, which are equivalent tn Rodi'igues' constructions for the 
resultant of two rotations. Tn these figures (which arc drawn fnr 
right-handed I'otations) every two triangles which have a' side in 
common are the reflexions of one another in the plane through 0 anti 
that common side. 
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^0 find directly tbe resui^nt of the two rotations a and p about 
OA and OB regarded as fixed in space, wn construct on AB as base 
y • ordinary spherical triangle ABC (left-handed when the 
rotations are right-handed, and right-handed when the rotations are 
left-handed) whose angles at A and B are ^ a and and then complete 
Fig. ii, in which the dotted triangles are superfluous. If A, B, C are 
the angles of the triangle ABC, we can write. 

2A=a, 2B=i8, 2C=y. 

The rotation a about OA carries 2' to 1, and the subsequent rotation 
P about OB carries 1 to 3. Thus these two successive rotations ca^y 
2' to 3, and have as their resultant the single rotation -y about 00, 
Again the rotation p about OB candies 2\ 2, A to 4', 4, A'; and the 
subsequent rotation a about A' carries 4' to 3. Thus the two successive 
rotations p and a about OB and OA' (t.e. about OB and OA regai'dcd 
as moving with the body) also carry 2' to 3, and have -y about 00 as 
their resultant. It will be observed however that the two rotations 
a and P about OA and OB carry 2' through 1 to 3, whereas the two 
rotations P and a about OB and OA! carry 2' through 4' to 3. Thus 
the paths from 2' to 3 are different in the two cases. 

To find directly the resultant of the two rotations a and P about 
the axes OA and OB fixed in a moving body, wc construct on AB as 
base an ordinary spherical triangle ABO (right-handed when the 
rotations are right-handed, and left-handed when the rotations are 
left-handed) whose angles at A and B are -J- a and } p, and then complete 
Fiff. iiii in which the dotted triangles are superfluous. The rotation 
a about OA carries 2 and B to 4 and B', and the subsequent 
rotation p about OB' carries 4 to 3'. Thus the two successive rotations 
a and P about the moving axes OA and OB carry 2 through 4 to 3', 
and have as their resultant the single rotation -y about OC. Again the 
rotation P about OB carries 2 to 1', and the subsequent rotation a about 
OA carries 1' and 1 to 3' and 3. Thus the two successive rotations 
P and a about the fixed axes OB and OA carry 2 through 1' to 3', 
and also have as their resultant the rotation -y about OC. 

CASE II . — When there are more than two rotations. 


Taking r to be any positive integer greater than 2, we will make 
the hypothesis that the theorem is true for any number of rotations 
less than r (but not less than 2), and will show that it must then be 
true for r rotations through angles a^, a,, ... a,, about the axes OA}, 
0A„ ... OA,. 


Let the rotation a, about OA, carry 

A A A . A A A 


to 
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let the rotation about carry 

to 


A A A 
■^1 » 


(2) (2) (2) 
■^l i "a 9 ••• -^r 


, (l*— 2) 

let the rotation a, about OA, carry 

<r- 2 ) (1-2) (,^2) 

-^1 » *^9 9 to Ai , Ag , Af 

(r-l) 

and let the rotation abont OA^ cany 

(r-l) (1-1) (1-1) (,.) (y) (y) 

■^1 9 A^ 9 to A, , Ag , . Af 

f , . . . (2) (1) (r-l) 

so that A, , 1 ... Aj are the same as A,, A,.. j , ••• A^ 

Then we have to show that the successive rotations 

o„ o„ ... about OA^, OAg, ... OA, ... (a) 

are together equivalent to the successive rotations 

(0 (r— 1) 

arittr-i about OA^, OA^.^, ... OA^ . (6) 

Let the successive rotations 


it a^ 


about 


OAg,OAg, ... 0A„ 


which by hypotliesis^liavo the same resultant as the successive rotations 

(i) _ . 0-2) 


®r> ®r-i 


about 


OAf, OA,«j, ... OAg 


ho together equivalent to a rotation through an angle about the axis 
01, so that the successive lotations (a) are together equilvalent to 

the rotation about OA^ followed by the rotation 0 about OL ... (a') 

(»'— U 

Since the rotation ^ about 01 carries A^ to A^ , it follows from the 
hypothesis, or from Case I, that the successive rotations (a') are 
equivalent to 

(r-l) 

the rotation ^ ab(yut 01 followed by the rotation a^, about OA^ , (V) 
i.e., to the successive rotations (b ) ; and this is what it was required 
to prove. 

As an alternative proof let the successive rotations 

®ii ttgi ... ®r-i about OAj, OAj, ... 0A,.«i 

be together equivalent to a rotation through an angle ^ about 01, and 
let the rotation about OA,. carry I to J. Then the succeSsWe 
rotations (a) are together equivalent to 

the rotation ^ about 01 followed by the rotation a, about OAfy ... 
and by the hypothesis (or by Case I) these are equivalent to 

the rotation about OA, followed by the Totation ij/ about OJ. ... ) 
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Now since the rotation about OA,. carries 

(i) (1) (1) 

••• ^ to A| f A, f ... Af.ji J, 

and the rotation ^ about 01 is equivalent to the successive rotations 


Or- 


about 


OAjjOA,, ... OAr^i, 


the rotation ^ about OJ must be equivalent to the successive lotations 
ag, about 

"*and therefore by the hypothesis to the successive rotations 
. about 


... oa!!!„ 


_ (1) (8) (r-1) 

OA^.j, 0A,_,, ... OAj 


Uf-l* Of-H ••• 

Consequently the rotations (&") must be equivalent to the rotations (&), 
i.e. the rotations (a) are equivalent to the rotations (6). 

Fig. iv on p. 7 serves to illustrate Theorem I for four successive 
rotations through angles a, j3f y, S about the axes OA, OB, OC, OD. 
The rotation a about 0 A carries the quadrilateral 

0 to 1; 

the rotation j3 about OB carries the quadrilaterals 
0,1 to 1', 2'; 

the rotation y about 00 carries the quadrilaterals 
0, 1', 2' to r, 2", 3^ 

and the rotation 8 about OD carries the quadrilaterals 
0, r, 2", 3" to 1"', 2'", 3"', 4"'. 

Thus the four successive rotations a, )3, y, 8 about OA, OB, OC, OD 
carry the quadrilateral 0 to 4'^', (through the intermediate positions 
1.2', 8^). 

Now the rotation 8 about OD carries the quadrilateral 
0 to r"; 

y about OC|'" carries the quadrilateral 

1'" to 2'"; 

/3 about OB,"' carries the quadrilateral 
2'" to 3'"; 

a about OA,"' carries the quadrilateral 


the rotation 


the rotation 


and the rotation 


3" 


to 


Thus the rotations 8, y, J3, a about axes OD, OC, OB, OA regarded as 
fixed iu a rigid body also carry the quadrilateral 0 to 4'", (but through 
the intermediate positions 1'", 2'", 3'"). 
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The figure also serves to illustrate the theorem for three successive 
rotations a, jS, y about OA, OB, OG, and for two successive rotations 
a, P about OA, OB. 

If P is any point on the great circle in which the 8phei*6 of unit 
radius with 0 as centre is cut by the plane perpendicular to the axis 
OA, a rotation about OA which carries P to Q along an arc PQ of 
that great circle can be represented by the arc PQ, and will be called 
the rotation PQ. Again let PQ be any arc of a great circle on 
the sphere of unit radius with 0 as centre, and let A! OA be the 
diameter of that sphere which is perpendicular to the plane of PQ. 
Then if OA is the right-handed axis of the rotation which carries 
P to Q along PQ, we call A the right-handed pole of the arc PQ, and 
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A' its left-handed pole. When rotations are, rispresented by arcs of 
great circles, Theorem I assumes the following form : 

Successive rotations of a rigid body represented by arcs 
... A, 5, fi ed in space are together equivalent to successive 

rotations represented by arcs A, ... A, B,, A^ fixed 

in the body. 

2 . General definitions of a spherical polyg^on and its polar- 

Let A, B, 0, D, ... F, G, H be any points on the surface of the 
sphere of unit radius w'hose centre is 0; and let a=HA, 6=AB, 
c=BC, ... gf=:FG, ^=GH be arcs of great circles drawn from H to A, 
from A to B, from B to C, from P to G, ‘from G to H. The figure 
HABCD ... FGH thu.s formal will be called a closed spherical 
polygon G=ABC ... GH whose sides are a, 6, c, ... g, h, and who.so 
angular points are A, B, 0, ... G, H. With the angular poinis 
A, B, C, ... G, H we associate angles A, B, C, ... G, H which we proceed 
to define in two different ways. 

The angle between the two arcs of each of the pairs (AH, AB), 
(BA, BC ), (CB, CD), ... regarded as essentially positive or signless 
quantities not greater than v will be denoted by a, y, ... ; so that the 
positive quantity y is the smallest angle of a rotation about OC (right- 
handed or left-handed) which will carry CB to CD or CD to CB’ 

We call D a right-handed polygon when, C being any angular point 
of O, the angle C is defined to bo the angle not numerically greater 
than TT of the right-handed rotation about OC which must be applied 
to the arc CD to make it lie along CB. We call O a left-havded 
polygon when, C being any angular point of D, the angle C is defined 
to be the angle not numerically greater than tt of the left-handed rotation 
about OC which must be applied to the arc CD to make it lie ^ 
along CB. 

We can regard O either as a right-handed polygon or as a left- 
handed polygon, and it is not completely defined until one of these 
two aspects has been ascribed to it. When it is regarded as a right- 
handed polygon, we have C=y or C=— y according as the right- 
handed rotation or the left-handed station y about 'OC carries CD 
to CB. When it is regarded as a left-handed polygon, we have C=y 
or C=—y according as the left-handed rotation or the right-handed 
rotation y about OC carries CD to CB. Thus if A^, Bj, Oj, ... 
the angles at A, B, C, ... when we regard O as a right-handed polygon, 
and if a,, B,, C,, ... are the angles at A, B, 0, ... when we regard 
D as a left-handed polygon, we have 

Aj =— Aj, B,=5—- Bi, OgS=— Cp... 
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The left-handed polygon HG CBA has the same angles as the 
right-handed polygon ABC ... GH. 

First let 0=ABO...H be a closed right-handed polygon^ and let 
A^ B\ D', ... H' be the right-handed 'poles of the arcs a=HA, 
tsAB, c=BO, d=CD, ... 7t=rGH. Then if C is positive, the 
right-handed I'otation rr — C=‘7r--'y (which lies between 0 and if) carries 
C' to along an arc d=7r — C ; and if 0 is negative, the nght-handed 
rotation 7r—C= IT -I- 7 (which lies between tt and 27r) carries C' to D 
along an arc c'=ir— C. Hence we can draw' from A' to B', from 
B' to C' from C' to D' ... from H' to A', arcs a', h\ c\ ... h* such that 

a'-hA=ir, 6'-hB=7r, c'-f C=7r, ... /i'+H=7r ; ... (1) 

and then A, B, C, D, ... H are the right-handed poles of a\ h\ c\d\ ... V. 
The closed right-handed polygon n'=A' B' C' D' ... H' wn'll be called the 
right-handed polar of O, or simply the polar of G. Since O is also the 
(right-handed) polar of O', the angles A', B', O', ... H' of G' are 
such that 

a+A'=:ir, h-|-B' = ir, c-|-C'=7r, ... ^-|-H'=7r. ... (2) 

The side a! is greater than tt when and only when A is negative, and 
the angle A' is negative when and only wdicn a is greater than tt. 

Next let G=ABC...HA be a closed left-handed polygon, and let 
A', B', C^ D\ ... H' be the left-handed poles of the arcs a=H A, [/=A B, 
c=B C, d=C D, ... /a=:G H. Then if C is positive; the left-handed 
rotation tt— C= isr— y (which lies betw'een 0 and tt) carries C' to D' 
along an arc c'=ir--C ; and if C is negative, the left-handed rotation 
TT— C=7r-t-y (which lies betw’een tt and 27r' carries C' to D' along an 
ai*c C. Hence we can draw' fi-oni A' to B', from B' to C', from 

C' to D', . . from H' to A' arcs a', h\ c\ ... h^ given by the equations (1) ; 
and then A, B, C, D, ... H are the left-handed poles of a\ Vto\ d!, ... h!. 
The closed left-handed polygon G'=A' B' C' D' ... H' wrill be called 
the left-handed polar of G, or simply the polar of G. Since G is also the 
(left-handed! polar of G', the angles A', B', C', ... H' of G' are given by 
the equations (2). 

We can always without any ambiguity speak simply of the polar 
of a spherical polygon G=ABC ... H ; it being the right-handed 
polar of G when G is a right-handed polygon, and being the left-handed 
polar of G when G is a left-handed polygon. The formal definitions 
of the angles of . polygon given above have been introduced in order that 
this may be possible. The sides and angles of a closed .polygon 
■^BO ... H and its polar A' B' C' ... H' are always connected by the 
equations (1) and (2). 
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If n is any open polygon formed with a number of successiye sides 
and angles of O, its polar U! is the open polygon formed with the 
corresponding successive angles and sides of the polygon O' polar to O. 

We have hitherto considered polygons of the most general kind. 
When no two sides of a closed polygon 0=ABC...H, t.e. no two of 
the arcs HA, AB, BG, ...have a point in common, we will call O a 
simple polygon. A simple polygon ABC...H divides the whole surface 
of the sphere into two polygonal areas and O, each of which has 
the polygon as its sole boundary. If we imagine a person to walk on 
the outside of the sphere round the perimeter ABC ... H, passing 
through the angular points in this order, one of these areas (which we 
will suppose to be Oj ) will lie constantly on his left, and the other area 
(which we will suppose to be O,) will lie constantly on his right. We 
regard as the area of the right-handed polygon ABG...H, and 
O, as the area of the left-handed polygon ABC... H. Thus the area 
of a right-handed simple polygon ABC... H lies constantly on the left 
of a person describing its perimeter ABC...H in the manner just 
described, whilst the area of a left-handed simple polygon ABC... H 
lies constantly on his right. A simple closed polygon will often be 
identified with its polygonal area. 

First lei ABC... H be a right-handed simple closed polygon whose 
area is Oj ; and let Ai,Bi,Ci,...Hi be the essentially positive or signless 



interior angles of at A, B, C, ... H, each of which is less than 2ir 
If Cj is less than v, we have 

C,=y, 0=y. C=0,; 

if 0 1 is greater than ir, we have 

C,=2ir-y, C=-y, C=0,-2ir. 
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Thus C RDd Oj can only differ by 0 or SJir, and the rotation C alway 
mean the same thing as the rotation G^. 

Kext lot ABC...H be a left-handed simple closed polygon whose 
area Ot 5 B,, C,, ... H, be the essentially positive or 

C 
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signless interior angles of ft, at A, B, C, ... H, each of which is less 
than 2ir. If C, is less than tt, we have 

C,=y, C=y, 0=0.; 

if 0, is greater than ir, we have 

C,=2tr-y, C = -y, 0=C,-27r. 

Thus C and C, can only differ by 0 or 27r, and the rotation C always 
means the same thing as the rotation 0,. 

A closed polygon ABC having three sides is a spherical triangle of 
the most general kind; and is necessarily a simple polygon. An 
ordinary spherical triangle is one whose sides and angles all lie between 
0 and v. The term ‘spherical tnanglo’ is commonly understood 
to mean ‘ ordinary spherical, triangle.’ Any three points A, B, C 
on the sui'face of the sphere of unit radius determine one and only one 
ordinary spherical triangle ft = ABC ; its area ft being the smaller of 
tho two portions into which iis perimeter divides the whole surface of the 
sphere, and its angles being the essentially positive interior angles of 
its area. An ordinary spherical triangle may be right-handed or 
left-handed, but it cannot have both aspects. Its polar is an ordinary 
spherical triangle having the same aspect. 

The area of a general closed polygon can be defined to be an 
algebraical sum of areas of simple closed polygons, the areas of two 
corresponding right-handed and left-handed polygons formed with the 
same arcs together forming the whole surface of the sphere. 

3- Bodrigaes' theorems generalised. 

^jet ft s ABO ... GH be any closed spherical polygon on the sphere 

ttnit radius whose centre is 0 , and let its angles A, B, C, ... G, H 
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of the area O of the polygon. If we assign these new meanings to 
A, B, C, ... G, H, the trath of the theorems becomes evident when 
we construct on each side of O the reflexion of O in the plane passing 
through 0 and that side. We will illustrate this by considering the 
ease of a simple spherical quadrilateral ABCD, the figures for which 
ai'e given below. 



rig. VII. 



fig, VIII. 
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To pi*oye Theorem lla directly we use the upper figure, which is 
constructed in the way just described. In this figure ABCD is a 
right-handed simple spherical quadrilateral whose area is marked 0 ; 
and the quadrilaterals 1, 2, 3, 4 are the reflexions of ABCD in the 
planes ODA, OAB, OBC, OCD. The right-handed rotation — 2A 
about OA cai'ries 

1 to 2; 

the subsequent right-handed rotation— 2B about OB parries 

2 to 3 ; 

the subsequent right-handed rotation— 2C about OC cames 

3 to 4 ; 

and the subsequent right-handed rotation— 2D about OD parries 

4 to 1 . 

Since these four successive rotations produce no resultant change in the 
position of the quadrilateral 1, they are together equivalent to a zero 
rotation. 

To prove Theoi^em Ilb directly we use the lower figure which is the 
same as the upper figure, but differently marked. In this figure ABCD 
is a left-handed simple quadrilateral whose area is marked 0. The 
left-handed rotation 2A about OA Cannes 

0 to 1 ; 

the subsequent left-handed rotation 2B about OB^ carries 

1 to 2; 

the subsequent left-handed rotation 2C about OC, carries 

2 to 3; 

and the subsequent left-handed rotation 2D about OD, carries 

3 to 0. 

Thus the four successiTe left-handed rotations 2A, 2B, 20, 2D about the 
axes OA, OB^, 00,, OD, (t.e. about the axes OA, OB, OC, OD regarded 
as fixed in the moving body) produce no resultant change in the position 
of fche quadrilateral 0, and are therefore together equivalent to a zero 
rotation. 

CASE II. — When the polygon O ta not simple. 

We will prove Theorem Ila for a right-handed polygon 0=ABCD 
EFOHA which is not simple, and whose angles A, B, G ... are defined 
9A in Art 2. 
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Rg lx. 



Let a point P starting from A describe the perimeter ABC. ..HA, 
let I in FG be the first point at Avhich it crosses the path already 
described, let I be the intei’section of FG with CD, and let Ij and 
I, be the angles at A of the right-handed polygons IDEFI, 
ABCIGHA. Becanse I, and I, are the angles not numerically 
less than ir of the light-handed rotations which respectively carry TD 
to IF and IGto IC, we have I, = — li- 

Now IDEFl is a simple polygon for which the' theorem is tine. If 
then the theorem is also true for the right-handed polygon ABCIGH.\, 
then (suppressing mention of the axes) each of the two sets of succes’ 
sive right-handed rotations 

(-2D. -2E, -2F, -21.), (-21., -2G, -2H,-2A, -2B, -2C) 
has a zero resultant. If we apply both sets of rotations in succession, 
the two successive rotations -21., -21, will cancel one another, and 
W6 see that the successive right-handed rotations 

(-2D, -2B, -2P, -2G, -2H,-2A,-2B, -2C) 
have a zero resultant, i.c. Theorem Ila is time for the polygon O. 

Thus Theoi-em Ila is true for the polygon O if it is true for the 
right-handed polygon ABCIGHA which has fewer crossings. Treating 
this latter polygon in the same way, and repeating the process, we 
ultimately reduce the truth of the theorem for O to the truth of the 
theorem for simple .polygons. 

We conclude that Theorem Ila is true for all right-handed poly- 
gons, and by similar reasoning that it is. true for all left-handed 
polygons. 

We ean prove Theorem Ilb in the same way, or deduce it from 
Theorem Ila by the us$ of Theorem I, 
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4. Sylvester’s theorems generalised. 

Let Os ABC... GH be any closed spherical polygon on the sphere 
of unit radius whose centre is 0. Then we have the following 
theorems : 

Theorem Ilia — 1/ the ^polygon O is fixed in space then : 

(1) The resultant of the successive rotations, 

2AB, 2B0, 20D ... 2GH, 2HA ... (1) 

applied to a rigid body is a zero rotation which leavez the position of 
the body unaltered 

(2) The resultant of the successive rotations 

2AB, 2BC, 2CD ... 2GH ... (V) 

is the rotation 2AH, 

Theorem Illb- — Tf the polygon 0 is fi ved in a rigid body aud moves 
with it, then : 

(1) The resultant of the successive rotations 

2BA, 2CB,2DC ... 2HG, 2AH ... (2) 

applied to the body is a zero rotation which leaves its position unaltered 

(2) The resultant of the successive rotations 

2BA, 2CB,2T)C ... 2HG ... (2') 

is the rotatim 2HA, 

It is obvious that in (1) and (^2 1 it must be possible to start with any 
one of the rotations, provided that the cyclical order of the successive 
rotations remains unaltered. This can be verified in tlie same way as 
the corresponding results in Theorems Ila and Ilb. 

The second part of each theorem is an immediate consequence of 
the first part. Also each of the two theorems follows at once from 
the other by the use of Theorem I. Consequently it is only necessary 
to prove the first part of one of the theorems. 

Sylvester's theorems are Theorems Ilia and lllb in the special 
case when O is an ordinary spherical triangle. In this special case the 
second parts of the theorems furnish constructions for the resultant 
of two arbitrary successive I'otations of a rigid body represented by 
great arcs PiQi, PaQ* fitted in space or fixed in the moving body, the 
arcs being always replaceable by two arcs having a common extremity. 
The second paHs of the theorems do not however furnish direct cons- 
tructions for the resultant of more than two arbitrarily given rotations. 

Theorems Ila and Ilia are mutually polar, each of them being 
deducible from the ojbher by the properties of polar polygons when 
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the sides and angles of spherical polygons are defined as in Art. 2. 
To deduce Theorem IITa from Theorem 11a let a, b, c, ...g, A and 
A, B, Cv-O} H be the sides and angles of a closed right-handed 
polygon Il=ABO...GH, and let A^'B/C/.-.G/ff and o/6/c,^..p/V be 
the corresponding angles and sides of the polar polygon 0'=A'B'C' 
...G'H', which is also right-handed. Then if we apply Theorem ITa 
to the polygon Q', we see that the snccessive right-handed rotations 

-2A,-2BS-2C’',...-2H' about OA'. OB\ 00',. ..Off 

have a zero resultant, /.e. by (1) and (2) of Art. 2, the successive right- 
handed rotations 

2fl, 26, 2c,... 2h about 0 A', OB', 00',... Off 

have a zero resultant. Since A', B', ... H' are the right-handed poles of 
the arcs a=HA, &=AB, c=BC, ... 7i=GH, this is Theorem Ilia for 
the polygon HAB ... FG. Thus Theorem II la is true for all polygons. 

Similarly Theorems Tib and Illb are mutually polar, and each of 
them can be deduced from the other by the praperties of polar polygons. 
Oonsequently Theorem Illb is true for all polygons. 

We will now give direct proofs of Theorems Ilia and Illb, consider- 
ing two cases which include all possible cases. 

CASE I . — When O is a simple polygm. 

In this case the truth of the theorems becomes evident when we 
construct at each angular point of O the reflexion of G in the straight 
line joining 0 to that angular point. We will illustrate this by consi- 
dering the case of a simple spherical quadrilateral A BCD, 

To prove Theorem Ilia directly we use tlie upper figure on p. 19, in 
which A BCD is a quadrilateral whose area (when it is regarded as 
nght-handed) is mai’ked 0. The quadrilaterals 1, 2, 3, 4 are the 
reflexions of the quadrilateral 0 in OA, OB, OC, OD. The rotation 2AB 
carnes 

1 to 2. 

the subsequent rotation 2BC carries 

2 to 3, 

the subsequent rotation 2C D carries 

3 to 4, 

and the subsequent rotation 2DA candies 

4 to 1. 

Since these four successive rotations produce no resultant change in 
the position of the quadrilateral 1, they are together equivalent to a 

zero rotation. • 
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To prove Theorem Illb directly we nee the lower figure, in which 
ABCD is a quadrilateral whoso area (w'hcn it is regai'ded as right- 
handed) is marked 0. The figui*e is the same as before, but differently 
marked. The rotation 2BA carries 

0 to 1, 

the subsequent rotation 20 carries 

1 to 2* 
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the subfleqnent rolation 20^0^ cairi^ 

2 to 3, 

and the subsequent rotation 2AgDs carries 

3 to 0. 

^ Thus the four saccessive rotations 2BA, 2GiBi, SA^Db (}•€. 

the rotations 2BA, 2CB, 2DCf 2A.D when we regard ABCD as 
moving with the body) pr uce no resultant change in the position 
of the quadrilateral 0, and must be together equivalent to a zero 
rotation. 

CASE II. — When the jpolygon O is not simple. 

We will prove Theorem Ilia for the closed spherical polygon 0= 
ABGDEFGH, and use the figure on p. 16. We suppose a point P starting 
from A to describe the perimeter ABO ... HA, and to cross the path 
already described for the first time at the point I on FG, I being the 
intersection of FG with CD. Then IDEP is a simple closed polygon 
for which the theorem is true. If then the theorem is also true for 
the closed polygon ABCIGH, each of the two successive sets of 
rotations 

(2ID, 2DE, 2EF, 2FI), (2IG, 2GH, 2HA, 2AB, 2BC, 2CI) 

has a zero resultant. If we apply both these sets of rotations in 
succession, the two- saccessive rotations 2FI, 2IG can be replaced 
by the single rotation 2FG, and we see that the successive rotations 

(2ID, 2DE, 2EF, 2FG, 2GH, 2HA, 2AB, 2BC, 2CI) 

have a zero resultant. If we prefix the rotation 2DI and postfix 
the rotation 2ID, the resultant of the new set of rotations, being the 
same as that of 2DI and 2ID, is again a zero rotation ; and since we 
can now replace the last two rotations 201 and 2ID by the single 
rotation 2 CD, we see that the saccessive rotations 

{2DE, 2EF, 2FG, 2GH, 2HA, 2AB, 2BC, 20D) 
have a zero resultant, ».e.. Theorem Ilia is true for the polvgon O. 

Thus Theorem Ilia is true for the polygon 0 if it is true for the 
closed polygon ABCIGH which has fewer crossings than O, Treating 
the latter polygon in the same way, and repeating the process, we 
ultimately reduce the truth of the theorem for O to the truth of the 
theorem for simple polygons. We conclude that Theorem Ilia is true 
for all polygons. 

We can prove Theorem lllb in the same way, or consider it to he 
deduced from Theorem Ilia by the use of Theorem 1. 



On the OP Equilibbium op Two Eotatino 

Masses op Fluid por the Exponential 

Potential y . 

Paht I. 

By 

Abanibhusan Datta. 

§ 1. Inteoduction. 

Although Newton’s law of i^otential is universally admitted to be 
true for finite distances, there is considerable doubt as to its validity 

-ky 

for small ones. The exponential potential ^ seems to be a more 

reasonable expression to assume for such distances, for it has been 

— ftr 

shown by Neumann* tliat only under a jwtential of the form SA~ 

r 

is the electric equilibrium possible inside a conductor. 

In the present paper, I projjose to study the figures of equilibrium 
of two rotating masses of fluid for this law of potential — a problem 
which lias been investigated for the Newton’s law by Sir George 
Darwin.t 

It may be remarked that the exponential potential includes the 
Newtonian as a particular case and the Green’s^ potential 

* J 0^P,<1, 

nszl 

as a limiting case as is clear from the relation 

* Neomatm, Allgemeine unterBuchungen Cber das Newton’sdie Frincip der 
Fernwirkimgen, osp. 2. Teubner, Leipzig, 1896. (Qaoted by Weatherbam). 
t Danrin, PhU. Tram., Vol. 178 A, (1887), pp. 879-428. 
t Qreeo, Mathematioal inveBtigatidns ooncerning the lawB bf eqaEibrinm of 
ito., Comb. Phil. 8oe., 1888. 
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It is easy to see^ that for this law of potential^ Laplace^s equation 
reduces to (V®— P)V =0 and the Poisson’s equation to (V*— A*)V = 
— 4irp. 

The success in solving this problem is in a large measure due to 
a number of transformation formulaet with regard to the solutions 
of the equation of wave propagation in polar co-ordinates obtained by 
Dr. S. K. Banerji. 

In Part II of this j)aper, I shall give the detailed numerical calcu- 
lations of the results obtained by me in this papei'i and also a number 
of diagrams showing the figures of equilibrium of the two rotating 
masses and shall also undertake a discussion of their stability. 


I am grateful to Dr. S. K. Banerji for his having suggested this 
work to me and also for the helpful interest taken by him in the pro- 
gress of this work. 


§2. 

We have first to find the potential of a homogeneous mass of liquid 
of unit density attracting according to Neumann’s Law of Force 


-* r 

d e 
dr r 


whose free surface is approximately spherical. 


Let the equation of the bounding surface be 

r=a(l-hSa.Y*) (1) 


where Y, is a spherical suiface hai'moiiic of degree n and a, is a 
small quantity whose squares and products may be neglected. 

Let V, V' bo the potentials at an external and internal point 
respectively. Then it is easy to see that ( V * —A;*) V =0 and ( V * — A;*) V' 
=— 4ir. It is obvious tlierefore that we can assume the following 
expressions for -V and y ' : — 


v = 

-* r 

_4irc / ^ — 

sinh ak ' 

71 = 00 

W ^ A 


(2) 


k*r \ 

■ “F”’ , 

/ n=l 

a/7 ■ 

and V' 

4i7r sinh At "** , 

— ” 1 

hi] 

7*=00 

)+ S B, 
^ «=1 

l X * 

vr 

(3)J 


* Weathorbnrxi, Green’s functions for the equation etc., Quart. 

Joum. of Math., Vol. XLVI (1015). See also Phil Mag., Yol. 30, Oot., 1015. 
t Banerji, Bulletin of Cal. Math. 8oe., Vols. IV and V, 

I The expression for the potential at an internal point of a sphere for Nemnann’s 
** 4flr sinh hr 1 \ 

The constant term^ has been neglected hetOk 
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«bat« 


— iniVp ntir _ 

[J-. (t‘.r.)-c J.(t.«)] 


and )=!•(*)» 

and th6 constants A,*s and Bn’s have to be determined by means 
of the two following conditions to be satisfied at the surface of the 
liquid mass : — 

V sc V' + constant 

dV _ ^ f when r=za (l + 2a.y.). (4) 

dr ^ dr ) 

Since A»’e and B.’s are small quantities of the order a, we may 
i 1 the small terms put but in the Rrst term, we must give to r 
its full value from (1). We easily find from (4) that 


A »K,+^(aA;)=:B, 


(») 


(k^a* +2)’- ~ 2ak cosh ak 

^ k* \ ^k) " a* 




whence 
A.= - 

where 

/«+i(<»fc)= 


4ira]J^o, l^^ijak) 


d . d 

4 

= — 47ra a»/,+^(afc), 


i.H w 
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d6 

iz. • 

Let U8 now suppose that there are two maases of Uqnid whore 
free surfaces are approximately spheres and whose centres are o and 0 . 

Let there be two sets of rectangular 
whose origins are o and 0 respectively 
and let the axis of « be measured from 
0 to 0 and of Z from 0 to o. Let 
O 0 =e} let the axis of rotation be a line 
paralled to ox drawn through some point 
on Oo whose distances from o and 0 are 
d and D respectively. 

If O be the potential of the centrifugal forces, we have 

(y*+J*+d*-2rf*) 

Now, if r, C08-V. bo the polar co-ordinates referred to o as 
origin 

((S') = (/*) 

whence 

0=1®* (d*-2(/rp, » «p,* cos 2.^), (8) 

Similarly, the value of O referred to the other origin 0 is 



§ 4 . 

It will be hereafter necessary to employ certain transformation 
formaUe with regard to Bessel Functions. These formulss have been 
Itiven by Dr. S. K. Banerji in a paper* published by him in the Bulletin 
the Calcutta Mathematical Society, Vol. V. The formulae which 
will be used in this paper are quoted below 




P. (,*)= ^5* 

p=o V r 


where , 

i s_ (_!)• i* Lim f P,(*) P,(*) ^ («. ») 

' 2 ' ^ azzoL 

•• B K Baoerjl, “On EleotromsgneMe Waves due to Xleetrical Oscfllatioiis on 
Uia sn^ o! a thin spherical sheU in the presence of a non-concentric conductisg 
Sphere”. Balletia Ool. Vath. See. Vol. V. p. 21, (1918-14). 

See alto a paper by Bsoer}! in Vd. IV of the Bulletin. 
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where 

^ «. »)= (-1)* « (»+i) K,+^ (iVe) P. (»). 


K.+}(»h'B) , jpssoo 

— P, (/i) cos »» g zr ?"(/*)«>■»»♦ 

V R p=o V' r 


p=o 


( 11 ) 


if r < c, ■ 

# 

The following transformation formula which is well-known will 
also be used in this paper, 

-jfcB ^ • 


§ 6 . 

Let r, V be e potentials at an external point of the solids 0, o 
respectively. T. condition that the free surfaces of the two masses 
of liquid should be equipotential surfaces is that the equation 

r+ » + 0 = constant, 

should be satisfied at each of the free surfaces. Sin<fe the free 
surfaces are approximately spherical, v will consist of a series 
of harmonics of the form (7) referred to the origin o and V 
of a similar series referred to 0. In oi*der that the* above 
condition may be satisfied, it is necessary that when T+v is 
transferred by means of (10) and (11) into two separate series of 
harmonics referred to the two origins 0 and o respectively, the 
co-efficients of all the harmonics must vanish except those of Pi (ft), 

Pi(/*).Pt(fi),JP«(ft), Pt (/*) cos2<fr,p*(/x) cos 2 </» and also the co- 
efficients of P,(/i), P,(ft), P//4) 008 2^, p\(fi)coa2tl» 

must be determined so as to annul those terms involving these 
quantities in O. 

The terms B* and r * need not be considered for since the corres- 
ponding forces are symmetricsd about each origin, they produce no 
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W« ahall now consider tiiepolentttl r+t». Let the eqvntioM of 
the two surGscee be 

9}ssoc n^oo g 

— = 1 + S S 1 ). (/t) cog 2 ^ ( 12 ) 

« ns=2 -^5=2 

^= 1 + ’ S*i 9 .P, (/*)+ ”i~ iS', P*. (/i) 008 2 * ( 18 ) 

n =:2 n =2 

where a*a, a'% aiirl j8'*s are unknown co-efficients whose values 
are to be determined. 

It appears fram ( 7 ) that 


— n f 


f n = oo ' 

— 4rtra 5 a. /,+i (rtfc) — p„ (p) 

w = 2 


p*f/4)cos2<^ (14) 


__ 4.Te / 
■“ rA:« V 


A cosh AA — 


sinh A^ 


♦ » = 00 

— 4 «-A 5 i 8 ./.+}. CAl) P. (/*) 

n = 2 v^ji 


i n = 00 

-4rA S /S.7.+i(Afc) P|(m)co8 2^ (15) 

n = 2 Vg 

Patting tA' = A in (10) and (11) and ti-angferring T to o bj the 
resnlting formalae and formnh (A), we obtain 


F+e =.iH^(oco.b«A- 
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f n = oe -K,+i (At) 

S «./.+j(aA) 1— j». (/t) 


j- =: oc 


— 4flra 

5„ a.7.^^(«A)- 


n = 2 * 

+ 

f AcoahAA- 

A:> ^ 

1 k 


— z P. (p) COS 2 ^ 


j» = « 3jj+| 

S * (p+J^) I|.+A (At) K,+.j (Ac) p, (/t) 

p = o 

f « = « p = oe (At) 

-4tA S A.,,— ! p, (;*) 

« = 2 p = o V~r 


in = oo p = oo Im»-(A»-) 

4>rA 2 (AA) 2 A., „ . 

71 = 2 F = V'/* 


(a^) 2 (16) 

This quantity is to vanish when r lias tlie value given by (12) 
with the exception ot' the terms involving W 

cos 20. 

Since the squares and products of small quantities arc to be 
neglected, we may put r = a in all the terms except the first in 
which we must. give to r its full value provided that h* is fairly large. 

Hence equating the co-efficients of p„ (/a), m being not equal to 
1 or 2, we obtain 


- (acoshal-- (Aa + l)a. 


4- (®^’) 

-wa /«+|(afc) 
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+1? ( A COBh ^ (« + i) I.+I (ai) (h) 


4 « = 00 I,+1 (oA) 

-4rA 5 j9./.+4 (AA) A... =0. 

n = 2 -/a 


Therefore a- = 


i ^ A COBh AA- ”*??? - h — 1 ‘(m+4) I, 


Ai y v'- 


) 0 

__ t (w+i) I,+| (ai) K,+^ (Ac) 


— afc 


cosh oA— ^ (Aa + 1) + «/«+x («A:) K,+| (oA) 

-A. 2 ^11 /n+-^ (-AA*) Am, mi (^^‘) 1 

n = 2 


•^djUs 

a eoBh aA - f_ (Aa + 1) + a/,+.j (aA) K,+.j («A) 


For the. purpose of obtaining an approximate solution, it will be 
sufficient to retain only the first term in this expression and we thus 
obtain 

p cosh AA- (w+i) I^+i (ak) K^+x (Ar) 

( « coBh eA - !*B|ii*yj^(Aa+l) + a/.+^ (aA) (aA) 


(17) 


By symmetry 

^ (o ooBh oA- Binh aA) ^ i (m+i) I.+| (AA) K.+| (Ac) 
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§7. 

In order to determine the angular velocity we have to equate to 
zero Ihe sum of the zonal harmonic terms of the first degree in O 
and in (16). 


We thus obtain by giving to r its full value from (VI) » 


f. /.*J A..1 •*“<=• 


Similarly 




f (ttfc) A., » «i‘APga 


Hence adding these two expressions and remembering that 

i^+rf=e, 

we get 


(kc) j ^ ^ "■ 


■osh Afe - 

(19) 


§ 8 . 

Equating to zero the sum of the co-efficients of p, (p) in (16) and 
the oo-effioient of p, (p) in 0, after giving to »• its value, we get 

-^(aoo8h«lfc-“2^) (ka+1) 

+-ji-(Aco8hAi — jr-jTTh 

nssoo I » (®^) 

-4»A*S 18. +* “* 

n=s2 
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Neglecting smaller terms we get 


( Acosh Afc- (aJr) (kc) + I «• »• 


1^.(“ 


4ir < -i I a cosh ak— 


sinh ak\ e' 


) ^-{ka+l)+af^ (ak) (oi) 


From sj^mmetry, 


cosh ak (Afc) (ic) +i A* «• 

(8.= 

, -Aft 

j 1 ( A cosh Ak- ^ «_ (iA+l)+A/^ (AA) K, (Afc) 


where <*»• is given by (19). 


Equating the sum o£ the co-efficients of the harmonics cos 

in (16) to that in Q and giving to r its value^ we get 

-« ft 

(amah, ak- \ 1 (Aa+1) a! -a' 4ira/,(aA:)K, \ak) 

s n=oo I, (ak) 

-4irA > S /S', / f AA) A. , „ , » -tV o* «* =o. 

n=2 n+i ''a 

Neglecting smaller terms, we get 


o'= — 

ft 


4ir I i cosh afc— ^ (^a+1) +ci /| (aft) KB^(afc)| 


From symmetry 


— 

ft 


AA«o)» 


4» |ji(AcoBh Afc-«i25j^)l_(AA +1)+ A/^(At)K^(Afc) j 

( 23 ) 

irlieiiB u* is given by (12). 
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§ 10 . 

Equating to zero, the eo-eiBcients of (p) cos 2^, m 2, we 
obtain 

(. ™,h rf-") "l (t.+i, 

» \ h. J a Va 


I » = oo j (ah) 

— 4irA 2 (Afc) A„ , — “ 

n = 2 v',; 


For the purpose of obtaining an approximate solution, it will be 
sufficient to take account of , when « = 2 only and hence, we 
obtain 


-A /S',/, (AA) A.,-., 


«co8l.aA-?H!My__ (A«+l)+,//„+.|.(«A-)K.+^.(«A)| 


where is given by (23). 


(24) 


By symmetry 






AcosbAA-iin]^^'^ 
where a,' is given by (22). 


-Afc 

(AA) 1 (AA) 
(25) 


§ 11 . 

We have thus determined all the unknown constants a., )3., 
a'., i8\. Substituting the values of aW a'n’s in equation (12), 
we get the equation of the boundary of mass o. Similarly, substituting 
the values of /S.’s, /S.'^s in equation (18), we get the equation of 
the boundary of the mass 0. 
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Hence the equations of the two masses can be approximately 
written in the forms : 

('a cosh All; — l,(ajfe)K,(fcc)+ia*»* 

*,.^7 \ k J t i 

£•= 1 + > i'lC/*) 

a 

, —a A* 

4«r cosh dfc- ^ ?_^fea+l)+a/^ (aft) (afc) 

tV P* M cos 20 


4ir j -1 ^ a cosh ok — ? (A;a+1) +a/^(afc) KB(aXf) 

s 

[Here we have neglected all terms involving p,» (^) cos 20 anil 
p* (/x) in which m>2]. 


From symmetry, 


( a cosh afc— I,(Afe) K,(Ac)+i A»«.* 
fc*-v /7 ( * ) • ^ 


= 1 +' 


-P.W 


4t j ( A cosh Aft— ?i5]^^£_(ArA+l)+A/^(Aft)K,(AA) 


^ A* 0 )* P, (/a) COS 20 


■1^( 


4ir ^ A I A cosh A^— - 


sinh AA; 


-Afe 


(ftA+l)+A/^(Aft)K^(Aft) 





On Abria.l Wa-ves aENERATSE BT Impact 
Part I* 

By 

SUDHAXSUKCMAR BaNERJT 
1. JntrodmiHon 

Hertz^ in his wdl-known paport on the collision of elastic solids 
shows that when two bodies impinge on each other with moderate 
velocities^ the elastic distortions are more or less entirely localized 
over the region of contact, and that the duration of impact, though 
in itself a very small quantity, is a large multiple of the gravest 
|ieriod of free vibrations of either body. It follows, therefore, that 
no appreciable vibrations of . the solids are set up by the impact, and 
that all parts of the impinging bodies, except those infinitely close 
to the jioint of impact, move as parts of rigid bodies. 

In a recent paiierj Lord Rayleigh has investigated the circum- 
stances of the first appearance of sensible vibrations in the case of two 
impinging spheres, and his results seem to show that if vibrations are 
excited at all, the leading term in the radial displacement at the 
point of contact during the early part of the collision is given by an 
expression of the type 



where a is the relative velocity of impact, a, is a certain constant 
which can be easily calculated from Lamb’s theory, and 

, 4 E , ^/lS *85ir 

*.=—9 — ’‘-V-iTg;’ 

r being the radins of the sphere, E the Young’s modulus, and p the 
density. 

* This paper was first published in the Philosophical Magazine, Yol. zxzii, July, 
1916. 

t Hertz’s ’Misoellaneous Papers,* English Edition, p. 146. [See also Love's 
'Treatise on Elasticity,' Second Edition, p. 195.] 

t Lord Rayleigh, “On the Prodqotion of Vibrations by Forces of Relatively Long 
Duration with Application to the Theory of Collisions," Phil. Mag. vol. xi. pp. 
2W-291 (1906). ['Soientiflo Papers,' vol. v. pp. 292-299.] 
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The leading term due to the end of the collision is obtained from 
this by changing nt to t), t being the duration of impact. 

Also the ratio of the maximum kinetic energy of vibrations to the 
energy before collision is approximately given by an expression of the 
type 

R- 1 ^ 

50‘ ^/(E/p)* 

Since \/e7p is the velocity of longitudinal vibrations along a bar of 
the material of the solids in question^ we see tliat^ in genera^ the 
expression for ^ is very small in magnitude, and that R is an exceed- 
ingly small ratio. 

Lord Rayleigh’s results show that under ordinary conditions, that 
is, unless the spheres are very large in size or the relative velocity of 
impact is very great, vibrations should not be generated in appreciable 
degree, and that the energy of the colliding spheres remains transla- 
tional. Moreover^ even if vibrations he excited at all> the pitch of 
the gravest sound so produced would be very high, in fact almost 
beyond the range of audibility. For example, in the case of two 
mahogany balls of 6 cm. diameter, the frequency of the gravest 
vibrations excited would be about 87,000 per sec. We know, how- 
ever, from ex])erieoce that when two spheres, say two billiard-balls, 
impinge directly upon each other, aerial waves of considerable intensity 
are generated which are audible as the characteristic sound of im))aet. 
The investigation described in the present paper w^as undertaken to 
ascertain, both theoretically and experimentally, the origin ami 
characteristics of the sound produced by sucii impact. 

Since, as we have seen, under ordinary conditions vibrations cannot 
be excited in any perceptible degree, practically the whole of the 
sound of impact must be principally due to the impulse given to the 
fluid medium by the surfaces of the spheres, which undergo a sudden 
change of velocity as a result of the impact. The only alternative 
explanation that might be suggested is some kind of action, namely, 
a sudden compression or rarefaction in the neighbourhood of the- 
region of contact ; but this, it seems, can hardly be correct, as the 
spherical shape of the balls and the smallness of the relative velocity 
of impact would not readily admit of any specially intense compression 
or rarefaction being set up in the medium round the region of 
contact. Probably some kind of local reciprocating motion would be 
set up in this region, but this would not be of muoh importance. 
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The first hypothesis suggested in the preceding paragraph regai’d- 
ing the origin of the sound can be fully tested by an .experimental 
and theoretical investigition of the distribution of intensities in 
different directions round the coll. ding spheres^ and by studying the 
manner in wliich tlie sound depends (1) on the duration of the 
impact^ (2) on the coefficient of restitution, (3) on the diameter of the 
balls, and (d«) on the relative velocity of impact and possibly other 
factors also. 


f? . M nu urement of ihe Intensi ///. 

The distribution of intensities in different directions round the 
colliding spheres is found to possess many remarkable peculiarities 
which would be very difficult to reconcile with any other hypothesis 
regarding the origin of the sound. liven by Ibe unaided ear one can 
perceive that the intensity of the sound is gicatest when heard in the 
direction of movement of the colliding spheres, and is comparatively 
quite feeble in the plane at right angles to this line. Inside a 
laboratory the rellexioiis from the walls of the room give some trouble. 
The contrast between the intensities in the two directions is therefore 
best appreciated by the unaided ear when the observations are made 
in the open air, so as to avoid such reilexions as far as possible. A 
rough estimate of the ratio of the intensities can be made by varying 
the distance of the colliding spheres from the observer. So far as 
could be- judged, the sound in the direction of impact appeared at least 
^hrcc or four times more intense in one direction than in the other. 
Some uiicerlainty was caused by the difference in the character of the 
sound from various directions, this difference being so marked that by 
its aid alone the angle made by the line of coHision with the direction 
of the observer could be judged with fair accuracy. Other remarkable 
pocnliavitics were revealed .when it was arranged to obtain a quanti- 
tative measurement of the relative intensities in actual experiment. 
It was then noticed that ihe intensity practically vanishes on a 
cone making an angle of about 67° with the line joining the centres. 

After many trials an apparatus lias hi'en devised which appears 
to satisf}' the necessary conditions of extreme 'sensitiveness, suitability 
for quantitative work, and convenience in actual use. This apfaratus 
which is believed to be of a new type, is based on a ballistic principle. 
Its construction is quite distinct from that of the phonoscope invented 

Dr. Erakine-Murray, or other similar device s in which the motion 

13 . , 
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of a membrane or disk on which the sound-waves are incident deflects 
a pivoted mirror connected with it. As a matter of fact, a phonos- 
cope of the ordinary type was g^iven the first trial, but proved quite 
unsuitable for the present work, as the deflection observed with it 
was too small and too sudden to be capable of measurement by 
visual observation, or even for satisfactory photographic registra- 
tion. 

The apparatus finally devised and employed consists of a small 
mirror attached to a pivoted axle whose free movement is controlled 
by a line spiral spring. (In practice the balance-wheel and hair- 
spring of a watch proved very satisfactory, the mirror being attached 
radially to the wheel with a little cement.) The sound is received 
by a horn over the tubular end of which a mica disk is fixed. A 
sharp metal pointer is fixed normally to the centre of the disk and 
its end lightly touches the pivoted mirror referred to above, but is 
not connected with it. The light from a slit illuminated by an 
arc-lamp is condensed by a lens on the pivoted mirror, the reflected 
light forming a sharp image of the slit on a distant graduated 
screen. For the production of impact, the balls are hung side by 
side by bifllar suspension from a frame work which is capable 
of rotation round a vertical axis. The balls can be made to impinge 
on each other in a direction making any desired angle with the 
axis of the horn by simply rotating the framework. This angle can 
be read off on a graduated circle fixed below the frame. In order 
to obtain perfect regularity in the sound of the impact and to avoid 
unnecessary reflexions from closely contiguous bodies, an electro- 
magnetic arrangement was used by which the balls could be auioniati- 
cally. dropped on breaking the circuit. 

As soon as the balls collide, the sound-wave genemted by the 
impact passes through the horn and impinges on the mica disk. 
The motion of the pointer attached to the disk gives a kick to 
the pivoted mirror, which moves off freely until it is brought to 
rest by the controlling spiral spring. The mirror then comes back 
to the pointer, which brings it to rest. The deflexion of the spot 
of light on the distant screen gives a measure of the kick given to 
the miri%r. It is found that the apparatus is extremely sensitive, 
verjr faint sounds being sufficient to produce deflexions which can 
be read off by eye nearly as easily asthosfe of a ballistic galvanometer. 
Moreover, the behaviour of the mirror is very regular, and its motion 
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perfectly aperiodic. The mode of action of the apparatus described 
above can be verified by observing the motion of the mirror and the 
pointer under a low-power microscope. 

One valuable feature of the apparatus is that it is quite unaffected 
by any echoes of the original sound of impact from the walls of the 
laboratory-room in which the experiments are made. This is 
because the pointer attached to the mica disk ceases to touch the 
mirrer long before the echoes from the walls arrive at it. The 
results obtained by its use have been vevifietl by working at different 
points within the room, and also in rooms of widely differing shape 
and size. 

In order to fully understand the action of the mica disk and 
pointer, we have to study their forced vibrations under the influence 
of the sound-pulse. We shall presently come to this point. Mean- 
while the results obtained by its use may be described. 

Observations have been made of the deflexions shown by the 
apparatus when two balls impinge directly upon each other with 

Fig. 1. 



a given velocity in different directions with respect to the axis of 
the receiving born. The results are recorded in fig. 1. The curve 
exhibits quite a number of remarkable peculwrities. It shows that 
the intensity is maximum iu the line joining the centres, and that it 
gradully diminishes until it practically vanishes at an angle of 
about 67® with the line joining the centres, when it again increases 
oilier abruptly until it attains a second maximum value at an 
angle of 90®. The expriment has been tried with pairs of spheres 
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of various materials, viz. (1) billianl balFs, (si) marble, (tS) aluminium, 
and (4) wood, and analogous results arc noted in all the cases. 

It is not difficult to see, in a gcnci*al way, that the distribution 
of intensity shown in fig. 1 is in accordance with the hypothesis as 
to the origin of the sound with Avhich we started. As a result of the 
impact the balls undergo very rapid changes of velocity in opposite 
directions. The case is somewhat analogous to the well-known 
effect of the zones of silence noticed in the neighbourhood of the 
prongs of a tuning-fork, but differs from it somewhat owing to the 
spherical shajic of the balls, the non-iierioclic character of their motion, 
and their close contiguity at the instant of impact. 

That the results shown in fig. 1 are quite reliable has been furthri* 
tested by three methods. By measuring the deflexions of the sjjot 
of light for impacts at difCevent distances from the mouth of the 
horn, the balls being made to imjnngo always with the same vcloeily 
and in the same direction, the deflexions are found practically to vary 
inversely as the square of the disi.iices from the inoufh of the horn. 

Fig. 2. 



The results are shown in fig. 2, where squares of the reciprocal of the 
distances have been plotted agjunst the deflexions. The curve 
shows that over a very wide range the deflexions, piuctically vary 
inversely as the square of the distances, and it is only w^hen we come 
towards the origin that the curve shows a tendency to assume a pam- 
bolic shape. Further, measurement of the deflexions for different 
velocities of impact shorn that within the range of the experiment the 
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deflexions vary directly as the squares of the velocities. The results 
are shown in Table I. AVlieii the squares of the velocities ai’e jilotted 

Table 1. 


Nos. 

Velocity of Impact. 

Menu Deflexion! 

1 

2300 

863 

2 

21*32 

7*53 

3 

1950 

0 82 

4 

177.5 

5 20 

6 

1080 j 

1 43 


against the deflexions they give ]n'aciicallv a straight line passing 
through the origin. K\])eriinents have also been made with |>aii*s of 
balls of the same ni.atcrial but of different diameters. In tliis ease it is 
found that the deflexions vary ju’actically as the fourth power of the 
diameters of the balls. The results for the ease of three pairs of 
wooden balls are given in Table II. All these results show, as we 
shall presently see, that the apparatus practically measures the 
intensity of the sound produced by hni>act. 

Table II. 

Nob. DeflerionB. 


3 iiichrs. 21*92 

inches.. 7*02 

n iiicht'8. 1*35 


3. Niilnre q/^ihe Wuce-Molion, 

A complete theoretical investig*ation of the nature of the wave- 
m otion started by impact, assuming that no vibrations are excited 
in the balls, is beset with considerable mathematical difticulties. We 
shall confine ourselves to the case of two equal balls. As a result of 
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the impact, the balls suffer changes of velocity U during the short 
interval of time known as the duration of impact, in consequence of 
which an impulsive pressure is commuiiicaled to the surrounding 
medium and a train of sound-waves is started travelling forward with 
a definite wave-front. As a simplification we shall assume that the 
change in velocity is instantaneously acquired by the balls. As a 
matter of fact, if we examine the ciirvo for the relative velocities of 
the centres of mass for the period the balls are in actual contact, 
we notice that the most mpid changes in velocity occur only at 
the epoch of greatest compression, and as the dumtion of impact 
itself is a very small quantity (usually less than the 2000th 
part of a second), we see that the effect of the duration of 
the impact on the sound-waves is generally not of very great impor- 
tance. At any rate, we arc not wide of the mark in taking the 
change in velocity as practically instantaneous. 

(1) The case of a single sphere. 

Wo shall first consider the ease wlicn a single sphere suffers an 
instantaneous change in velocity U. 


If M be the mass of the sphere, its equation of motion can be 
written in the form 




cos 0. 


rt* (Id), 


• (I) 


where a is the radius of the splierc, p is the pressure at a point 
on the surface of the sphere, and dvs an elementary solid angle. 


Also if if/ denote the velocity potential of the wave-motion 
started, the condition of continuity of normal motion on the surface 
of the sphere gives 


cos 0, when r=a 

dr dt 




The initial circumstances at time /=:0 give 

;i;=0 and ^ =sU. . 
dt ' 


( 3 ) 


Further, the condition of discontinuity at the spherical boundary 
of the advancing wave gives 

^ “ dT 

to be satisfied for c being the velocity of sound. 


( 4 ) 
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We can now assume for ^ the following expression 


or r 


( 5 ) 


and we can easily determine the arbitrary (unction involved in this 
expression by a method first given by Prof. Love* so as to 
satisfy all the conditions enumerated above. 

The method consists in assuming 

and then on substitution in the boundary conditions (1) and (*2), 
we notice that^ satisfies a biquadratic equation, two oE whose 
roots are zero. The constants A’s and B^s are then determined 
with the help of the remaining conditions. 

If we assume that the i*atio of the mass of the air displaced 
by the sphere to its own mass is a very small quantity, we see 
that the expression for xj/ can be written in the simple form 


^ = A. -(i)c 08 tf- [5__“_C08(1+^’:-4w)]c08« 

.... ( 6 ) 

where A is an indetcrininato constant. 

The firat term in this expression is a degenerated function which 
does not satisfy the usual differential equation for wave-propagation, 
and eonsequently does not represent a wave-disturbance. This 
term arises form the subsequent motion of the sphere with a 
nearly constant velocity whifdi involves only a local reciprocating 
motion of fhe neighbouring air. 

The wave-motion produced is therefore given by the expression 




I, [- 


COS 


( 7 ) 


Thus we see that the wave-motion generated by an instantane- 
ous change in velocity of a single sphere is of the damped harmonic 
type which is practically confined to a small region near the front 
of the advancing wave. 


* Love, “ Some Illustrations of the Modes of Decay of Vibratory Motions/’ 
i'roc. Loud. Math. Soe. (2) yol. ii. p. 88 (1904). [See also Lamb’s * Hydrodynamics/ 
Art. 296.] 
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(•2) The case of two spheres. 

The solution for the case when both the spheres undergo instan< 
taneous change in velocity U cannot, however, be so easily obtained. 
In a recent paper* published in the ^Bulletin ' of the Calcutta Mathe- 
matical Society, I have given a method by which a solution for this 
case can be obtained. For our present purpose, however, we see from 
symmetry tliat if we take as our origin^ the point of contact of two 
equal impinging spheres, the velocity potential of the wave-motion 
which satisfies the boundary conditions over the surfaces of both the 
spheres can be written in the form 

V* r X 

\ J ^ a ) j 


^=Ao — e O' 




+d5c.+Aj ,jL 


“’■"Cl.)’ 


M":') 


(cos 0 ) 


+<&c., (8) 

due regard being paid to the dimensions of both the sides. Ag, 
&e. ; Xq, Xg, &c., are certain constants not depending on the radius 
of the spheres to bo determined by the boundary conditions. 

At a great distance from the source of sound we can neglect all 

powers of in this expression beyond the tirst. So that at a great 

distance we have approximately 


Also, since the soud-pulse is practically confined to the wave-front, 
and also since in this region we have either r equal to ci> or less than 
ct by a few diameters, wo see that the expression within the bracket 
may be regarded as a simple function of the time and the inclination 
0f independent of the radius of the spheres or the distance r. 

The intensity of the sound for large values of r therefore varies 


• On “ ^lonnd-wnves dne tx) prescribed Vibrations on a spherical Surface in the 
presence of a rigid and fixed Spherical Obstacle,” Bulletin of the Calcutta Mather 
matical Society, vol. iv. 
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We thus arrive at the following results : — 

(1) The intensity of the sound varies as the square of the change 
in velocity of the colliding s])heres. 

(2) It varies inversely as the square of the distance from the point 
of contact of the spheres. 

(8) It varies as the fourth power of the radius of the spheres. 

The truth of these results has already been verified experimentally, 
provided we assume that the apparatus measures the intensity, which 
we shall presently see it does. 


We can easily study the forced and the free vibrations of the mica 
disk under the action of the sound-pulse. The forced and free vibra- 
tions of a membrane and those of a telephone plate have been studied 
by -various writers. Without entering into mathematical details, 
we see that the disturbance produced by impact Imvels forward as a 
sound-pulse of the damped harmonic type which is sensible only 
within a few diameters from the inner side of the boundary of the 
advancing wave. Its action on the mica disk, which has usually a 
smaller natural frequency of vibration than that of the waves, is so 
very sudden and lasts for so short a time that the whole effect par- 
takes of the character of an impulsive i^ressnre in consequence of which 
the mica disk suddenly acquires a velocity and free vibrations of 
considerable amplitude are excited in it. Assuming that the mica 
disk is not displaced considerably, we can easily see from elementary 

A t 

considerations that since p is the pressure per unit area on the 

mica disk, were if is the velocity potential of the sound-pulse and 
P the density of air, the initial velocity communic^d to the mica 
disk would be practicallay proportional to the quantity 






^0 being thi instant when the sound-pulse meets the mica disk. 
When this velocity attains the maximum value, the mirror leaves the 
pointer and moves with that maximum velocity. This velocity is 

therefore proportional to the quantity [pif]^ , the instant ^ being so 

chosen that this expression has the maximum value. If we denote 
this quantity by v and the deflexion of the mirror by 0, then we 
U 
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must have v and conneoted by the relation 

where a and 6 are two constants depending on the elasticity of the 
spring and itai|||||lial stmined condition. In actual practice the 
mirror is initially in contact with the pointer with a sensible pressure^ 
and as the deflexion is usually very small, the second term in the 
above expression is nearly negligible in comparison with the first, v* 
is, therefore, practically proportional to aO ; in other words, the 
angular deflexion of the mirror is approximately proportional to the 
intensity of the sound incident on it. 

On account of mathematical difficulties, it seems to be a hopeless 
task to attempt a numerical calculation of the distribution of inten- 
sities in different directions round the colliding spheres. But the 
analogous problem of two vibrating spheres whose distance apart 
varies periodically presents features similar to this problem, when the 
wave-length of the disturbance produced is sufficiently small. For 
this case, however, we can approximately calculate the distribution 
of intensities in different directions by the following method. 

If we take as our origin the point symmetrically situated between 
the two spheres and the lino joining the centres as our initial line, it 
is easy to see that the velocity potential of the wave-motion will be 
given by 

f + A,^ —~P, (cos 


+ A4 


— p^(cos^)+&c. Ic****, 

w f / 7 - - \ 4. jr / i_ 1 * I 


da 


{(hayuM)} 


where 


■ f m— ( 1 j. + 1) j.(«— 1 )w(m+1) (« + 2) 

{.+ 1 ^ ^ 2.4. 


+ . . . +5 


1.2.3... 2n 


2.4. 6 ... 2n(i(;)’ 


and j is the wave-length. 


The unknown constants Ao, A„ 8cc^ have to be determined by 
means of the condition of continuity of normal motion on the surfaces 
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of the spheres. We see from this expression that the disturbance 
produced at any point due to this system of two vibrating spheres 
will be the same as that due to a prescribed vibration given by 

[Ao + A,P,(cos^) + A^P^ (cos^) + 

on the surface of a single sphere of radius equal to that of either 
sphere and having its centre at the origin. Now, from a cousidera- 
tion of the nature of the motion produced in the immediate neighbour- 
hood of the two spheres, we can easily ascribe approximate values to 
the constants A^j, &c., which will conform as nearly as possible 
to the true state of affairs. As a first approximation, we can repre- 
sent this disturbance by U cos U .c* * which is the same as 

^ ^)— JPo(eos ^ 

so that A,, = — J, Aj = J and the rest v«anishos. This type of vibra- 
tion shows that while the two caps bounded by the parallels of latitude 
of 45° and 135° are moving outwards the intermediate zone is moving 
inwards and vice verm. 

Now, if we assume various values for the quantity h which will 
determine the wave-length for a particular pair of balls, we can easily 
calculate the values of the intensity at a great distance from the 
source of sound. First suppose that then since At a great 

distance 


we have 



+j^^(296- 561f)P«(cos $)+&c. J * — - 

Denoting the real and the imaginary parts of the expression within 
the bracket by P and Q, we have 


Ao+^P.(cos (oo8tf)+4c 
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Since the intensity is proportional to F* + G*, we see from the 
above expressions on substituting the values of Aq, A^, 8cq„ that the 
intensity is maximum in the direction of the line joining the centres, 
and that it gradually decreases and assumes the minimum value in 
the perpendicular direction. 

Now, if we further diminish the wave-length — that is, if we 
assume = we get 


I inAf A 25— 60i , * 44+62*5tT> / a . 
l^-iooj^ Ao- + • 5842-25 


, 4 405+1170-6i 
* 1534329-36 


] pi* (c(-r + a) 

~ \ 


-ii r3Ao(8-16t)+3A,(7-53+10-70P,fcostf) 

oU L. 



r 


Hence 

F — — 8 + 30* 1 2 P Q (cos0) + &c., 

G= 16 + 42*8P2(cos^) + &c. 

We thus see that in this case is maximum at 0° where its 

value is 3941*44 nearly, and that its value gradually decreases and 
arsumes the minimum value nearly 110 at an angle of Gl° and that 
it again increases and assumes a second maximum value at an angle 
of 90°, where its value is 558*10 nearly. If we further decrease the 
wave-length we get results analogous to thei above case, namely, 
that the intensity is maximum in the line joining the centres, and 
that it assumes a minimum value at some angle intermediate between 
0° and 90° and a second maximum value at 90° which is much lesi 
than the first maximum. We can easily proceed to a second 
approximation by determining the values of the coefficients in the 
expression for the prescribed vibration on the surface of the imaginary 
sphere so as to agree as closely as possible with the actual state of 
affairs. 


4. Experimental etniy of the character of the 
sound-wave. 

The experimental results described before would be very difficult 
to explain on any hypotheeie other than that which we have assumed 
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{or the origin of the sound. This hypothesis may therefore he 
regarded as confirmed by experiment to the practical exclusion of any 
others. It was, however, considered that further experimental study 
of the character of the sound-wave emitted in different directions 
by the colliding spheres would be of very great interest. 

Attempts have been made to obtain photographic records of the 
motion of the mica disk under the action of the sound-wave by 
various methods. The first, due to Siegbahn*, was that of optically 
recoiding the motion of a pointer attached t») the disk by the use of 
two microscopes focussed on ic, one on either side. Another method 
which was used was simply to fix a small mirror to the mica disk at 
the place of greatest angular defiexions and to photograph on a falling 
plate the motions of the image of an illuminated slit formed by 
reflexions from the surface of the mirror. While both of these 
methods gave results eoufirming the broad indications of theory, the 
photographs obtained could not be regai-ded as satisfactory records of 
the character of the sound-wave owing to the free vibrations of the 
mica disk excited by the sound of the impact which continued for 
an appreciable period. Even the fii-st two or three swings, which 
were much larger in amplitude than the others, showed the free 
vibrations somewhat prominently. This was evidently due to the 
highly implusive character of the sound-wave. S>me improvement 
was obtained by using a disk stiffened by attachment to a wire 
stretched in front of it under tension. (This was taken out from an 
old gramophone.) The motion of the wire was r.*corded photographi- 
cally. Even with this arrangement, however, the free vibrations of 
the receiving apparatus were prominent. Unless a sufficiently 
sensitive and at the same time stro ngly damped recorder is found, 
there does not appear much hope of obtaining a satisfactory direct 
record of the character of the sound-pulse. The writer hopes shortly 
to try the use of au acetylene-gas raanometric ff ame and the phonodeik 
invented by Dr. Mitter and will also make further experiments with 
receivers of various types for obtaining an accurate record of the 
character of the sound-wave. 

Experiments have also been made with the ballistic 
apparatus described in the first part of the paper to compare 
the effects of the impacts of balls of the same size but of 
different materials. On trying the effect of a pair of wooden balls, and 


Phil. Mag., May, 1914. 
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those of a pair of biJliard balls of equal size, the latter were found to 
give a deflexion about twice the deflexion due to the former. In 
this we may tracj the effect not only of the larger coeflicient 
of restitution of the billiard balls, but also probably of the shorter 
duration of impact which would be more effective in setting up an 
impulsive wave-motion in the fluid. 

5. Sntnmary and Conclusion, 

The intensity of the sound generated by the collision of two 
solid spheres varies very greatly in different directions relative to 
the line of impact and the character of the sound shows a similar 
pronounced variation. This observation was first made with the 
unaided ear and communicated to me by Prof. C. V. Raman, and 
the present work was undertaken at his suggestion to investigate 
this effect in detail, both theoretically and experimentally. A new 
type of apparatus in which the ballistic principle is utilized has been 
used to investigate the intensity of the scuind in different directions. 
The results show a maximum intensity in the line of collision, 
pactically zero intensity on the surface of the cone of semi-vertical 
angle 67*^, and a second, but feeble maximum in the plane perpendi- 
cular to the line of im])act. These results combined with the indi- 
cations of theory and further observa^^ions on the character of the 
sound-wave show that, pmctically speaking, it is produ^'ed entirely 
by the accelerated motion of the spheres during the impact. The law 
of variation of the intensity of the sound wdth the vedoeity of impact 
and the radius of the balls has also been found and tested exprimen- 
tally. The writer hopes later on to carry out further work on 
the subject, particularly in the matter of getting direct records 
of the character of the souud-wave and observing the effects 
of oblique impact and the impact of spheres of unequal diameters. 

Calcu'ita, 

28tk January y 1916, 
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1. fntmluction. 

The origin and eharaeteristics of the sound produced by the col- 
lision of two solid spheres wei-e discussed by me at sonic length in 
the first paper under the same title that was published in the Philoso- 
phical Magazine for July, 191(>. It was shown in that paper that 
the sound is not duo to the vibrations set up in the spheres, which, 
in any ordinary material, arc both too high in pitch to be audible, 
and too faint in intensity, but to aerial waves set up by the reversal 
of the motion of the spheres as a whole. The intensity of the sound 
ill different directions for the case, in which the two spheres were of 
the same material and diameter, was investigated by the aid of a 
new instrument which will be referred to as “ the Ballistic Phono- 
meter.” t The intensity was found to be a maximum along the line 
of collision, falling off gradually in other directions to a value which 
is practically zero on the surface of a cone of semi-vertical angle 
67° and rising again to a second but feebler maximum in a plane at 
right angles to the line of collision. 

In view of the interesting results obtained for the ease of two 
ecjiial spheres, it was arranged to continue the investigation and to 
measure the distribution of intensity when the colliding spheres 
were not both of the same radius or material. A mathematical investi- 
gation of the nature of the results to be expected in these cases 
was also undertaken. In order to exhibit the results of the experi- 
ment and of the theoretical calculation, a ^dan has now been adopted 
which is much more suitable than the one used in the first paper. 
This will be best understood by reference to fig. 1 , which refers to 
the case of two spheres of the same material and diameter. 

* This paper was first published in the Philosophical Magazine, January, 1918. 
t This name was suggested by Prof. E. H. Barton, D.Sc., F.R.S. writing in the 
Scitnci Abstracts, page 399, Sept. 1916. 
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TtiUi figure hoe been drawn by taking the point at which the 
spheres impinge as origin and the line of collision as the axis of df, 
and setting off the indications of the Ballistic Phonometer as radii 
vectores at the respective angles which the direction in which the 
sound is measured makes with the line of collision. The ci^e thus 
i-epresonts the distribution of intensity round the colliding spheres in 
polar co-ordinates, the points at which the intensity of the sound is 
measured being assumed to be all at the same distance from the spheres. 
The riults are brought much more vividly before the eye by a dia- 
gram of this kind than by plotting the results on squared imper. 

2. Ccae of two if the same material 

hut of ihjferenl diameters. 

Figure 2, which shows the observed distribution of intensity 
when two spheres of wood of diametew 8 inches and 2J inches 
collide with each otlior, is typical of the results obtained when 

the impinging spheres are nearly of the same density and are 

of different diameters. There is distinct asymmetry about a plane 
perpendicular to the line of impact. In addition to the maxima of 
intensity in the two directions of the line of collision, we have the 

maxima in lateral directions, which are not at right angles to this 

line. The directions in which the intensity is a minimum are also 
asymmetrically situated. 

For the explanation of these and other results, we have naturally 
to turn to the mathematical theory, which rests upon the f^t that 
the sound is due to the wave-motion set up in the fluid by the 
sudden reversal of the motion of the spheres. Let a and h be the 
radii of the two spheres and p« and p* be their densities. Then the 
4 4 

masses of the spheres are girpa«* and jj7rp*6* res])ectively. Denoting 

the cha nge s— i n velocity which the spheres undergo as a result of the 
impact by U« and U* respectively, by the jiriuciple of constant 

momentum we have U,/D*=p*h*/p*u*. The ratio u.* thus depends 

only on the diameters and the densities of the spheres, while, of 
course, the actual values of IJ. and U* would depend on the 
relative velocity before impact and the co-efl5cient of restitution. 
It is obvious that if we leave out of account the duration of impact, 

thatig, HtgMJ ths diangeB in velocity of the spheres bb taking place 

pntetiealfy inatkataneously, the character and the ratio of the 
18 
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intoud^ <tf the sound produced^ in different directions would be 
completdiT determined by the sizes of the spheres and the ratio of 
th«r changes of velocity, that is, by their diameters and their masses ; 
when the spheres are of the same material, the nature of the motion 
in the flaid set up by the impact depends only on the radii of the 


The mathematical problem of Bnding the nature of the fluid 
motion set up by the reversal of the motion of the spheres, taking 
the finite duration of impact into account, would appear to be of 
great difficulty. In my first paper, I have shown that when a single 
sphere of radius a undergoes an instantaneous change of velocity U, 

1 J.L • 


the wave motion produced is given by the expression 




■✓fluo* a • r j 

r~ arLr 




cos 


a 


-i')] 


COS ty ( 1 ) 


which indicates that it is of the damped harmonic type confined to a 
small region near the front of the advancing wave. The wave motion^ 
set up in the case of two spheres in contact assumed to undergo 
instantaneous changes of velocity^ would be of a more complicated 
type. In order to obtain a general idea of the nature of the results 
to be ezpectedy particularly as to the intensity and character of the 
sound in different directions^ we may consider the analogous acousti- 
cal problem of two rigid spheres nearly in contact, which execute small 
oscillations to and fro on the line of their centres. This problem may 
be mathematically formulated and approximately solved in the 
following manner : — 

Given prescribed vibrations 


ik9t iket 

Ug cos $i e and IJ» cos 0^ e 


on the surfaces of two spheres of radii a and d, nearly in contaoti it is 
required to determine the velocity potential of the wave motion started 
aud the distribution of intensities round the spheres, where and 
are the angles measured at the centres A and B of the two spheres in 
opposite senses from the line joining the centres of the spheres. 

Supposing now that an imaginary sphere is constructed, which 
is of just sufficient radius to envelop the two actual spheres (touching 
them exteraally)| it is possible from a consideration of the nature of 
the motion that takes place in the immediate neighbourhood of the 
two spheteili to dietermine the vibrations on the surface of this 
imaginary spheie/,wkieh would produce on the external atmosphere 
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the Bame effect as the vibrations on tliefBurfaces of the real * a{dieres 
A and B. When the equivalent vibration on the surface of the 
enveloping sphere has been obtained, we can, by the use of the well- 
known solution for a single sphere, at once determine the wave 
motion at any external point. 

The radius of the enveloping sphere is evidently a + d, and its 
centre is at a point C,^such that BC=rK and CAssA. 

If the point G be Saken as origin, and if the equivalent vibration 
on the surface of the envelo])ing sphere be expressed by the series 

S A. P. (cos fi)e , (2) 


where A.’s are known constants, the velocity potential of the wave 
motion produced at any external point is given by 


(a+6)* *fc(c/-f+a + 6) A.P.fcos^) ^ , 

-T“ « S Fjik.i+b) 

where 


( 3 ) 


/. (ar)=l + 


n (n+1) I (w— 1) n (r>+l ) (n+2) 
’’iUkr “ 2. 4. 


1.2.3.. ..2n 
2.4.6...2n.(iAT;-’ 

and 

F, (i7T)==(l+t‘AT)/, /»' (ifrr). (4) 


To obtain the equivalent vibrations on the surface of the envelop- 
ing sphere, we shall regard the small quantity of fluid enclosed by this 
sphere as practically ineompremble^ and use the well-known solution 
by the method of successive images for two spheres in an incompres- 
sible fluid. 

We know that the velocity 2X>tential due to such a system of two 
spheres in an incompressible fluid can be expressed in the form 


Ua 

where ^ and ^ are to be determined by the conditions 
V*^=0, V* ^'=0, 


=— cos^i, and sQ ,when ri=a, 

Orj 

*5^ s— cos and ^ 5 ^= 0 , when r,=6, 

r, fend r, being radii tectoree meaaored firom A and B. 


( 6 ) 
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When ^ and have been determined so as to satisfy thM« 

^ b. tok*. to b. ™j, .pp^i„.toi, gi4. ^ 

Tb, fc«tk»» ♦ „d ♦' to i. w.ll.lto„7™ be by 

m^ o* .uc^v. „d if the toptotoioto fer lb. toLty 

r « 1 Z , i ’.”T *“ *" '» ‘I* 

(,, «) rrf^ed to tb. Ototto C of tb. imogi-ey »,.l„pi„g „h^ “ 
easily obtain ^ * 

gA=a»r 1 -L fe* . fc* -, 

L (o+6)> («+26>» (2 o+ 26)» f2a+36yi “•••] 

Pi (coa 6 ) 

r* 

+2a»r + fc*(2fc»-a«) _6»(2fi* +a6-26*'> 

L (o+6)« («+26)‘ (S+2r)~ 

^ j>_»(36»-2 a») IP. (costf) 

^ (2«+36)« "jTTr— 

+3a»r I _6»(2o*+o6-26*V 

L (a+6)» (a+26). ( Fa+2&;» ' 

+ ^*( 3 fc»- 2 a»)« -|p (cos 

(2a+36)» 

+4a*r ■ 6*(26«-a»)» _6>(2o*+a6-26»)» 

L (o+6)« (a+26)« (2a+26)« ~ 


+etc., 


+ L*(36«-2o») » _ (cob J) 

(2rH-3t)« ■ -J -yi ' 

(7) 


i>’=~b*f 1- — ft* j. ft* 1 

L ( 6 +o)’ ( 6 + 2 a)» ( 26 + 2 o)» (^ 6 + 3 a)» 


P, (cos fi) 

r* 

+2fc»rvb- g*(<^*+ft6-tt*) ^ tt»(2o«- t.«) _a»('26*+a6-2o*) 

L (6+o)« (6+2a)« (2b+2a)* 

^ a»(3a«-2&« ) T P, fcos g) 

. , ^ (26+3a)* -J r» 
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a*- gHiy+at-a*)* _a»(26»+ai-8**)* 

L (i+o)* ^ (6+2a)» (Sj+ISp 

+ «*(3a»-26«)« ■]? (cos 6) 

~jb+3a)‘ • 

+46* r a»- . o»(2a«-6«)» _o*(26*+a6-2a*)» 

L (6+o)« (6+2o)* (2&+2a)* 

+ g*(3a«-26«)» _ -|P^ (oog fi) 

(2fe+3a)* ** r® ~ 

the law of formation of the series within the brackets being obvious. 

Coming now to the present problem of two unequal spheres of the 
same material, let us take 

inches and i=l inch. 

Since the changes of velocities of the two balls are inversely proportional 
to their masses, we must have 

U,=8U.. 

Substituting the values for a and 6 we easily find tliat 

**=*■[( *+p+p+n-.+-)-( ^+^+^+...)]£L^!i) 



P4 fcos fl) 

+etc., 

r® 

(9) 

**““*’[( S’ 



iJP. (oosfl) 


^JP.fcostf) 


^JP.Coostf) 

-rtp. ■ ' . 

• (10) 
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•;tl6 

* 

Summing the series, we easily find that the presorjibed vibrarien on 
the surftme of the imaginary enveloping sphere 



is proportional to 

[•496 P, (cos ^) + 3-180 Pj, (cos ^)-l -708 P3 (cos 0 ) + 

2*600 P4 (cos ^)-f etc.]<’. ” 

We have seen that when the prescribed vibration on the surface of 
the imaginary sphere is 

lief 

S A, P, (cos 0 ),e , 

the velocity potential of the wave-motion is 

, (a + iy »A(r^-r + « + l») A,P,Ccose) „ ^ ^ 

*= r- « ^ fJTL a+T) 

Now when r is large, 

/, ftAr)=l, 

so that the factor on which the relative intensities in various direc- 
tions depend is 

^ A F^(cosB) 

• P. (a*, i+6)* 

Thus if we put this qiiantity = P + ? G, the intensitv of the vibrations 
in various directions is measured by P* -f-G*. 

The distribution of intensities in different directions round the 
spheres will be infiucnced to a considerable extent by the value uf 
the wave-length chosen. If we take k {a •{•b) = 2 , the wave-length 
is 8w inches and if we take ^ (a+d) = 3 , the wave-length is 
inches. From the expression (1) for the wave-motion produced by 
a single sphere undergoing an instantaneous change of veloeity, it 
is seen that the wave-length to be chosen is of the same order as the 
circumference of the sphere. ^ From this, it appears that for a 
system of two spheres whose radii are I inch and 2 inches respectively, 
the wave-length to be chosen should be some value intermediate 
between 2w and 47r, probably nearer 27r than 47r 3 for, in the actual 
ease of impact, the smaller ball which would undergo by far the 
greater change in velocity would probably influence the character of 
the motioif to a greater extent than the larger sphere. At the same 
time it must not be forgotten that the analogy between the ciise 
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of impact and the case of periodic motion cannot be pushed very far, 
inasmuch as ihe fluid motion due to impact is undoubtedly of 
different character in different directions, and not all^hroughout the 
same as in the periodic case. 

Now taking k {a -Vh) = 2, we find (neglecting a constant factor) 
that 

P=*0992 P, (cos tf) + -2840 (cos ff)--03535 P, (cos ff) 

— '01461 P4 (cos ^)+etc., 

G=-0496 Pj (cos ^)^'4040 P^ (cos ^)-'01767 Pj (cos ff) 

+ '0315 P4 (cos ^)+etc. (11) 

The values of F, G and F®+G* for different directions have 
been calculated and are shown in the following table : — 


Table I. 


Angles 
(in degrees.) 

P X const. 

■ 

G X const. 

(r*+G»)x 

(const.) 

0 

+829,000 

-838,000 

223,144 

10 

■j 825,908 

-326,525 

212,552 

20 

+ 297,435 

-278,545 

162,738 

80 

+ 251,587 

-214,337 

109,300 

40 

+ 189,095 

-114,659 

48,946 

50 

+ 114,215 

- 24,167 

13,572 

60 

4- 88,341 

+ 74,407 

6,565 

70 

- 48,647 

+155,306 

25,961 

80 

-107,073 

+205,212 

53,574 

90 

-147,250 

+ 213,625 

67,405 


-158,815 

+ 178,920 

57,822 

110 

-]40,:{29 

+ 106,288 

30,836 

120 

- 95,149 

+ 8,675 

9,106 

180 

- 34,099 

- 99,267 

10,957 

140 

+ 35,677 

-202,159 

42,100 

150 

+ 102,819 

-289,237 

94,130 

160 

+ 157,869 1 

-353,605 

150,280 

170 

+ 192,648 1 

-392,229 

190,913 

180 

+201,000 

-404,000 

203,617 


Now taking A («+4)=3, we find (neglecting a constant factor) 
that 

P=-105PiCos^) + l'06P,(cos^)+-016P3(costf)-‘281P4(cos^)-etc. 
G= --imp , (cob ^) + -186P,(cofl tf)--024P4(coB tf)~eto. (12) 
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The \^lues in different directions have been calculated from these 
expressions and are shown in the following table : — 

Table II. 


Angles 
(in degrees.) 

P X const. 

G X const. 

(F* + G»)x 
(const.) 

0 

+ 900,000 

+ 38,000 

811,444 


+ 890,608 ' 

+ 28,804 

794,265 


+849,305 

- 2,390 

720,805 


+ 752,167 

- 45,754 

567,620 


-r.'i 72,469 

- 90,446 

336,284 


+ 309,902 

-123,998 

111,476 


- 5,783 

-135,346 

18,261 


-313,014 

-118,446 

111,893 


-542,728 

- 73,554 

300,178 


-635,375 

- 9,000 

403,306 


-571,364 

+ 60,786 

329,762 


-371,618 

4 118,638 

154,545 

lao 

- 96,799 

+ 149,218 

81,610 

130 

+ 184,472 

+ 144,494 

54,592 

140 

+ 412,409 

+ 105,758 

180,980 

160 

+ 659,907 

+ 44,630 

315,625 

160 

+ 630,625 

- 21,410 

898,607 

170 

+ 65 ♦,606 

- 69,748 

433,925 

180 

4 658,000 

- 88,000 

440,708 


The values of F® +G® shown in Tables I and II have been plotted 
in polar co-ordinates in figs. 3 and 4?. It is seen that in both cases, 
the intensity in the direction of the larger ball is greater than in 
the direction of the smaller ball. The asymmetry is most marked 
when i (a-i-d) has the larger value. 

The intensity of the sound in different directions due to the 
impact of two spheres of wood, diameters 3 inches and inches 
respectively, has been measured with the ballistic phonometer and is 
shown in fig. 5. 

It is seen that this curve is intermediate in form between those 
shown in fig. 3 and fig. 4, exactly as anticipated. The agreement 
between theory and experiment is thus very striking in this case. 


3. Two spheres of the mme diameter hut of different materials. 

We have seen in the preceding section that in the expressions 
F and G for two spheres oE the same material but of unec^ual diametersi 
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the centoeing the eeeend otiler eoeal hemonie P, (eee t) 
»rf7pr,p,n<I.„t...nd Ihet the i.te.rit, diej™. i, e^Lgl, 
. e»™ «h.eh of four r«,p.. A ditaet m,„|t i. 

the of two ephoM of the w.»o di.m.te, but of m„k«lly 
ee^eel den„t,e. The eon.1 hemtoeio of the 6r.tori.rp„po.d«.l« 
,nth>.C<i..^U. loleueity d, i, . cot.e CMwieti.ij of only 
tw. k»^. To oto-u thi. .eeult th™«tie.lly we h.,e to preoeed en 
exactly the same lines as in the preceding pages. 

• we easily find from the expres- 

sions (7) and (8) that 

+"[*-?. 4-1. ■ 

+etc., 

+4 ‘-i+i-i+i-"'- 


—etc. 


Summing* the series we easily find that the vibrations 
L " 0r 0r Jr=2 inches 

on the surface of the enveloping spliere can be expi^ssed in the fonp 
i[(U.-U,)x -2254 P, (cos «)+(U.+TJ,)x -3550 P, (cos 9 ) 
+(U.-U,)x -3645 P, (cos tf)+(U.+U.)x -3080 P. (cos tf) 


(13) 


+(U,-U,)x - 2326 P. (cos 6)+ etc.] e 


i he t 


(14) 
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If the ball of radius b is four times heavier than the one of radius 
a, wo have 


U.=4 TJ,. 


So that the vibration on the surface of the enveloping sphere is 
proportional to the expression 

[•6762 P,(co8 6) +1-7750 P, (cos 6)+! 0935 P, (cos b) 

+ 1-5400 P* (cos tf)+ -6975?, (cos «)+etc.] e'*"' 

Now taking I-(<i+4)s=x, which will give a wave-length equal to 
the circumference of the enveloping sphere, we get 

F=‘ 13524 P, (cos «)— -04987 P, (cos 6) — -0074 P, (cos 6) 

+ -0007 P, (cos d)+etc. 


G=- -0676 P^ (cos 6 )- -0798 P, (cos tf)+ -0047 P, (cos b) 
+ -0012 P^ (cos tf)— etc. 


The values of P and G, and of P»+G® in different directions 
obtained from the preceding expressions are shown in Table III. 


Table III. 


Angles 
(in degrees.) 


0 

10 

80 

30 

40 

50 

60 

70 

80 

90 

100 

no 

180 

180 

140 

ISO 

160 

170 

180 


F X const. 


+ 786,000 
+ 79.1,788 
+ 813,819 
+ 885,068 
+ 845,689 
+ 888,667 
+ 768,690 
+ 654,594 
+ 488,433 
+ 858,185 
+ 888,907 

- 331,898 

- 647,986 

- 954,405 
-1,889,335 
-1,458,496 
-1,689,581 
-1,734,880 
-1,770,000 


G X const. 


-1,415,000 

-1,374,897 

-1,856,037 

-1,068,615 

- 886,059 

- 549,658 

- 868,857 

+ 7,901 

+ 837,049 
+ 403,500 
+ 495,515 
+ 509,107 
+ 454,881 
+ 347,884 
+ 811,983 
+ 71,667 

- 47,667 

- 188,811 
- 167,000 


(F»+G*)x 

(const.) 


8,680,081 

8,681,061 

8,840,138 

1,839,986 

1,397,992 

989,741 

660,005 

487,780 

888,493 

885,913 

897,466 

368,648 

686,989 

1,031,880 

1,655,385 

8,130,948 

8,655,850 

3,086,866 

3,157,549 
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Fig. 7. 



Observed Form of Intensity Curve duo to impact of Spheres 
of nearly equal diameiors but different materials. 
Sphere on loft : Sphere on right : 

Material, billiard ball ; Material, wood ; 

Diameter, 2 } inches; Diametor, 2^ inches; 

Mass, 160 gins. Mass, 66 gms. 
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of (F* +0*) shown in Table 111 have been plotted 
in pobur co^inatee and are shown in fig. 6. It is seen tint the 
maximum intansity in tho direction of the heavier ball is greater 
than that in the direction of the lighter one. 

The experimental curve of intensity of sound due to impact of a 
sphere of wood, diameter inch^ with a billiard ball of nearly the 
same size is shown in fig. 7. It is found that the directions of 
minimum intensity are not quite in the plane perpendicular to the 
line of impact, they being nearer the side of the lighter ball. 

A result of some importance indicated by theory is that when 
Olio of the spheres is much heavier than the other, replacing the 
former by a, still heavier sphere of the same diameter should not 
result in any important alteration in the distribution of the intensity 
of sound in different directions due to impact. This is clear from 
expression (14*). For when U« is much larger than Uj, any 
diminution in the value of U & should not appreciably affect the 
value of the expression. This indication of theory is in agree- 
ment with experiment. Several series of measurements have been 
made with various pairs of balls of the same size but of different 
densities, namely, wood and marble, wood and iron, billiard ball and 
iron ball and so forth. Generally, similar results are obtained in all 
cases. It was noticed also that the form of the intensity 
distnbution as shown by the ballistic phonometer was not altogether 
independent of the thickness of tho mica-disk used in the instrument. 
This is not surprising, as tho behaviour of tho mica-disk, before 
the pointer attached to it ceases to touch the mirror of the 
indicator, would no doubt depend to some extent on the relation 
between its natural frequency and 'the frequency of the sound 
waves set up by impact. The best results have been obtained with 
a disk neither so thick as to be relatively insensitive, nor so thin as 
to remain with its pointer in contact with the indicator longer than 
absolutely necessary. 

4. The general ease of spheres of any diameter and density. 

When the impinging spheres are both of different diameters 
ftad of different densities the results generally obtained are that 
the sound is a maximum on the line of impact in either direction 
and a minimum which approaches zero in directions asymmetrically 
rituated vrftfe' relsrenoe thereto. Generally speaking no maxima 
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Fig. 8. 



Obsexrad Form of latenuty Garre dae to impact of two 
Spheres of different diameters and densities. 

Sphere on left : Sphere on right 

Hateriali brass j Material, wood { 

Diameteri inches $ Diameter, 8 inches 

Mass, 118 gms. Mass, 168 gms. 
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in Ifttonil diMOtions are noticed, that is, the curve consists of two 
nearly closed loops. The difference of the intensity of the sound 
in the twOv^irections of the line of impact may sometimes be 
considerable. As a typical case, the results obtained by the impact 
of a sphere of wood 3 inches in diameter with a brass sphere inches 
in diameter are shown in fig. 8. It is observed that the sound due to 
impact is actually of greater intensity on the side of the small brass 
ball. As a matter of feet the result generally obtained is that the 
intensity is greater on the side of the ball of the denser material, even 
if its diameter be smaller. 

The mathematical treatment of the general case is precisely on the 
same lines as in the two preceding sections. It is found in agreement 
with the experimental result that in practically all cases in which both 
the densities and the diameters are different, that the zonal harmonic 
of the first order is of importance and that the intensity curve consists 
of two nearly closed loops, as in the case of two spheres of the same 
diameter but of different densities. 

5. Summary and Conclusion. 

The investigation of the origin and character of the sound due to 
the direct impact of two similar solid spheres which was described 
in the Phil. Mag. for July, 1916, has been extended in the present 
paper to the cases in which the impinging spheres are not 
of the same diameter or material. The relative intensities 
of the sound in different directions have been measured by the aid 
of the ballistic phonometer, and in order to exhibit the results in an 
effective manner, they have been plotted in polar co-ordinates, the 
point at which the spheres impinge being taken as the origin, and 
the line of collision as the axis of x. As might be expected, the 
curves thus drawn show marked asymmetry in respect of plane 
perpendicular to the line of impact. 

A detailed mathematical dised^ion of the nature of the results to 
be expected is possible by considering the analogous case of two 
ngid spheres nearly in contact which vibrate bodily along the line of 
centres. By choosing an appropriate wave-length for the resulting 
motion, intensity curves similar to those found experimentally for 
the case of impact are arrived at. A further confirmation is thus 
obtained of the hypothesis regarding the origin of the sound 
^oggested hy the work of Hertz and of Lord Rayleigh on the theory 
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When the impinging spheres, thoogh not equal in siee, are o( the 
same or nearly the same density, the intensity cnrvn drawn for the 
plane of observation shows the sound to be a maximum along the 
line of impact in either direction, and along two directions making 
equal acute angles with this line. The sound is a minimum along 
four directions in the plane. 

In practically all other cases, that is whep the spheres differ con- 
siderably either in density alone, or both in diameter and density, the 
intensity is found to be a maximum along the line of impact in 
either direction, and to be a minimum along directions which are 
nearly but not quite perpendicular to the line of impact. The foim 
of the intensity curve is practically determined by the diameters and 
the masses of the spheres. 

It is hoped when a suitable opportunity arrives to study also the 
case of oblique impact. The writer has much pleasure in acknow- 
ledging the helpful interest taken by Prof. C. V. Raman in the 
progress of the work described in the present paper. 

Calcutta, 

f%e 16tk of 1917. 



On the Vibrations of Elastic Shells 

PARTLY FILLED WITH LIQUID. 

By 

SUDUANSUKUMAR BaNKIUI. 

§ 1, Introduction. 

The prohlem considered in this paper is chiefly of acoustical 
interest in relation to the theory of ^'musical glasses.” This class 
of instrument consists of a scries of thin-walled elastic shells whose 
gravest modes of vibration are tuned to form a musical scale by 
partially filling them with a liquid and are excited either by striking or 
by tangential friction on the rims. The principal features of interest 
requiring elucidation are (1) the dejMJiidance of the pitch of the 
vibration upon the quantity of liquid contained in the vessel and (a) 
the mode of vibration of the liquid itselF. These features are discussed 
in this paper for the three cases in which the elastic shell is respectively 
(1) a hemispherical shell, (2) a cylindrical vessel with a flat bottom and 
(S) a conical cup, these forms approximating more or less closely 
to those used in practice. The analytical expressions show that 
the faction of the liquid is very marked near the margin of the vessel 
and is almost imperceptible near the centre and also at some depth 
inside the liquid. This feature becomes more and more marked in 
the case of the higher modes of vibration of the vessel. Numerical 
results have also been obtained and tabulated showing the theoretical 
relation between the quantity of liquid contained in the vessel and 
the vibration frequency These show that the rapidity with which 
the frequency falls on addition of liquid is greatest when the vessel 
is nearly fu}!^ this being sj^ially noticeable in the case of the higher 
modes yibmtion. 



The general principle of the analyttcid method Q^, is dmilia to 
that adopted by Lord Rayleigh^ in treating the two-dimensional ease 
of a long cylinder completely filled with liquid which was studied by 
. Auerbach.* This case has also been reoerftly discussed by Nikoloi.* 
The lowering of the pitch produced by the liquid is of course due to 
the added inertia exactly as in the related case of the vibrations of a 
bar or a string immersed in a liquid which have been studied by 
Northway, ^ Mackenzie and Ealahne.* 

Musical glasses are sometimes excited by rotating them about a 
fixed vertical axis, the tangential friction being produced by a 
rubber kept in a fixed position. No attempt is made in this paper 
to consider this somewhat complicated case,* which I hope to be able 
to deal with on a future occasion. 


§ 2. UemUpherieal Caps. 

The force which a thin sheet of matter subjected to stress opposes 
to extension is very great in comj)arison with that which it opposes 
to bending. From this Lord Rayleigh concluded that the middle 
surface of a vibrating shell remains unstrctched and proposed a 
theory^ of flexural vibrations of curved plates and shells in accordance 
with this condition. As the direct application of the Kirchhoff- 
Oehring method led to equations of motion and boundary conditions 
which were difficult to reconcile with Lord Rayleigh^s theory, his 

‘ Lord B«y]oIgh, Phil, Mag,, XV, pp, 385-389, (1883). iBcientifie Papers, 
Vol. 2, pp. 208-211]. 

* Aaerbach, Wied, Ann,, 8, p. 167, (1878) and also Wied, Ann., 17. p.964, (1882). 
Beference may also be made to the papers by Montigny, Bull, del* Acad, de Belg., [2], 
60, 169, (1880) and by Kolftcek, Wied, Ana., 7, 23, (1879) and also Site, Math, 
Naturw, Cl. Wien, 87, Abth. 2, (1883). 

* Nikoloi, Joum. Buseh, Fieik ChimiceaJc, 41, 6, pp. 214-227, (1909).^' * 

* Northway and Kackensie, Phye, Rev,, 13, pp, 146-164, Sept., (1901). 

■ KalAhne, Ann. d. Physik, 40, 1, pp. 1-88, (1914). 

* Beference may be made in this connection to papers by Prof. Loye on 
'*The free and forced vibrations of an Elastic Spherical Shell containing a given 
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a rotating spherical shell completely fall of liquid, and by Prof. Bryan* oh ”Tho 
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theory gave ' Kiee to much di8Piis«‘nn t ^ • 

however, ehowa that any extension that ‘“vestigations have, 

^g-U. ,»rt .f 

s 4 .» fl+« Ax« T « be displaced to the position 

^ as small From 

the condition of mextensioa 

(*»)*=«* (W)»+a*sin»fl(80)» 

=(.+.)'(M+8.,).+()|„, 

Iioid fia/Irngh obfatu tlio tbnM differential equations 


0 ^ 


-I-* +sin*d|^ =0, 
ad ’ 

J+eoW.,+|S=o, 


(2) 


which can be integrated in the forms 
sinm^ Fa / . 

a“-eosTO^ (w+cosd) tan"id+B.(OT-cosd) cot-id |, 
nn? cosm^ [^•^“ B, cot"idJ, (3^ 

tan-id+ B. cot-id], 

A. and B being arbitrarj^ constants. These equations determine the 
“Macter of the displacement of a point in the middle sur^. 

Since the pole d=0 is included, the constant B, must be considered 

I ff , ^ ^yP® vibration in a principal mode is expressed 

cy the eouationa ^ 


(4^ 


**“"*^»® (w-foos^) sin w0, 

®= -A,Bind tan-id sin 
W.SB A. tan-id 008 nt^, 

'^Ijush A^ & isiopottional to a ample barmonio function of the timB. 
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The potential energjr of bending of tiw vibwting shidi is giviin by 

IT 


( 2 «’— 1 ) 

where t= thickness of the ishell and fi= rigidity. 
The khietic energy T is given by the expression 


T=W<!|=/j' 

U 

=-Jir<ra ^ [(m— 1 )* + 2 (w+l)iC— iu*]d.c 


siu 0{2 sin®^+ (cosfl+w)*}tan**|tfd^ 



( 0 ) 


where cr represents the density of the shelly and 



[(w— 1 )* + 2 (m+l).c— a;*]dr, 


1 


( 1 ) 


whieh oan be evaluated for any integral value of m. 

Since the types of vibrations of the shell are entirely determined 
by the geometry of the middle surface of the shelly it is obvious 
that the types can under no circumstances be altered by the presence 
of the liquid in the shell. The liquid gives rise to a surface traction 
and affects only the arbitrary constant Am, that is to say^ the ampli- 
tude and the frequency of vibration of the shell. 

The motion of the liquid will depend upon a velocity potential 
which satisfies the equation 
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isr 


A Ailate differential equation which ' wilU corrcBpond to 

to oftte ““ ^ Bssuming ♦ to 


♦= (C.r + sin rml,. 

where A^iB« function of (9 only. Sutotituting i„ the differential 
equation wo find that A^ satisfies the equation 


d*A('|j dA^ 

-2g;j-+ ootd — - +(2-m»co8oc*tf)A^=0. 


The general solution of this differential equation is 

A^=B. tan“itf (w+cose)+P, cot-i« (wi-costf). 

Neglecting solutions of the type cot"^^ (w-cosO), we see that* is 
of the form 

♦= ^ C«r+ ^ ^ sin tan"ifl(»»+costf), (9) 

where C. and D. are two arbitrary constants. 

Let ns first take 

*sOai— tan'*'^0 (m+cos 6) sin cos pt. (10) 


The relation between C. and A. of (4) is readily found by equating 

dfu 

the Tslne at When r~a, to g- , both of which represent the normal 
velocity at the oiroumferenoe. We get 

O.oo8y<=os^. (11) 


Ihe expression (10) determines the principal mode itf vibration of 
^ eimple chanustef of the fluid motion as determined 

y ^ win iiow^ » little disturbed on account of 

:.ftoe Wiifeee nuA we shall have to add a small 


the 
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eometion to this expremon. The oondition to be eatiefied at the free 
eatfiue'ie 

^+8 J|=0,when«*A, 

where h denotes the depth of the liquid surface below the centre o£ the 
hemisphere. We shall neglect the force of gravity^ inasmuch as the 
period of free waves of length comparable with the diameter of the 
shell is much greater than that of the actual motion. The oonditioa ' 
to be satisfied at the free surface then becomes simply 

^= 0 , when §=:h. 

Hence we must have 

^=: C « i - i ! ltan‘*|^(m — cobB) sin cos pi+f(r^ 0 , 4 t) cos pi^ ( 12 ) 

a 

where/ (r, 0, is a solution of and is such that its differ 

ential co-efficient with respect to r vanishes on the spherical boundaiy 
and it has the value 

— C«-5-22^tan"itf(w+cos^) sin (13) 

a 

on the free sur&ce 

In the particular casej when the shell is completely full of liquid, 
the differential co-efficient of /(r, 0, 4) with respect to r vanishes on 
the spherical surface and/ (r, 0, has the value 


— m 0,-^^ sin m ^ (14) 

. a 

on the surfMe defined by 

For the determination of the iFpnction / (r, 0, spherical har- 
monics of the complex degree— are extremely suitable. 
The properties of these harmonics and their applications to some 
physical problems have been investigated by Hobson.^ Solutions 
of Laplace’s equation of the form ' 

I sin 

#in (p log Ar) K,* (cos 0), 

cos 


> Hobioa, “ On a dais of Spherical HannonioS of Complex degree with appU* 
ealiea to Physioil Frdl^leins,” Cmb% Phg, 809 *^ Yd. 14 pf . g|S-24dr (1^^ 
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whew K>" (coe 8) » a hqnnomo of degree -i+jj-vCl and order »i, 
and in definedtby fhe hypergeomeirio seriee 

K,* (eos $) =* F (i»+i+i», m+l, sin*^), 

are enitable fcfr out present purpose. These solutions are finite and 
oontinaohs for all points in the space inside the hemispherioal shell 
(except infinitely near the origin which may he supposed eicluded by 
surronuding it- by an infinitely small sphere). 


Let ns assume 

/(r,fl,^)ssS B, 
■P 


^/— sin (p]ogr/h) K,* (cos g) 
® . v'T («»s ») 


Bin 


(15) 


whew 008 *• 

Then -^/(^ when r=fi, if the p'n are the roots of the 

equation 

^ • tan (p log a/A)— JpssO 

• ^ 

and the summation in the above series extends over all the roots of 
this equation. 

The valmes of the constants B/s have to be obtained from the 
equation^ 

-0, (m+cos B, 

^ K,-(co8a) 


which must be satisfied for all values ot 9 between the limits 0<8<a. 

In the particular case, when the shell is completely full of liquid, 
the valnes of the constants B,*8 can be obtained in a very simple form. 
Since the origin is a singular point, we exclude the point by sar« 
rounding it with a small sphere of radius «, and assume tiut 
/ (’*> vanishes on the surface ot this sphere. Since in this case 

“ - we can assame 




-✓a.Bin^Flog-j^ 


■v'i 


K," (costf) j 
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where K,- W-ji 

^/7^11 (m) 


^ (2m-l)«+i>« j I* (2ffl-8)«+i>« I 

and the summation extends for all valnes of p which are the roots i 
the equation 


sin (|) log-2) 

that is to say, the equation 

tan ^ log p=0. 


(1 


The constants B,’s have to be determined by the condition fli 


€> 


W ^ 

/(tj 9 , must have the value — j» C» — sin m ^ on the free so 


face^ which is given by ^ ~ . Hence B^’s are given by 

* * 


— m 0« — =S 
a 9 


B, a sin ^ p log 


-vAT 


Putting r=(. e it is easy to see that 


log± 

B, 

pMog^ +iaiogi-i) b 

8(4p«+l)mO.' r "°(^^^T)’*'^(a)* i (, 

4p* 1(« 5 + (log± -2) 
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obtwltt an idea of the magnitude of the constant B,, we 

shall obtain ito value when - is a very laige (j^uantity. It is easy 

to see by the method , of successive approximation that the roots 
of the equantftn (IS) are given by 



where, X =(s+-t)wi s being any integer. / 

Now,if wetake Y the roots are 

Pj = 'MO, p 4 = 1*205, etc. 

Hence we easily find, that the constants Bjo,, etc., 
have the values Bjo^ = -*09 = -*08 C., Bp^ = ~*06 C«, etc., 

from which we infer that the surface correction / (r, $, is a small 
one. The principal mode of vibration of the liquid is therefore 
expressed by 

tan**4d (m+costf) sin cos pt. (18) 

If q represent the velocity of the liquid as given by this expression, 
'we have 

tan ^ [(m+cosd)* (sin*m<^ tan*4d+|m* cos^m^ sec*4d) 

+ {iwi (m+cosd) sec*|fl— tan^d sinO}* sin*w0] cos*p#. (19) 

Since q is independent of r, the velocity of the liquid at any 
point in a given radius vector is constant. We see that the velocity 
varies as tan”~‘^49. Hence if we move along any given meridian, 
the velocity increases from a aero value at the pole at first very 
ilowly then rathdr abruptly to a large value at the surface, the 
.abruptness of rise being greater the larger the quantity m,. that 
istosay^ the higher the mode of vibration of the liquid. Since the 
velocity of: the liquid , is constant along any given radius vector, we 
Bce that if we ^.consider the motion of the liquid on the surfisce of 



142 


SUDHANSUKUMAS BANflRJI 


a cone of semi-vertical angle and trace the motion of the liquid as 
a whole as 0 increases^ the velocity remains small as 0 increases and 
assumes a large value only at or near the surface. It is obvious 
therefore that in 'every case when the cup is not quite fillM to the 
brim, the velocity of the liquid is of very large ^alue near the 
margin of the vessel and is almost imperceptible near the centre 
and at some depth in the liquid. In the particular case when 
the shell is almost filled to the brim, the velocity of the liquid as 
given by this expression at a point near the centre and also near 
the free surface is not small. But in this case the free surface 
correction f (r, 0, to the expression for tlie velocity potential 
becomes of some importance near the centre and has a sign opposite 
to it. Consequently the velocity of the liquid near the centre 
always remains very small. These indications of theory are all con- 
firmed by experiment. 

To calculate the kinetic energy of the liquid we have to integrate 

over the whole boundary of the fluid. At the free surface 

on 

O=s0. We have therefore only to consider the spherical surface. 

Therefore 


cos*p^ J J [C« sin tan^J^ (wi+cos^)+ / (a, ^)] 

0 0 

X C,« sin (w+costf) sinJ dB d0 

a 

= ~ap cos* pt tan* "iO (tn+oostf)* sinffdff 


+iap cos V C« S jP. [ tan*i« (mfeostf) K,-(oosJ) 

a Jv^ (cosa^ J 


Pi being the density of the liquid. (*y/ 

Since the liquid is supposed to be incompressible, the potential 
energy is zero. 
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The sum of the kinetic and potential energies of the solid and 
liquid together must be independent of the time. Thus we get 
a 

J tan^^-J^flCm+cosfl)* 8in^</d+o®pK+a*T ir/(m) J 


K=S-^ J tan-’tf(«.+cosO) KJ (cosO; sinWtf, 

which is a small quantity. 

If A, varies as cos we get 

a 

j^a*p Jtaii*“|d(m+cosd)* sin0(/0+a'^pK+^M/ (m)J p* 


“¥'*( (2»»*— 1), 

where Ms: mass of the shell. 

This equation gives the frequency of vibration of the shell with 
different quantities of liquid. 

If we put 

a 

r(o, «)s=/tan*''|tf («+oos0)’ siii 6d6 


=J (m— 1+»)* dr, 

1+COSa 

the above expression can be written in the form 

[opP (a,w)+Tor/(m)+apK]p* = |- ^ ^ ^ (w®— m)(2m*— 1). (21) 

The fall of pitch for the three gravest tones given by 1 / 1 = 2 ^ 7E=3 
andsiss4fora brass hemispherical shell of 10 cm. in radius^ 2 mm. 
10 thickness and of density 8*6 with different quantities of liquid are 
shown in Table I. 



Quantity of water 
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In fig. the frequencies have beeen phtted against the quantity 
of water in the vessel for these three modes of vibrations. 

The frequencies of a brass hemispherical shell of about the same 
radius and thickness loaded with different quantities o£ water have 
also been determined experimentally by a pliotographic method. 
The results showed a general agreement with tSe calculated values. 
As a shell of uniform thickness and of uniform elastic properties 
throughout could not be procured, and the one that was used was 
very much deficient in these respects, the slight discrepancy, that was 
noticed between the calculated and the observed values of the 
frequency, was probably due to these defects. 


§ 3. Cylindrical Cups, 

The problem of the flexural vibrations of a cylindrical shell is 
considered in Lord Rayleigh’s Theory of Sounds Vol. I. § *235 c. li- 
the displacements at any point 0, z of the cylinder be 8r, ahO, 8*^, 
then 

Sr=— w (An/i + B,;?) sin nO, 

/ 78 ^=(A cos (2^) 

8z=—?i sin n0, 

Supposing now that the cup has been formed by an inexteusible 
disk being attached to Ihe cylinder at ^-=0, the displacements 8/, 
must vanish for that value of z. Hence A»=0, and 

8r=— M B,: sin nOj aS0=B„: cos nO, 8: =—n Bn'i sm (23) 

the constant Bn is proportional to a simple harmonic function of the 
time, say, cos pt. 

Since the displacements 8r and a8$ are proportional to z and the 
displacement 8z is independent (;f it is obvious, that when : is 
large the displaeemenls 8r and a8B are also very large compa-ed 
to that is to say, near the free end of the shell, the displacement 
Sz is very small compared to 8r or aSO, But at the bottom of the 
shell, the displacements 8r and aSB vanish and 8z remains constant. 
We conelude, therefore, from ihe law of continuity that tlie disk at the 
bottom must have a small normal vibration. If w denote the normal 
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displacement of the disk, it is well-known that w satisfies the 
differential equation 

|7i’'’+«‘V*«’=0, (24) 


where V* — ^ ^ certain constant. 

If w oc cos (p^+€), then the equation becomes 

y — — 0, 

where 

c* 

A solution of this differential equation is known to be 
if?=C* (vr) sin nO. 

Hence we shall take 

10= Cn J» (w) sin nO cos jit. (25) 

The value of the constant can be obtained from the condition 
that w and must be continuous at Die boundary. This gives 

C. cosy«=---*-j-!L-. (26) 

We can assume that J,(vf«) which depends on v, is very large, and 
consequently that the normal vibration of the disk is very small. 
The potential energy of deformation for a length I of the cylinder is 

V= (27) 

The potential energy of vibration of the disk is given by 


a 2)r 



(V««,)«_2 (1-^) 


( 0'fr 

0*»' 1 

yI 



la ay/ ) 


rd&dr, 


where E = Yoniig’s modulus and r = thickness of the disk. The 
value of this integral can be easily obtained. But as we regard 
the vibration of the disk compared to that of the cylindrical surface 
to be very small, the value of this expression is also very small. 
We can denote tJiis expression by ViB,', since w bas been shown 
to be proportional'to B,. 
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If the volume density be we get the expression for the kinetio 
energy in the form 

T=^frTla[\l* (l+n*)+n-* a*] 

[Jii (»^)]* ^dr. 

(28) 

If the cylinder contains frictionless incompressible fluidj the 
motion of the fluid will depend upon a velocity potential $ which 
satisfies the equation ^=0^ or in cylindrical co-ordinates 

la^ 

ar»'^rar 

The solution of this differential equation can be written in either 
of the forms 


<^=an sr* sin nO cos pt, 

(29) 



e Jn (kr) sin nO cos pt 

(30) 

The boundary conditions to be satisfied by $ are 


a^ dSr , 

(i) ^ =— ,whenr=a. 

^ ^ dr dt 

(31) 


(«) when e=0. 

^ ^ a^ dt 


(iii) ^=0 at the free surface, i.c., when 
We assume that 

zr'^ sin n9 cos 'pt 

+SJh (hr) [D* cosh hz+'E^ sinh hz\ sin nO cos pt, (32) 

where the summation extends for all values of k which are roots of 
the equation 


+ |ir<rr* 


M] 


= my 


ij. (h.)=0. 


(83) 
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We at once get by condition (t), 

a, COB pts: L, 

^ a*-» dt 

The condition (u) gives 


r g JnCvr) 

L » J»(vg) 




(34) 


This equation must be satisfied for all values of r between the 
limits (0^<f <g) and will give the value of the constant E». 

Now since 

0 


and 


we get 


jj.(lT)J.(vr) rdr= j^j^.(Aa)J.'(va), 
0 
a 

j’j,*(*rr) rdr= Ja* ( (*■“). 


1 dB.r g 

k dt 


a 

=E* cos pt J rdr, 

0 

and therefore 
E* cos 

The condition (*«) gives 

o,Ar"+S(D* cosh M+E* sinh A'^) Jn(AT)=0, 

for all values of r between the limits (0<r<fl). Therefore we get 

D* cosh JA+B* sinh n ^ 

The equations (35) and (36) give the values of constants Dj^ 

»Qd E)k. 
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To calculate the kinetic energy we have to integrate over 

O^i 

the boundary of the shell. At the free surface ^=0. We have 
therefore only to consider the cylindrical surface and the bottom. 
The expression can be written in the form 


T=^vp coB*pt j^waH*a*"y+na,a“SJ,(Ara) | 


h sinh kh 


— ;~cosh A A+ 
k* 




h cosh kh 1 


sinh Jth 


-S (37) 


The constants and are very small compared to a.. If we 
neglect and Daj (he expression for the kinetic energy reduces to 
the simple form 

T=.~ /3wa;,*a»*^^cosV' (38) 


In this case the expression for $ reduces to the form 

^^sraHcr^sin nO cos pt, (39) 

This expression represents the principal mode of vibration of the 
liquid and all the other coexistent modes are very small compared 
to this one. Since the expression for the velocity varies as the 

velocity is very marked near the margin of the vessel and is almost 
imperceptible near the centre. The sum of the kinetic and potential 
energies of the solid and liquid together must be independent of the 
time. From this we easily obtain an expression for the frequency 
of vibrations in the most general case from the expressions for the 
kinetic and potential energies already given. If we neglect lil* and 
D*, the frequency equation takes^a very simple form. The expression 
in this case is 




( 40 ) 
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Thus we see that the law of variation of the frequency with the 
height of water in the vessel can be expressed in the form 



where A and B are two constiints for the vessel. 

For a glass cylinder whose dimensions are given by //««**, 
‘02 and which has the density <r=!i’6 and the elastic constants 
ix=l*8 and X=1'53, we easily find that the frequency is given by 

[062 [(!+„•)+ :l?p. I +«(‘)']p.- 

For the three gravest tones given by w = « = 3 and «=4, the 

values of the frequencies^;,, 3 and /)* with different quantities of 
water in the cylinder are shown in Table IL 

Table II. 


Kjl 

p, X const. 

Pg X const. 

P4 X const. 

0 

12-47 

34-44 

65-63 

•1 

12-33 

34-40 

65-48 

•2 

12-02 

33-98 

64-47 

•3 

11-29 

3205 

61-95 

•4 


29-45 

57-79 

•6 

8-85 

20-26 

52-45 

•6 

7-61 

22-99 

46-68 

•7 

6-5C 

19-97 

41-09 

•8 


17-34 

36-05 

•9 


15-13 

31-67 

10 

4-21 

13-25 

27-93 


The values of the frequencies given in Table II have been plotted 
in fig. 2. 


§ 4 . Conical Cups, 

It is shown in Lord Rayleigh’s Theory of Sound in the article 
already ref erred to that if a cone for which /)=tany..:, y being the 





Frequence 
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semi-vertical angle, exeentes flexural vibrations, the displacements 
8p, 8^, 8s at any point whose cylindrical coordinates are (p, ^, ») are 
given by 

8p=n tany (A,r+B,) sin wf,, 

8^=(A,+B,*“*) cos n^, ( 41 ) 

8r=tan*y [n-‘ B.-» (A.j+B.)] sin n^. 

If the cone be complete up to the vertex at «=0, then B^=0 
so that 

8/3 =w tany. A, z sin n0, 

cos n0, ( 42 ) 

8i»=— w A„ tan*y. z sin 

If the displacements in polar coordinates (r, , <l>) be denoted by 
(5r, we easily obtain 

8^=A, cos n^, 

8r=8p sin y+h cosyssO, (43) 

rS0:=8p cosy— 8^ siny=n A» tany.r sin n<^. 

It is easy to see that tlie potential energy of deformation for a 
length / of the cone 


*1 2Z 

+ C08*y log—^ 

where t= thickness.* (44) 

The expression for the kinetic energy of vibration of the shell 
can be easily obtained in the form 

T=g otI* sin«y [n* sec*y+l]^^J* (46) 


* Thia equation can be readily dodacod from a very general expression for tho 
potential energy duo to strain in curvilinear coordinates obtained by Prof. Love. 
(Vide his paper on *‘The small free vibrations and deformation of a thin Elastic 
Shell/* Phil, Trmna,, Vol. 179, 1888, A.) Tho expression has been criticised by Prof. 
Basset (Phil, Trans. ^ Vol. 181, 1890, A) on the ground that Prof, Love has omitted 
aovoral terms which involve the extension of the middle surface. As tho inexten- 
aional vibrations only have been considered in this paper, this criticism does not 
affect us in any way. 

20 
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If the cup contains frictionless incompressible fluids the velocity 
potential of the fluid must satisfy Laplace’s equation. Let us assume 
that the velocity potential is given by " 

(costf) sin n^. cos pf, (46) 

where (cos^) is a function of 6 only. 

Then it is easy to see by substitution in the differential equation 
8*^ .2 0^. 1 8“^ . cot^ 84* cosec*^ 8*4^ 

8r“ r dr'^r* 0d* r» 0^ r»“ 04* ’ 

that (co60) satisfies the equation 

+(6— n* cosec*^) 0*=O. 

A solution of this differential equation can be easily obtained in the 
form 

^,(cos^}=tan"|tf 1^(1— w)(2—«)— 6(2— »)cos*^+12 cos* . (47) 

The relation between C, and A» can be easily obtained by equating 
the value of , when ^=y, to both of which represent tlio 

7*0 V Ul 

normal velocity at the boundary. We thus get 

C»cosp^-^ |^taii*4y (2— n)— 6 (2— n) cos* ^ +12cos*-^- j J 

=ntany^— . (48) 

The principal mode of vibration of the liquid will therefore be 
expressed by (46) except for a small correction to be introduced on 
account of the existence of a free surface. At the free surface tiic 
condition to be satisfied is given by 

^=0 when flr=A, 

where i denotes the height of the liquid. 

To satisfy this condition, we take 

4^=sC^r*^,(coBfi) sin cos (costf) sin coajft, (49) 

m 

where the summation extends for all values of m which are the roots 
of the equation 


d 




0 *1 -2 'S *4 ‘S -s 7 '8 ‘8 tO 


TMe ratio of the slant height of water 

TO THAT OF THE CONE — > 


Fig. 3. 
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The constants D»’s have to be determined by means of the equation 

Cn{h secd)*^» (cosd)+ Becd)“P«*(cos^)=0, (51) 

which must be satisfied for all values of 0 between the limits O<0<y. 
Approximate values of the constants DJh can be easily obtained 
from this equation. To get an idea of the magnitude of the constant 
we shall obtain its value in the particular case when the semi- 
vertical angle y of the cone is small and the height i of the liquid 
is large compared to the radius of the cross-section of the cone by 
the free surface. In this case the free surface can be taken to be 
practically coincident with the surface of the sphere T=h, The 
equation for determining is then 

(cos6) + SIliii^"‘P**(cosd)=rO, 

Now, since 

1 

J P*" (cos6) VJ* (cos0) sinddd=0, 
cosy 

w, m' being two different roots of the equation (50), and 

(cos^)]* (eosr), 

cosy 

we easily get 

(cos^)P„* (cos^) 

^ 2m+l. cosy 

l- coB*yP.- (cosy) -_^o:_P..(coBy) 

Neglecting the small correction introduced by the free surface, we 
see that the kinetic energy of the fluid motion is 

p cos* 2 >t <f>n (cosy) — siny ^ sec'y. 

Since the sum of the kinetic and potential energies of the soHfl 
and liquid together must be independent of the time, we easily 



ON THE VIBRATIONS OV ELASTIC fe^HELLS 


J57 


obtain^ on assuming that A, oo cos the frequency equation in the 
form 

AotZ* sin®y (n* scc*y+ 1)4- pn* taii*y siny (cosy) Jpi 

4 -cos*yJ log-—, 

where H=h secy, II being Iho slant height of the liquid. 

In this case we see that the law of variation of frequency with the 
height of liquid can be expressed in the form 

A+b(.‘) 

A and B being two constants for the particular shell. The frequencies 
PjjJO, and JP4 with different quantities of water for the three gravest 
modes of vibrations given by ;2=:3 and have been 

calculated from this expression for a cone of serni- vertical angle 30®, 
the ratio of the thickness of the sides of tlie cone to the slant height 
being equal to '0*2 and arc shown in Table III. 


Table III. 


Ujl 

jOj X const. 

X const. 

X const. 

0 

6-030 

13’ob 

26-75 

•1 

5-030 

13-58 

26-75 

•a 

5-028 

13-57 

26-73 

•3 

5-008 

13-54 

26-69 

-i 

4-937 

13-41 

26-47 

•5 

4-761 

13-08 

25-94 

•6 

4-428 

12-43 

24-87 

•7 

3-942 

11-64 


•8 

3-899 



•9 

2-808 

8-63 


10 

2-310 

7-26 

15-41 


The curves showing the fall of frequency for these three modes 
of vibrations of the cone when loaded with different quantities of 
Mfater are plotted in fig. 3. 


Calcutta, tit SOU July^ 1918, 






On thb numerical calculation of the roots op the 

EQUATIONS Prw=0 AND ^ P;“(/^)=0 REGARDED 
AS EQUATIONS IN fZ. 


BY 

Buolanath Pal. 

§ 1 . 

The object of the present paper is to obtain expressions for n 



an asymptotic expansion for P"(/0 rccenlly obtained by Dr. Watson * 
A generalisation of Laplace’s fonnnla 


P" (cnH (« + «i+l) f cos {(n- f 

" r(»‘+il) L {2sin«)l 

4 - ^ cos {(n-f \vfiir] ^ ^ 

2(2w+3) (2sintf)t -I 

obtained by Prof. Hobson ,t affords also a convenient expression 
convergent when -jT<^< j7r and asymptotic over the range 0<<?<7r 
for the determination of ?i. This expression has been used hy 
Macdoiialdl to obtain an expression for n which makes the function 
P"(/ji) vanish. It will be shown in this paper that Watson^s asymjdotic 
expansion affords a mucli more simpler expression for n. 

The roots of these equations are of very great importance in a 
number of physical problems involving a conical boundary. For 
example, it has been shown by Prof. Carslaw§ that the scattering 


* Watson, “ Asymptotic expansions of hyporj^eoniotric fanctions,” Trans. Cowft- 
Phil. Soc., Vol. XXIT, No. 14, pp. 277-308, (Oct. 1918). 
t Hobson, Philosophical Transactions (1896) p. 486. 
t Macdonald, Proc, Lond. Math. Soc. (1899). 

§ Garslaw, Math. Annalen^ (Feb., 1914). See also a paper by the same author 
in Phil. Mag., 1910, 
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of sound wavos due to a source ^ situated at a point o , o ) 

by a cone (0 = 0o) is given by 

4 . 

»=— e (»+!) K,+.j(tAy) J,+i(lr) 

Vrr* n 


for r < r', the summation being taken over the zeroes greater than — i 

of ~ P« (a*,)* As another example, J may mention that the 
'Vo 

problem* of the determination of the oscillations of a sea bounded 
by parallels of latitude retpiiros the calculation of the roots of the 
d » 

equation (/a) = o regarded as an ccpiation in 

As the writer wishes to apply the results obtaitied in this paper 
to the problem of the cone solved by Carslaw,t the numerical values 

of the first few roots of the equation (/*) = o when 0 = 

have been obtained and arc shown in Tables 1, II and 111. Further 


tables for the roots of the e<piations (/^) — ^ and ~ P, W = o 

(Iff. 

for tho cases when 6 = tt. -J tt and -\ tt are in [.reparation and will 
be given in a subsequent paper. 

My best thanks are due to Dr. S. K. Banerjee for having 
suggested this work to me and for tiie help which 1 have received from 
him in the preparation of this paper. 


§ 2 . 

Tho asymptotic expansion of P„”'(cos 6) when | n | is large obtained 
by Watson can be written in the form 

P.-(C08»)= 


r (w— w+l) V(2nir sin 0 ) 


* Vide Lamb's Uydrodynamieit §200, p. 292 (Third Edition}, 
t Itid. 
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where c. is equal to (1— e**)* multiplied by the oo-eflScient of T** in 
the expansion of 

rl— e* if T* 

in ascending powers of T and c\ is obtained by changing the sign of x 
in and ;r=i 0. 

From this we find c, = l, c\ *1, 

c, =m*— 

c'j=m*— * 5 — i (w* — 1) cot Oy 
c, =Ca +1 Cj', 

where 

c, =i (W-i) cot * 0 , 

C,'=l- cot 0. 

Substituting these values of c,, in (1) and equating the real 

and imaginary parts, wo get 

P..(„.,)= r_(s±y^(^, )*[««. {(.+««+ 

+ } 

1 2» (2«)* Jj 

The yalues of « for which P,"* (cos 0) vanishes, will make 

{<■«,*+ }■ 

yanish. 

Therefore, the required yalues of n are obtained from the equation 
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Putting ^(»+i) ^ ~t| ~ 

R=l+. _!z:i + J* 2 i. _ 

^ 2n ^ (2»)* ^ 

S=-i?i;=i cotfl-^.. _ ... 

2n (in)* 

the equation (3) reduces to 

It cos ^ + S sill ift =z 0 


( 4 ) 


Putting B = M cos S = M sin f in (4), where M = Vll* + S* 

g 

and tan ^ = -g-, we obtain 

cos — ^) = 0. 

Hence, 

where h is zero or an integer. 

W e have 


<!> = ( 2 A+ 1 ) ^ + 


(5) 


tan iff = 


-!!i;^cot - 

2n {2n)* 

i+£LLz 1 + 4. 

2n (2»)« ^ 


_ _ 7n- —i ^ + (l"’ ~Ji) (’"* ~ I ) f"* ^ — 3 C‘ 

2n 


( 2 «)> 

, 3 (m* — -J.) C, cot 0 , 

■*■ Ta il? 

Substituting the values of ^ and ^ in (5), we get 
tan-‘ 

J^) (»t*— -J.) cot 0 — 3C',^3(in* — iiC, cottfj^ ^ 

^ 

Putting ^ |2A; — »» +f — ^ I = ( in (6) and expanding it by 
i'agrange’s theorem, we obtain 

ii=:# 4 . 1 J n (vi*-i) cot « - 3 C', 

e I ~W (2fy 


+ cotg C0t»g ) 

(W 3 t 2 f/ ) 





m 
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1 ( (w»— i)* cot *6 2{(w«— i) (w*— j; 

2*f* 2* i 


-i) cot g- 3 C',>« 


This expression may be compared with the one obtained hy 
Macdonald. Macdonald’s expression can be written in the form. 

■ s 

_i J.J. 4. 4- _ . **1^1 , 3 a,t,— 

«_ T+^*+ ( 2 +,.;.) fi(i+ 4 -.)»^ 3 e(i+.,.). 


3 3 ft * * • 

2aia,Oi 

■*■ ^l + .e.)* 0a + .>'.)’( 2 + 7 .T 


^ 3^ 1 


a,fea+nj6j 64 

(?(!+.<;,)• (2+ajj (3+.r,) * ^(l+.<’.)(2+«*)(3+.Co)(4+/,) 

_ ^^ 1^3 ^ 

^•(1 + ^*.)* + (2+,..) >(1 + .P.)* ( 2 +x:)^^"'" 


where 


*»~oZ ( 2 /c+ 25 — m+|), s being the greatest integer less than m, and 
29 


h has all positive integral values including zero ; and 


1— 4 wi* 
2» 


a-') 


2 sin $ 


, 1— 4 wi* 

. 2* 


27 in 0 " 




It is easy to see that the asymptotic expansion for -3^ P,» (ros ff)^ 
... au 


can be written in the form. 


1 


Id 


r(»-»i+i) v'-^i 


{(.+«»+ -I |.' 


iHthll+r “t|’s A'. r (.■fil l, HI 

,=o r(i)n* ^ .z. r(i>' J 


*" A>.r(«+ 
,=o.r(i>' 
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where 


A.= -^ («+*)+ 


d 


^ 


(^.> 


A'. = - ^(«+« +. A 

c,, c\ having the same values as before. 

The roots of the equation ~ P" (cos (?)=o can therefore be 
obtained in a similar way. 

§ 3 . 

Prof. Macdonald has not attempted to obtain the values of n which 
make P* (m) vanish. I shall now shosv that Hobson’s formula 

tt/i * 

caa also bo used for the determination of the roots of this equation. 

We have 


p-(costf)=-M!L+!2) r. 
A/,rll(w + i) ^ 


co8|(n+i)tf— I 


+ 5 


(1«-4ot») (3»-4m«) 


COS 


(2sirit?)'' 

.0. S („+•)«- ®? + ”r I 

l*_4,rti ( 4 2) 

(2.M)' 


2*4 ^^2a+3) (2?»+5) 
provided i tt < < -J w. 

Changing n into n— 1 in (9) we get 


- + 


(2sin^) 


](9) 


cos 

p," (cosO)=?H«±^L=i>r_ 
n(n-i)L 




(28in^) 


cos 






2(2n-|-i) 
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(l*-4m*) (3* -4m*) 
2-4 (2»+l) t2«+3) 

and using the relation 


,3* -4m*) t 4 2) 


+ 


(2sin^) 


(/**—!) P- (/i)-(n+m) P.-x(/^) 


we get 




(C -*) 

..n ^(»+J)«-^+!y? 


(2 sin^) * 

(2 sin^)* 


i.^1 


(1* — 4m*) ) 

2 - (2^+17 i 


t %\ a 5/r , mv ') 

* ^ 5 j«£_ 

(2sin^J^ tn+i 2(2»+3)) 


2 ^ ^ 3 Ul»-4m«) (3»-4 m«) 

/o zi i2’4’(2»»+l) (2nH"3) 


(2 sin 6)^ 


The large values of « for which-- P»(/Lt) vanishes are given by the 

ciyXr 


equation 


' [(»-««- J I -/* cos [(«+!)(?-? + j =0 ... 


Putting (n— i) 0 — ?+ =^, 


the equation reduces to 


cos tf>—n cos (^+d)s=o, 


(!—/«,*) cos^ +/* v'(l— /i*) sin^so. 


(13) 
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Again putting 


(1— /A*)=r cos P, ft, jn* = 7 ' sin )8, 
where r= /m* and tan P = 


the equation becomes 


cos (^ — jS) = o. 


^ = ( 2 fc + l ) J + A 

where ^ is zero or an integer. 

Substituting the values of and P we have 

^ ^ ^ ““ \ -A- . 

= (2i-w + |-)-l. 


Put n — i = *, ^ (2*r — w + f) = », ; 
then for all positive values of » wliicli make ~ P“ (u) vanish, we 

Ufl * 

have (.r — a?*) ^ where ij/ is determined hy the equation 

*“♦= a' 


wlipre L 


8in( 

= —t cos( ^—e) + 1^'-. : 

, V2 / 2»(1 + .') 2sin« 


and M = 1 — It 


(1 — 4m*) /4 cos (tt— 2d) 

+ / , V 2 sin ^ 

2* 

cos (^-e) 

j ■‘**(^'2 7 '^ 2 *( 1 + ib ) 2 sin 61 


(1— 4n»*)p sin(v— 2fl) 

— r\ 2sintf + ••• 

(*+•') O+ra) 
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Now putting 

sin ^e) 

^ ti\ —I. 1— 4m* V* 

^ cos -6^, -^-- oTr- /> =^» 


2 sin ^ 

(1— 4m*)/i cos (ir~-20) 

2» 2 8in^ »’ •• 


u, { ii\ M l*~4m* 

-2 *"“(2 =*- 


COS 


(f-*) 


—a,, 


2 sin 6 

__(1 — 4m*)/A sin (ir— 2^) __ 

“2isrfl “ 


we get 


_ 6.(l+20 , h 6.(1 +2*) . 

l + .e ^ i+® ^ (i+*)(2+*) (l+e)(2 + ,.:) 

^ 6.(1 + 2,) 


(l+*)(2+a:)(3+.r) (l+.i')(2+'i')(3+.(!) 


+ 


M - 1 4. ^ + 2£) . 4. a,(l+2.0_ . a* 

^ ^ 1+7 ^ 1 + 4 (i+*)(2+.0 ^ (l+a)(2+4) 


«.(l+2.0 


(l+4)(2+.'e)(3+.0 (1+4)(2+4)(3+4) 


+ ... 


The expression for tan ^ can therefore be written in the form 


i t 61 (1 + 2 i!) , 6 j^ 

l+<*i + ( 1 + 2 <*i )4 l+Oj + (r+ 2 o,).i; 


, 6,(l+2ii) tt«6, (1+2.) 

{l+Oj + (i+2ai),i:}(2+4) {l+a. + (^l+2ai).i-}* 

a.6.(l+2.)« 

{1+a, +(l+2ai)4}’(2+.«) {l+Oj +(l+2a,).e)(2+a) 

6.(l+2.«) ^ _ a.6i(l+24) 

■^{l+ai+(l + 2a.)..,}(2+»)(3+*) {r+a, + (l+2a J.}*(2+4) 

«,5i(l+2a!)* _ (a,6a+Oj6,)(l+2-'') _ 

{l+a,+(l+2a,).:}*(2+4)(3+») {l+ii+(l+2ai).«}*(2+.r) 

0,6, g, 6,(1+ 2a!) « 

{r+o,~+(l+2o,)*}* { 1 + 0 , + ( 1 + 2(1 J.c}*(2+aij» 

o,‘6,(l+2z) , o«*6,(1+2[!)» ___ 

ri+o, + (l+2o,)x}» ^ {l+o, + (l+2o,)x}»(.2+ai)« 

j. 2o.o,6,(l+2g)* 

{l+o, + (l+2o,)x}*(2+a) 


... (16) 
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Putting 


^(1+20 ^ 
l+a^ + (l+2ai).« ^ 

4- tts&ifl+2r)* 

l+ai + (l + 2aj.€ {l4-ai+Tl + 2a,,.i}»^4rr:) 


the equation (16) assumes the form 

tan (.r— »(,) ^=<* 0 + 0 ^ +aj +03 + etc. 

Whence 

*=*o+ .ltan (a„+aj + a,+a,+ ... ), ... (17) 

Now tan (a^ 4 -ai +a,'=ha 3 + ... ) can he regarded as a 

function of .r, and consequently we can expand this by Lagrange’s 
theorem and we have 

.If,,, a* a? 8 8 2 8 ■ 

X=.c.+ g[a,+«.+a.+a,-----a.a,-a.a,-a.a.-a,a. -a,a, 

- 2 «.a.a.} + } +••• ( 18 ) 

Here .Oa is written for r in a„, a, and a/, a/ mean 

and terms of the order ^ ^ , etc., are 

ilf,' df.’ (l+.'o)‘ (l+'o)‘ 

neglected. 

Substituting for a„, a, their values, we have 

,=.r + 1 i fe .a+ 2 ‘ o) + h +...1 

® 6 L l + Uj + ( l + 2aj ).» 0 {1 + Oj + (1+2^1 )a;o} ) 

+ .1 r { 2ft, 

S* L i+^ 1 + Cl“i" 2 <iti)i#’o C 1 +rt, + (l + ^a,) 

_ ft,(l+ 2 a,)(l+ 2 r o) ) . 1 . _ /29) 

{l + a, + ( l + 2 a,)«o}* ^ J 

The negative values of n for which ^ PiTfi^) vanishes are obtained 

from the above by changing the sign of the right-hand side by the 
relation 

P;(,.)=P^.,(/0. 

The numerical values of the first few i^oots of the equation 
5^ ^ "(/*)=0 are given in Tables I, II, and III. 
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Tabu I. 





















On Sound-waves due to pjiescribed vibrations on a 

SPHERICAL SURFACE IN THE PRESENCE OF A RIOID 
AND FIXED SPHERICAL OBSTACLE. 

By 

SUDIIANSUKI MAII BaNEUJI. 

In this paper T propose to give the complete solution of the problem 
of aerial disturbance due to any pi*escribt?il vibi-atiori on the surface of a 
sphere in the presence of a rigid and fixed spherical obstacle. This 
problem remained unsolved up to this time, although, so early as 18(58, 
Sir George Stokes* solved the problem of the propagation of ^vaves 
outwards fi*om a spherical surface in an unlimited inediuui, in 1862, 
Clehscht investigated the scattering of sound-waves duo to a simple 
|K)int-.soarce placed at a finite di.stanco by a spherical sui’face, and in 
1872, Lord lliyleighj solved a similar problem of (listurbanco produced 
by a spherical surface on plane waves of sound. All the results given 
iu this paper may therefore bo regarded as new. 

The method adopted may bo called the method of successive reflec- 
tions and has some analogy to the method of images used in solving the 
problem of the motion of two spheres in an infinite litpiid. 

§ 1 . 

For tho sake of definiteness, I shall first consider the case when the 
two spheres are external to each other and tho prescribed vibration 
giveti to one of them is symmetrical about the line joining the two 
centres. 

Lot A^and B be the two spheres and a and their radii. 

• SfcokoB, On tho communications of vibrations form a vibrating body to a 
aurronnding gas, Phil. Trans. 1368^ and Phys. Papers, Yol. IV, p, 299.] 

t Clebsch, Ober die Reflexion an ehior Kugelflacho, J. f. Math- Bd. 6t, p. 195, 

im). 

t Lord Rayleigh, Investigation of the distnrhance produced by a spherical obstacle 
®n tho waves of sound, Proc. Lend. Math. Soe., Val. IV, p, 253, (1872). [Theory of 
Art. SW.] 
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The polar co-ordinates of any external point P are (r, 0, referred 
of the centre of the sphere A, and (/, referred tq the centre of the 
sphere B, 6 and ff being measured in opposite senses from the line A B. 

Since the prescribed vibration on the surface of the spliere A (say) 
is symmetrical about the line joining the two centres, it must be 
expressible by a series of the type 

n=m ikct 

S A* P„ (cos B) fi 

M=0 

where the A**« are known constants, and m may be finite or infinite. 


§ 2. 


If we ignore the presence of the spherical obstacle B in the medium, 
then thei‘e is nothing to obstruct the wave mol ion started b}'^ the sphere 
A and the problem reduces to the one whose complete solution wns 
obtained by Sir (jeorge Stokes"** in 18fi8. 

If denote the velocity potential of this unobsti’ucted wave motion 
then ^0 is given by 




'!■ rK „ *i<ikar 


l\ (cos 0 ) 


Ikct 


r/«L 


v'a 


1 shall write tJiis in tlie form 


(o) Ti- , . ikcl 

A. . 

n=Lo 


§ 3. 

I shall now consider the effect of the presence of tlie spherical 
obstacle B in the medium. 

For this purpose, I shall first regard the dimensions of the vibratiuj? 
sphere to be very small in comparison with the wave-length, that is, I 
shall practically regard it as a multiple })oint-.soui'ce of souiid of the vi th 
and lower degi'ees of complexity and calculate the scattering of the 
waves produced by tbe presence of the splicrical obstacle B. 

The velocity potential of the wave system incident on the surface of 
the sphere B is of course given by the above expression for ^o- 


* Stokes, loc. cit. 
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Let the velocsity potential of the scattered wave system regarded as 
radiating outwai-ds from tlie oentro of the spherical obstacle B be 
denoted by 

Then the function has to satisfy the following conditions: 

(i) it must satisfy =c* V*^; 

fXc* 

(ii) it must satisfy tlio coiiditio]i 

(// dr' ' 

on tlie surface of tlie sphere B, /.e., on >•'=/>; 

(iii) together with its tirst and secund derivatives it must be 

finite and continuous everywhere in the medium ; 

(iv) ii must vanish as . when / tends to infinity. 

We can therefore assume yp ^ to be given by the series 

p zr oo ( 1 ) -ir , if n. *\ I 

A„ (cos 6/') e . 

p = <l 

Tills expression satistios Ihe conditions (i) and (iii). It also latisfies 
the condition (iv) for the reason that when r is largo 


K 


/- •'■('•+4) 

.(«>)= V 2/ 


npjnoximately. 




§ 4 . 


(1^ 

The nnkiiow'ii constants A^, 's in the expression for have to be 
determined by niean-s of the condition (ii). 

If d is the distance between the centres of the two spheres, then 
/■a=r'*+d*-2/(/ cos e\ 

Jf we write cos 0=fi and cos we can always expand the 

function I\(/x) as an infinite series of functions of the type 

provided r'<J. 


‘ Cf., Nielsen, Handhwh der Theoric der CyUnderfunktioneni p. 164. 
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We can in fact write 


!>.(;,)= % A.., p,(/), 

vr jp=o 

and it is easy to prove that 

1 

A..,= Lim. lp.(.)P,(*)^(a.rf,*)* 

^ a=o J 


where 


V _ 1)1=00'*— m*tt 

S c KMi-i(iM) P„(c). 

m=o 


[T^e proo/ can be briefly stated as follows : — 
We have 
Jn + 3 


• +l(*») 1. . /2A; p / \ sin At 


and 


— lA) 


—JP Vt 

the .c— axis being the line AB. 

Also 

— lAr „ w=oo 

f = S ) Km + + iCAV) P.(//), 

r vdr' ,mso 

if r'<(/. 

Therefore 
Kn- 


p.w= '’■(4?)) 


xKm+Uitd) PM 

m 

where the ji'— axis is the line BA and has the sense BA, so that 

d _ d 

W 



ON SOUND-WAVES 


17S 


K« + *(iir) n . , 2 

^ (»* + *) Kin + j(»Arf) 

“ nt—o 

xP ^ _^_\p / \ sill /iV 

”V,»rf(A*0/ 1F~ 

2 i»=oe 

= ^S (».+J) 

m = 0 /,y 


where 0^,^,^ = 




J’.(-')l\(*)l’,(:) 


7?i+n+2^+l 



»+Mi-;i\ A/ 

» + /7— 777 A 

\ 2 

2 / 1 

, - 2— ) 




1.3.5... 2,11- 1 


A(m) = — and p takes tlio values 


a— ?)i, w — mi + 2, u— if ?i>m, 

Wl — », ??l — 71 + 2, 771—71 + 4, ... 771 + 71, if 77l>77. 

Therefore 

p.(^)= 2j s '”(».+ j ) Km f iUM) 

Vr V M 

X SC„., „t ' P,(^') = 2~ * ?»i±l i' 

1 


T V, r (77*-=OC — 77l®fl. 

^ p^(^,^ Lim. |P.(.-)P,(--)]S « (m+n 

tt=0j ( 771=0 

K»« + *fiM) P»(*)|rf.-]. 


* Adams^ Proc, A. 8., (1878), Oollected Scientific Papers, Vol. I, pp. 487-406. 
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Near the surface of the sphere B we have so that by using the 
above expansion and by substitution in tlie boundary condition 



.^1 


= 0 , for 


and on equating the co-ei&cient of Pp(ft) to zero, we at once obtain 


( d Jp + kW 
\db y/h 


/ d Kp + iCtVdO'i 2/)+l 
/ dh ■ v^” j 


X Lim. \Pp(3) 

a=0j 

-1 


(a, d, z) X 



(o) ) 

p.w [ 


and theroforc 

Jp+iai*) / Kp+iiiih)} (2p+i),, 

p=o '^6 


X p^(„os <?') r' ' X Lim. f f P,(,-)^(«, </, :) 

«=0 

(n=m (o) ) 

xjs_ A. 


§ 5. 

Now if wo suppose that the vibrating splicre lias a tinite size tlicu 
the scattered waves wliose velocity potential we have determined in tlic 
last article will be incident on the vibrating sphere and will bo again 
scattered. Let velocity potential of these last inentioneH 

scattered waves regarded as radiating outwai'ds from the centre of tlie 
sphere A. In determining the value of i/r,, we ignore the presence of 
the sphere B. 

Like 1 ^, has also to satisfy the conditions (i), (iii) and (iv) 
stated in § 3. The condition (ii) however for this case becomes 

=0 for r=a. 

dr dr 

We can therefore assume to be given by the series 
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Proceeding as in § 4, wo find that 



and therefore 


^, = -S Kp+j(,7,a) ) (2;,+ l, 

jo=0 ; da j 2 ^ 


X 

: Lim r r 

a=0LJ 

-1 


,, iH=:oo(l) ■) 

I , (, ) <f> (a. tl. (-) 3 V j> (-. j f 

(«=0 ' ' ‘ 




§ 6 . 

We suppose that the scattered wave system determined hv it is 
again incident on tl.e sui-face of the spl.ere if and is «g„in scattered and 

that m this 'vay an inftnite number of renections occur alternately on 

ihe two surfaces. The conditions satisfied by the velocity potentials 
of all these reflected wave systems are similar . to those satisfied by 
f , and and all these potentials are detenuiued in a similar manner. 

The complete solution of the problem is thui-efore given by the 
following series ^ 


>l'=^'l'u+fy+^, + 


w'iicre 


i f ^ 1 { Cos 0 ) , 0 

23 = 0 

jP=oo (2/+1) „ . 

=S A '' X,. + .j(t/.r; 


(Let 


•13 = 0 




'P,, (rns 0' 


ikrt 


A,' '^=— Jp + l(^«) / d Kp + \{ika)\ (2/1+1) 
\<i» Va j tla %>„ j 2 

"" f l'«=oe ''(2/-1) •) 

'‘=° j (0 4> (a. <1, :) X j 2_ A. P.(:) ( d:, 
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and { I Id (2p+l) 

' ~ \db Vb I dh 7r“ 2 

Lim r n=Qp (22) 

a=o I (z) ^ (a, d, z) X % A. P,(0 dz. 

J n=o 

-1 

7. 

1 now take up tHo case when one sphere is inside the other and u 
vibration symmetrical about the line joining the tw'O centres is pres- 
cribed either to the internal or the external sphere. I need only 
consider the case of two eccentric spheres, the case of two concentric 
spheres being very simple and the solution easily obtained by a direct 
method.* 

The solution for this case also is easily obtained by adopting the 
method of successive rcncctions an<l proceeding in almost the same 
manner as in the case of two external spheres. The only difFerence 
in this case wdll be that Bessel's functions both of the first and the 
second kind will enter into the solution and that we shall have to use 
some other theorems similar to that enunciated in § 4. 

For instance, suppose that the sphere A is inside the sphere B, Jiiid 
that we arc required to determine the disturbance produced in iho 
space inside the two spherical surface.^, when tlie prescribed vibnilion. 
expressible liy the scries 

7i=7u ilct 

2 A« P^ (cos 6) r 


is given to the inner sphere. 

If denote, as in the previous case, the velocity 

potentials of the initial unobstructed wave motion and the successive 
wave systems reflected alternately from the external and the infeinal 
surfaces, then 




n=^m 
S A, 


d 

"Kn+ { (ika) 

da 

i 


ihet 

P, (cos 0) e 


n=w (o) X iUt 

= S A/ P, (cos 0) e 

«=o 


• Lord Rayleigli, Theory of Sound, Art 333 , Ohree, UefsBenger of Muthematio, 
Vol XY, p. 20 ( 1886 ). 
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and if we bear in mind that in determining the velocity potential of 
any reflected wave-system from any surface wo ignore the presence of 
the other surface, we can assume the following forma for 
etc. : — 


p=0 


Jp + ^ (/.T^) p 


ihi't 

(cos &) € , 


^, = a 


2:>=0 


A, l£p+i(^)p^ 


iliCt 




etc. 


2J=Cpw 

ji)=0 



(i-os O') 
■V 


ikcl 

L* 


The unknown constants in each of these functions are easily 
determined from the boiindary conditions which these functions satisfy, 


#0 . 

df> ^ 


#1 

dr 


=0 for r'=h/^' 
ur 


+ =0 for f=a, etc., 


])y proceeding in a similar manner as in § 1, and by using the following 
two theorems : — * 


(a) If then the function can 


always be expanded as an infinite series of functions of the type 

Kj,+ (^'), pxOTided >■' > d. 

V/ 

We can write this theorem in the form 

^7=00 


Kn + .KiAl)p^ (^) = S B«,p 

p=:n 


^ Both tho thoorems are easily proved by proceedinjv ns in the theorem in § 4, 
— ikr t, n=oo 

if we notice that - =* v^/ 2 <"(n + i) (fed) K«+i (tA-j’') P., (/*'), 

»=sO 

(i-' > d) 

(for all values of r'), 
and 

-tkds / n=oo 

= /V/ ^ 5 i»" (2»+l) .T-+i (Ad) P.(*). 

2fc(l 4ts:0 


23 
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and wo easily find that 

B«.p=(2p+l)(-l)'lP.WP,(.> - dz, 

-1 

(b) Similarly, the function P, (fi) can always be cxpand- 

V »• 

ed as an infinite series of functions of the type 

V/ 

Kxpmssing this theorem in the form 

b±& p.f/x)=l~'*c„,p p, (/) 

^=0 ' j' 

we easily find that. 


± 

Cn,p = (2j.+ l) <''+*j'p,(-jP.(.-)f> 
-1 


-ihlz 


d:. 


Using these two theorems, we find at once that 


X 

r -ihd: (n^m (o) 

-1 

1 ^ [ (2;>+l) t' 

^da Va j da Va j 


( 2 ) 

1 

—iilh fn—x (1) 
xlP,(r)e xJS i" 


- 1 ‘ 

-1 


i n^o 


A„ l\(z) 


etc. 


§ 8 . 

In the foregoing art icles 1 have restricted myself to the case wluai 
the prescribed vibration is symmetrical about the line joining the 
centres. When it is not symmetrical about the lino joining the centes, 
the inetliod adopted for the symmetrical case can easily bo extended 
to this case with the help of tliree theorems (involving tcsscral harnio- 
nic.s) sir. ilar to tho tliree theorems which I have given for the symme- 
trical case. 



On the vibrations of a membrane bounded 

BY TWO NON-CONCENTRIC CIRCLES. 


BY 

SuDHAXSUKUMAtt BaNEHJI, 

In this paper I proposii to give the complele soliit.ioii of the problem 
of the vibrations of a membrane bounded by two circles which sire 
not concentric. This problem remained unsolved up to this time 
although the cori*espondiug problem for the case in which the circles 
are concentric is well-known to be easy of solution. 

The method adopted is one of continued approximations and is 
analogous to the method used in two previous ])apers publislied by me 
in the Bulletin of the Calcutta Mathematical Society.*^ 

§ J. 

Suppose that a point P has the coordinates 0\0) and reforrred 

to two points A and B, (9 and 0* being measured in opposite souses 
from the line AB, and let AB=:S so that 

cos 

Then the following theorenist hold true - 


p=Z oo 

(I) (r) oosa^^= ^ ^8) (/)coH(u-p;e'. 

jp=: — oo 
p=oo 

(11) ( — 1)"D. (/•)COS)lflt= 5 ( — 1)M,(S) l->n-, ('-'jeos 

«= oo 

(if i'>8), 

or (-O'D, (8) J.-, (r’)coa(«-i.)fi' 

pZ=2 OO 


(if r'<8), 


. « 

where D, ^ 


— /rcosh/t 
€ dti * 


* See Voltt. 4 and 5. 

t So. Orat ana Gubl.r, Xinleitung in die Theoric dcr Iktsel' nclicii Fnnktionen, 
O'*. X, Art 6, pp. 81-81, also Prof. Qrat’s paper in Math, Aim., Vol. 43. 
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Similar theorems will also hold tioio when the cosine is replaced 
by sine. 

§ 2 . 

Let the membrane be bounded by tv^o noii-concentric circles of radii 
a and 6. 

Let, as before, (r, d) be the polar coordinates of a point P inside 
the two circular boundaries referred to the centre A of the outer circle. 
Let (/, &) be the polar coordinates of the same point referred to B, 
the centre of the inner circle, 6 and ff being measured in opposite senses 
from the line AB. 

If w denote the normal displacement of a point P at any time it 
must satisfy the following conditions : — 

- ( d*t v , d*io \ 
dt* “ \ ^ dy^ r 

(2) it must vanish both on the inner and the outer boundaries ; 

(3) its first and second diffei'ential coefficients must be finite aiicl 
continuous everywhere inside the two circular boundaries. 

Let us first assume for w the following expression : — 

iket 

(/.t) cos nO c 

This satisfie.'; the differential equation (1), and will also sati.sfy 
the condition on the outer boundary, provided k is a root of the 
equation 

J, {la) =0. (1) 

But this will not satisfy the condition on the inner boundary. 

The value of this function on the inner boundary is given by 

p=yo ikct 

= 1)* 2 (““!) (A:/) COS («— , 

p= — oc 

when /=&• 
(Theorem 1) 

To satisfy the condition on the inner bonpdaiy take a second 
function jjc, given by 

(1) iket 

A«.^ (IV) cos c 

p.=: — oo 
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This will make Wo+Wi vanish on the inner boundary if we take 

0) 

to be given by the expression 


(-l)“+'-J, (AS) J._, (A-6)=-l?., D..,, (kb), 


t.c., 


( 1 ) 

= J,(AS) 


\k: 


,[kh) 


Since near the outer boundary 9*>S, wo have near the outer 
boundary 

n = oo (1) //.r/. 

= 5 A^ D, (W) cos nO'. e 

n= — oo 


11 = 00 (1) p = oo 

= S A. (~1)« 5 (~1)" J, fA:8) L)„., (At) 

n = — oo — oo 

ih'ct 

cos {n^p] 0 . r. 


(Theorem II.) 


To obtain the altered period correct lo this order oF approxinialioii, 
we multiply j by cos uO and integral e wilh respect lo 0 from 

0 to 2ir, Hence to this order of approximation the periods are given 
by A* wliicli are tbe roots of the equation 

^ (/Co + ) fOS 110 d0=0, 

that is to say, the equation 

^=oo (i) 

J, (A«)+Jo (/‘S) (^«) 5 (-1)"A.=0. 

*'=•— 00 

( 2 ) 

Now U’y+M’, will no longer satisfy the condition on the outer 
l>ouiidary. To i^tisfy the condition on the outer boundary, introduce a 
third funetion w, given by 

8^00 ( 2 ) 

* 1 ^ 1 = 2 A, J, At) cos 80, e 

«= — oo 
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So that if WO write li— j) = s, wo see that will vanish 

. (2) . . 

on the outer boniiclary if A, is given by 
(2) w=oo ( 1 ) 

A. J. (fra)= - 5 • A, (kS) 1). (ka) 


( 2 ) 

that is, A« = 


^iShu!) IV 


7l = OC (1) 

S A.J.,. I A8). 


This will, again upset the condition on the inner boundary. To 
satisfy this condition we intit)dnce a fourth function in a siniilar 
manner and so on. 

To the order of approximation + + the periods are 

given by k which arc the roots of the equation 

^ (ieo+«\+7/;j + t(?a) cos n6 d6:=( 

and so on, 

The complete solution of problem is then given by 

«<?=iro + /(»,+7r, + #/;3+ 



On Electromagnetic Waves due to Electrical 
Oscillations on the surface of a thin spherical 

SHELL IN THE PRESENCE OP A NON-CONCEN TRIG 
CONDUCTING SPHERE 

BY 

S uun A NSL’K IJM All H ANKll J 1 

§1 

In the present paper T [)ropose to eonsidor the efffot oF Ih^ •pfeRence 
of a pt^rfecUif condunlimj sphere in the motlinni on llio oleetrienl oscilla- 
tions started on the surface of a Giin splicrieal sliell which is 
cnncenfric with the sphere. Incidentally, I shall also consider (1) the 
modifications to be introduced in the nietliod if the sphere be a 
dielectric one and (2) the method of approxiniatino- to the solution 
in some special eases for the purpose of numerical calculation. 

Sir J. J. Thomson* has disenssnl (lie propagation of electrical 
oscillations on a thin sjiherical shell into infinite s])ace and also into the 
space between the ^hcll and a conducting concmfric sphere. IFe has 
also solved the problem* of the fcoatlrring of a system of plane 
electric waves by a metallic sphere. 

1 wish to express my indebtedness to the writings of Sir J. J. 
Thomson, Lord Raylcigli® and Professors Lamb,^ Love," Niven, 
Macdonald^ and Nicholson” on the subject. 

' .T. J. Tlionisoii, “On Electrical Oscillations anil the efforts produccMl liy the 
Motion of an Electrified Sphere,” Proc, Land. Vol. XV, p. UlO, (1884), 

Revearrhea in Klectricity and Maanciism^ pp. 306-384]. 

- Rcf-ent Researches in Electricity and Magnetism^ pp. 437-401. 

“ liOK^Vlayleigh, “On the Electroinagiiotic Theory »d’ Light,” Phil. Mag.^ 
Vol. XIT, p. 81, (1881). [^Scientific Papers, Part I, p, 518]. 

* Lanib, ”0n Electrical Motions in a spherical conductor,” Phil. Trans,, Part II, 
(ISSO), p. 619. 

* Love, “Scattering of Electric Waves hy a Djclcctric Sphere,” Proc. Lond. Math. 
Soc, Vol. XXX, p. 308, (1899). 

" C. Niven, “On the Induction of Electric Carrents in Infinito Plates and 
Spherical Shells,” Phil. Trana., Part II, (1881), p. 307. 

’ Macdonald, Slectric IPares, Chap. VI. 

* Nicholson, “The. Scattering of Light by a Large Conducting Sphere,” Pfoc. 
^ond. Math, 8oc., Vol. IX, Part T, (1910). 
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The results obtained by me are believed to be all now. 


§2 

Let A and B be the centres of the shell and the conducting sphere 
respectively and a and b their radii. 

Measure two parallel systems of Cartesian axes Ane, Ay, Az and 
B/, B/, Hz' from the two centres, the ;r— and ir'— axes coinciding 
with (ho line joining the centres. 

.Let the polar co-ordinates of any external point be (r, 0, 
referred to A and (>*', d\ <^) referred to B. 

I shall now give some theorems on Bessel Punclions whicdi I shall 
have to use in this jwipin*. The first three of these theorems were 
given by me in a previous communication.* 

IF D is (he distance between the ceniivs of the two spheres, then 
j *=/* + D*+2/ Dcos &, 


If we write cos 6z=zil, cos we have the following theorems:— 

K (i7.t) 7^=00 4 d (/»/*') 

(t;t _ + J _ B (/O = 2 L - 1’ (/^'), if »•'< 

K pzrzo j} 


n 2 ^ 


where 


dz 


and < 


K (7Ar) 

(II) «+5- P/ 

« 


a=0 

1 '* p 



J-i 


(-1) c 


^ iimm- 

0 


S + A K 

p=oo 

K (iV) 



P+i ] 

? (/»'), if 

p=0 n.j) 

V/ 

P 


B 


where =(2j)+l) (— 1) 

«ji 


’ J 


1 ^ 

tk Dz 

F (0 P (0 e* dz. 
n p 


* Bulletin of the Calcutta Mathematical Society^ Vol. IV. 

t Here tho Bessol function of the seconil kind is defined by the usual rebtion 
mm 


K.(aT)= 
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all) 


J (M 
_n+i _ P 
Vr* » 


j)=ao 

W= 5 C 

l>=o n,p 


J (ft/) 


where 


0 

«ij> 


=(2p+l)iP 




p (*) p (0 

n p 

^1 


ih 

e dz. 


HiV) 


K (iA:r) 711 

^+1 P (/W-) 

n 


cos p=:oo 

S A 


Sin 


jf>=o 


J (*■,') 

p+^ 

v:/ 


COS 


p (/*') if r'<D, 

p sin 


Avbere n,p,m 


^2/1+1 ry>~m)! 


Lim. f P’" 
«=o ]_P 


(-') pr(-’) 


^(a, D, 2) di. 

cos P=“ *^p+.i (*■*»•') 

(a) m<hz=z 5 B _r^a 

v'r sin =0 A' 


»)/' cos 

P (p) if ^>0, 
y? sin 


1 


where ® =(2»+l)‘P“’- 

n,p,m ^(p+ni 

(VI) 




P+ 

cos p=00 

P (p) m<t.= 5 c P± »;.... - 




VI iJfDz 

(.-) P (*) e dr. 

■f n 


n sin 


p=zo 7i,p,m 


Vr' 


m cos 
P (/; wn/», 

p sin 


, ^ =(2p+l)<P-"‘-V,P- 

\vhei*e 7i,p,m 


4 P«S ^ P"‘ 

1 p n ^ ^ 


Proofs of these theorems will be foinul in the Apiiendix to this 
paper. 


§ 3. 

I shall first consider the case when the sliell A encloses the con- 
ducting sphere B and an irregular distribution of electricity is pro- 
duced on the inner surface of the shell A by some cause inside. 

•'■uppose, for simplicity^ that a distrib’ition of electricity whose 
surface density is proportional to the zonal harmonic Pp(ft) of the y?th 
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degree is produced on tlie inner surface of the shell A and that the 
cause producing this distribution is suddenly tremoved. Then elec- 
trical oscillations will be started on the inner surface of the shell and 
will be propagated through the medium (which we suppose to be air) 
enclosed by the shell till they are incident on the surface of the con- 
ducting sphere B, when they will be reflected. 

The components of magnetic induction {a^, Cq) in this system 
of waves are given by 


,=A 


io) 


J . ,(At) 
P±^ _ 
■ Vr'- 


1 

P (fi) sin<^ e, 
P 


fco = -A 


( 0 ) 


1 ikVt 

P (ft) cos^e, 

P 


,=0, 


where Pp^ (ft) is an associated Legendre function of degree jo and 

('0. ... 

order 1, is a constant, F is the velocity of propagation of electro- 
magnetic effects through the medium, and A- is determined by the 
condition, that the tangential electro motive intensity vanishes on the 
surface of the perfectly conducting shell, and is therefore a root of 
the equation 


d 

da 




».l (Aa)| 

V+l ^ 


= 0 . 


1) 


Tlie components of dielectric polarization (y^, correspond- 

ing to these components of magnetic iudnetion are given by 

(") ^.T (hA . ,7 (i,) 

» cos<ii— (p + 1) 

P+1 

1 nvt 

P (ft'cos</i e, 

p— 1 


rpL«._.., p (^) co8«^— (p-pi) 

4?r4,2;> + l) L Vr a/,. 




(o') 


»•=- ‘■L.w 


( 0 ) 


p 

J_ ,«r) 


. AU£±1) _ w+i-L p 


4«’(2p-|-l7 


p+1 


V, 


’ j (h) 

-pW] 


iiri 
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If the surface distribution, instead of being expressed by a single 
zonal harmonic, is expressed by a series of zonal harinonics no essen- 
tial difference would be introduced in the method; the effect would 
be simply summational. 


§ 4. 

liet (<* 1 , 6,, Tj) and (/u be the components of magnetic 

induction and dielectric polariz’ition rcspecl.ivelv in the disturbance 
reflected from the conducting surface In dtjtenniniiig these com- 
ponents we proceed as if the shell A. were absent from the medium. 

Prof. Lamb* bas shown that the most general lelalml solutions of 
the same system of differential equations 

(V‘ + fc*) a=0, (V* + A*) 6=0, 
which also satisfy the solenoidal condition 


^4- P*'' 0 

a'.« 'ay"*" a.- ’ 

fall into two types. 

For waves which are being propngaled oidwartU^ the solutions of 
the first type arc given by 

9 9 ... 9_ 

ay a.r 0. 0y 

where w* is a spherical* solid harmonic of positive degree n, and the 
solutions of the second type are given by 

a.' 


(a, b, (i): 


■ ,.«+i 


(- 1 .- 


a a \ 
>r^a-.)“'- 


=-? 


+1)' 


,—n- i a ... ,.iiK + l J ’ 


where is another s[»lierical solid harmonic (»f jmsitivc degree u. 
The corresponding expressions for b and c are obtained from this by 
changing u,- to g and z respectively. 

Combining these two types we see tliat the most general expres- 
sions for (a, 6, c ) can be written in the form 

Vt 9h.''. j. + a I 


„»+i v,-' a- a«/ / ’ 


ikVt 


where the summation refers to the differont^orders of the harmonics. 
The corresponding expressions for b and e .arc obtained from this by 
cyclical interchange of the letters j?, z, 

* Proc, Land, Math^^ Soc. Vol. XIII, p. IS9, (1881). 
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Again^ from the relation 

where (a, y) are the components of magnetic force which are 
identical in air witli the components of magnetic induction, we see that 
the most general expressions for {/, h) can be written in the form 




’h’) 

1“ 


a .« r^n+l 


2n+l J 


iWi 


where and iff\ arc the same two solid harmonics. The expressions 
for g and A are obtained from this by cyclical interchange of the 
letters ir, y, jt. 

For wavea, which converge to (he origin^ the. most general expres- 
sions for {a, 6, c) and (/*, g, h) can ho written in the forms 

a = -Sfc [(« + !) '“f a 


^(ilr) 


tm 


V 


J . ,(/. »•) 


etc. 






/a a \ 

37-' W) 


ErTi[<”+*> 


dw 

J . 

WT“ a 


87"” 

r— »»— J 

0’,. ^2 h + 1. 



im 

r"+i 

a-’ • 

dy) 


etc. 


Wc, therefore, assume the following expressions for (/Zh^d^i) 
and (/i, gi, h^) in the disturbance reflected from the conducting 
surface B — 
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+s- 7 „-+-^ a7-‘ ay) **’ 




K . , (/At' 

+S/.*(2« + l) - {y- 


-■4. 

■ . - . ^ 


. -u— 5 

a 

n\ 

• aT' 

,.'2«+l. 

,/ P - 

. ' a 

J g , 

a ? ) 


the origin of co-ordinat-es being now the (-enin* ol! the ^pliere B. 

VVe proceed now to determine tlie arbitriiry >tj\n\ harmonics w, 
and to\ so as to satisfy the boiitulary conditiou« on the surfa('e of the 
spliere B. 

The boundary coiuliiions can be expressed as I'oilows : — 

(I) Since the sphere M is a perleet conductor, the electric force, 
and therefore the elect rie polarization, is at right angles to its surface. 
Hence if R is the normal electric polarizati«ui, 0 that along a tangent 
to a meridian, ^ that along a parallel of latiiude, then the coiiilition 

§f + Pj! + =0 

a.- dy ^ a- 


IS equivalent to 

|L, ( »•'« n ^ ’ sin O 'l + , 9 - ( )•’ 4- \ =0. 

a/\ - f niiiff a^ V / smy’a<>v / 

but since O and ^ vanish all uvei’ the splicie, this gives the condition 
^ r® 11 ^ =0, when / = b, 
where r' R = .' (/i + /,)+y' (i/i 

(11) We have also the condition tliat the radial magnetic induction 
vanishes all over the surface of the sphere. Hence 

<' («i+«.) +?/' (&! + *.) +:' (<',+«.) =0. "Ik-’'' ' -b. 

ifow, wo have ^ 

'Wfc +y' g, +/ = 
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K„ . , (*V) , ikVt K (»i 

-r'* Iw.e =-S«(» + 1 )— ”±i . . - 

Also we have by theorem (VI) given in §2, 

(o)«=oo ‘ ikVt 

o,=A, a > “V7 P.*(fi')8in^e 


(»V) 




te.e. 


n=o 
(o) M = 00 


b. = —A. 0 ,, „ , P. (/t') COS ^ 6 

«=0 

c, =0, 

X 

0 — P.C 1 1 

where C„ „ i= * I P,(;)P.( 0 e d.'. 

—1 

We can write these expressions in the forms 

(o)u=oc a ,, a \ 

' ^0 '' A ^ a"? ' w) 

C 

(o) M = oo J , ,(Z/) /a a \ 

— A, ^ , , , ' { *> a ' " “a“r I 

»=0 r"»+v V 9' 9^ / 


»AF< 


ikVl 


(o) n=oo J^j .1 (*»■') /a a \ 

«io ' ■>+^ ( ~ 


ihVf 

4»n e 


where = r' P, (/a')- 


The coiTCspondiiig expressions for (ft,g9,h^) can be written in 
the form 


(o) 

iv ikfg =r — A, 


^ •» \ 
2n+l 




I a^i' ^2»+i J 


ikVt 
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The expe-eie™ for ». .r. 

y to y and z respectively. ^ o © 

Thus, we get 

4arik (.v'f, +y'g,+ 

•^n+iC**-') ikVt 
— \ r- 'fr.e • 


On substitution in the boundary condition 




a 


(/■ R)=:0, when r'=b. 


we get 


.=-A, ./■ P. J 

SB 


I write this in the form 

(‘J 

«r.=A. r'* I*. (/). 

Also, we have 

K , . (ik/) 

. 1 ' aj+y'ft, + :'c, = 5 « (h + 1) (2« + 1) 




and .c' a, + <*fl=0. 

Therefore, by condition (11), 


w/ e , 


§6. 

Thus we see that the expressions for (o^, 6,, rj) and (/i, Ai) 
reduce to the simple form.s 

(MK (VAr/) , im 

«! = 5 A. r, (ii!) sm <^e 


»=o 


v'/ 


M:5:00 (M K , , (liy) 

h.=-s A. 

^ V-r' 


ikVt 


) cos ^ e 


n=:o 


Ci=0. 
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. n=eo (>) K , (iV) 1 


(/a') cos ^ 


K 1 (iW) j 

+ («+!) - P^_1 W cos 


ikVt 


ffi=is . rn_^.= P 

^n=o 2 »+l L «+A 


K„_. iilr') . , 

+ 1H+1) ?„_!(/* ) 8111 e 


« 71=30 I I — JV , • \mni / 

I:-}?- 


f) (ilr') 


(/*') 


v' / 


’.-iW] 


mi 


where 



1 

1 


(:) 1 \ (:•: 


iW. 


We see that the expressioiKS («!, <*1) beloiij^ to the first type 
of solutions and (/i,l/i,Ai) to the second type, that is, they aiv 
of the same typo the initial disturbance started 011 the surfuco 
of the shell A . 

The periods of osoillatinn are no longer deterDiined by A* which an- 
the roots of the equation (!}. To the order of approximation re- 
presented by (</„ + «,, + ro+Cj) and (/o + /i» K'hK} 

the pei'iods are easily seen to be given by A’ which are the loois of 
the equation 


1 



(r*R)P.WrfM 


= 0 , 

r=a 



ON ELECTROMAGNETIC WAVES 


19S 


where fR=« (/, + /o)+y (!/.+ffo)+J (A,+A„), that is to say, by it 
which are the roots of the equation 



p=oo 

^ ^j»i ** 1 

p=o 




§ 7. 


Waves o£ magnetic induction and dielectric polarization determined 
by and will b(? incident on tbe surface of the 

shell A and will undergo a second reflection. We denote the eonipon- 
ent.s of magnetic induction and dielectric polarization in this second 
reflected disturbance by (a,, 6^, cj and (/„, h^) respectively. 


Wo now assume tbe following expre.ssions for {a^, b^, c,) and 

(/a» ^Ji)» 


«■ 



d„,'. a 

~dZ ^-n~i n: 


,.2/. + l J 




avt 




etc. 

4wiI/.= 


_5 [(»+!) 

,.«-i a.o r-..-5 a..>2«+ij 




I,)..; 




Since the expressions for Z>i, Cil, etc., are of the same type as 
the expressions for (a,,, 6o, <* 0 ^* » proceed exactly in the same 

maimer as in §§ 5 and C to satisfy the boundary conditions on the 
surface of the sphere A, Here, however, we use the theorem (V), 
instead of the theorem (VI) used in those articles. 

We find as before 
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and 


(*) 

w.=A. r" P, (/i), 

Inhere 

<•’■ ai 

• Zi 

dal 

, -. <2! i>#i m 1 A 

1.0., 

,(•) a 

A. =— ^ 
da 

J.+.w] • 



1 rP=®® (*) 

p.^Ts A, (- 

^p=zo 


C) 


iliDz 


-1 


Thus, the expressions for (a,, 6*, r,) and (/*» </j|i ^a) can be writttu 
in the forms 

n=oo (•) J , i(^t) I ikVt 

a. = 5 aV _^_i— PlWsin^c 

n=o r , 


n=oo (*) j ilVt 

~ 1\ (fi) cos , 

r 


b,=: — S A. 

n=o 


c,=0, 


1 A 

/. = -A .2 : 


(’) 




[• 


^n + l ('*) ^ 


_(„+!) _^.^_P^_l(^) cos 


ar< 


a,+rL“-J' 7 — 


(’) 


J . . 


Akr) 


_(„+!) sin 


jitn 


(’) 


I n=oo / , ,v.' ' J . J ,(/r) 

L "'V r + V-^ 


A S5!““ 5 

* nso 


"n+1^ 
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§ 8 . 

In this way an infinite number of reflections will occnr alternately 
on the two surfaces and it is easy to determine by the method indicated 
above the components of magnetic induction and dielectric polarization 
in all these reflected distnrbanecs. 

If now (a, 6, c) and (f, g, h) denote the components of magnetic 
induction and dielectric polarization in the total disturbance in the 
medinm between the two spfierical surfaces, we have 


etc., 


«t=«o + ®i+®a+a3+etc., 


/=/0+/l+/9+/3+CtC., 

etc., 


The peinotls of the oscillation are given by A- which are the roots of 
the equation 


1 

-1 


=p, 

»=a 


where rB=» (/o+/,+etc.) +ij (flro+!/, +etc.) (*o+S , + etc.). 

For, fi*om the manner in which the components a,, etc, 

etc., have been obtained it is obvious tliat the disturbance 
detcM-mined by the magnetic induction (a,h,c) anil dielecti*ic polarization 
(f,g,h) satisfies the boundary conditions over the surfaces of both the 
Rpliere.s and is due to the oseilIatioi).s of a distribution of electricity ou 
the inner surface of the shell A whose initial surface den.sity varies as 
the zonal harmonic Pj, (/a). 

Moreover, 4roni tho fact that the expressions for («„» 

(a/; Cl), (rt,, 6*, c,), etc., arc all of the same type we at once deduce 
the following property ; — 

The induced current on the surface of tlie sphere B is of the same 
typo as the inducing current on the surface of the sphere A. For 
instance, 

(1) The inducing current on tlie .surface of the sphere A flows 
incridionally having the line joining the ct litres as axis and so does the 
induced cuiTent on the surface of the sphere P. 

(2) The .lines of magnetic force on both the spheres are a scries of 
Bmall ci rcle s hftving i h ^ lin« joining the centres as axis* 
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If the distiubution of electricity on the surface of the sphere A 
instead of being symmetrical about the line joining the centres is 
symmetrical f^out any otlicr line we could ofFcct the solution with the 
help of the tlieorems given in §2, by ti'ansforming the zonal harmonic 
to harmonics referred to the lino joining the centres. 


§ 9 . 

Suppose now that the radius of the conducting sphere B is very 
small in comparison with the radius of- the shell A. In this case the 
series expressing the solution given in § 8, is very rapidly converging 
and wo can easily approximate to the solution. 

For when b is small, we have approximately 




(*bV 


-ill 

^2)1 -Hi 

_.!1 "+i 

Thus, in this case, we get 


Therefore 

b’- »+i_ •“ 


L. =-A. ft j_(i- ) 


dj 


Also, if a is large, we have approximately 
K 


and 
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Therefore, 


Thus we get 


5i[ •'»+)('»)] ™ ^ 

get 

-i(za+^-) j 

— • o„ I e ^ ^ / /-A 


A^*^_ «■»■ 2n + l) f 

-~ 2«(„+iy 


« " " r 


So that if wo take account of one or two reflected disturbances wo 
shall u.siially get a sullicient approximation to the solution. 

If, on the other haiui, the distance between the centres of the two 
spheres is also small, so that we can neglpci all powers of D above the 
first, we have 

t/.Ur , . .,T^ 


Tn this case the integi 


1 

r .7.1). , 
•all c 


1 

(-) P ,1 (?) dr, has the values 


2/f/H-l>and.7.D. «= 

p— I, 'p and p + 1 respectively and for other values of n it vanishes. 

(") C) 

JSo that in this case all the co-cflicicnts other than A„_^, Aj, and 
A.p+^ vanish. 


Similarly wo can treat the co-efficients A, ’s. 


§ 10. 

If the sphere B be a dielectric one, wo shall have to modify our 
solution. In this case a part of the waves of magnetic induction and 
dielectric polarization determined hy (/o, 

incidence on the surface of the sphere B will enter into the body of the 
sphere and a part will be iiffiected. 
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We denote the componciiis of magnetic induction and polarization 
in the reflected distnrbaiice by e^) and (/n ^i) and in the^ 

disturbance which enters the body of the sphere by b^\ c/; and 
respectively. 

Since (<ii, 6^, c^) and (/i, fl^i, ^i) determine a wave system which 
is being pn)pagated outwards and (a/, 6/, c/)» (/i\ 9i\ ^i) one which 
is converging towards tlie ocnti’e of the sphere B, we can assume the 
following expressions for the.so components : — 


K , , (tk/) 

»+> V ^ a.' “ dy')*' 


ilVt 


etc., 

4in7/,= 


-5 


4“ 1 


t /»— i a ./ j 


1 1 

QJ /iw+AJ 


art 


+ 2i*C2»+l) 


v"*+i- 




iivt 


etc. 

where and x'n are two arbitrary solid harmonics of degree ». 


And 

a',=-sr 





a 

a:.' 


1 

,,i2«+l J 


ikVt 


J, +.,(///), 


,'«+i 




a 

a7 


a 

a'y 



ikVt 

e 


etc., 

^vikrf I =: 


-5 




(2»+l) 


[ (»+i) 


■■ •^« + j-' 


J . . ,(*V) 


*— 1 




_ 1 
J /J»+l J 


art 

e +2fc'*(2»+l) 


JL+il., J fy' 

r’»+i V'' 


a_ 

a.' 



m 


where x«” ^re two arbitrary solid harmonics, and k' is dillei'cnt 
from k aad is given by 
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where K is the specific inductive capacity and t the magnetic per- 
nieabilitj of the dielectric spliero B. 

Moreover, the components (o„, i,, c„) and (/„, of the 

incident wave system when transferred to the centre of the sphei-e B 
can be written in the forms 


(<>)rt=00 

Oo=-^» 5 C 

«=0 


Pi Nl I 






art 


etc.. 


(<')n=ooC , 

fev,=-A, I- s 

«=o 




r'»-^ 9 


J .1 


,(h’) 


r'-n— ;■ 


I 

- f 
•c 


t 


.-2« + l 


] 


iivt 

e whore !#»,=/?*(/;• 


Now' the tangential components of the magnetic ami electric forces 
on the surface of the dielectric sphere must be continuous. 

Confining our attention to tlie components (ty^, rj, we see that 
the expre.ssions which wo have as.sumeil for tlie.se components consist of 
two types of solutions ; the first type is 






the second type is 



The vector given by tba solutions of the first type h wholly transverse. 
To determine the transver.se components of the ve.:tor given by the 
solutions of the second type wo subtract from each of the components 
of this vector the corresponc.ing resolved part of the radial component 
of the vector, i,e., the quantit et 


~n(n+l)(2« + l)^ 
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SO that the contributions to the tmnsverso component by the components 
of the vector are (after a^iittle I'eduction) given by expressions of the 
t^po 

K , , (ik/) K , (Hr') \ r 

+U I j(n+l) 


f2n+l 0 


.'/2 h +1 3- 


Similarly, the contribution^ to the transverso component by the com- 
ponents of the solution of the second typo in (tt\, c\) are expres- 

sions of the type 


c J . j ,av) ^ 

L.ILti'J-yJL-Lj j{„+l) 


.. 2 «+i a 


. } 

' /2«+l V 


The continuity of tangential magnetic force on the surface of the 
sphere B, now gives the following conditions : — 

n 1 

AC 1 J . i(/*b)0-+K , J , i(/f'b:0"« (?) 

p p,n,l «4- J- » + i -r w+i ^ f 

Similarly, the continuity of tangential electric force on the sui-face 
of the sphere B, gives the following conditions : — • 

»-K„+j("bY.= ^;j.+j(<'b>)C. (») 

+ib>'K„_j(«b)jf. 

=-rr 
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The conditions (2) and (3) cannot in general be satisfied, unless 
X.'=X.''=' 0 . 

Solvinjf (1) and (4) for we get 

n 

0 ) (‘) 

where E, and P, are two constants. 

Thus we get 


S E. ^ P,j(/)sin<^e 


ra=:o 


ctc«y 


^ _ 1 “ e/ 1) r ®^n+i J , „ K , (,V) 


etc. 



n 


,«oo^(l)J«^^(lV) 

n=o 


1' im 

8>« 0 e , 


etc., 


1 «=«(!) 1 r 1 

^■■=1S;F=0 SOT [“ '“»+! M 


J ,(1V) 1 T tAFt 

—(«+!) ** J - — P^_i {/) cos^J « , 

Here again, both the reflected distui’baiice and the disturbance within 
the sphere B are all of the same type. 

The wave system determined by and (fi^gnh^) will 

undergo a second reflection on the surface of the sphere A and so on. 
We can easily complete the solution. 
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§ 11. 

1 now take up the case when the shell A and the conducting sphere 
B are external to each other. Suppose that a distribution of .electricity 
whose surface / density is proportional to the zonal harmonic P, (p.) is 
produced on the surface of the sphere A and that the cause producing 
this distribution is suddenly removed. Then electrical oscillations will 
be started on the surface of the sphere A which will travel outwards. 

The components of magnetic induction in those waves are given by 


“o=B, 




iWt 

(/i) sin e . , 


6o = -B, ?+i— P, 


ikVt 

(/a) cos e 


Co= 0 , 


and the components of polarization are given by 

f r p‘ ^ ^ ^ 

•^”= M2;+l) ^ * 

+(P+1) p',-. M 


>H'/ 


ffn = 


_ r > 


4ir(2jj+l) 


[ IV if 


P,+i (p) i> 


K ,(zM , T 

+ P,_, (/i) sin 


,7.r/ 


47r.:2p + l) L r 


i\ j(j7.r) 

P.*. M * 

V J- 


.-1 wj 


rm 


("). 

where is a constant and 7; is a root of the equation 

=»• 

A pi-iHiion of this disturbance will be incident on the surface of the 
sphere B and will be reflected. 
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Proceeding as in § § 6, 6 and using theorom (JV) given in § 2 , we 
easily find the following expressions for the components (a„ c,) 

and ifi, 01 , hi) respectively in the i-eltected distoi-bance : 


«.=S B. 


;7;> (m' ) sin ^ ,■ 


S B, ~ P.(p.') cos e 

n=o ''<• 


c,=0, 


. t*) 


' •*'>1=. 2S+1 L ■ ' ■ 


II + 1 


. 1 T ikVt 

+ (»+!) cos e, 

1 r ^«+-» > 

?=o [ ’*“^'7 

K (iV) , ikVt 

+ (,n + l) 7“,“ ■ ^--i (/a'> sin <^J c, 

-5+1 L 


k: , (ik/) 

n—' ■ •' 


_ P.-. (p';]e 




db 


L 

-1 


Suxularlyt for the second reflected disturbance, and so on. 
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In ibis case if tbo sphere B is very large in comparison with the 
sphere the second reflected disturbance will practically be negligible 
and we can conveniently obtain approximate expressions for the 
solution. * 


Here again the induced current on the surface of the sphere B is of 
the same type as the inducing current on the surface of the sphere A. 

The penods of oscillations are to the order of approximation 
9o+9iy K+^i) given by 7c which are the roots of 


where 


J 

-1 


. (r* 


^(r»R) P,(^) dfi 


= 0 , 

r=a 


rR=rf' (A+/o)+y (y,+fl'o)+3 
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To prove the theorem 

. «‘^=s c 

^ * am p=o »•' 


ni CUS 

I’l. (ft') . 

sill 


where 


1. 

c.. Ji) «=(^i'+l) j - i J I*, (s) P, (.-) e d:. 

-1 


It is easy to see that we have 

P.(m) «<^ 

^ »■ sin 


, m 

=(— 1) ”^"2 \/^ (n+m) (h+ih— l)...(n+ l) 
^ TT 27r 


2ir 

jsin Va3 
0 


— /(ji« 9i"* a \ sill r 

wtt ( + * cos i« t sm J - 


(27<. 


This we write in the form 


-=±J— P. M . 

r sin 


f 1\'‘ / 2 r“ / 8 A _® ^ ?iSJ’ 
'(-1) V W ®* la*’ 8y’ dz) r ' 
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Therefore 


J , , (r) „ cos 

”-±j-V P. w «* 


=(-!)■ S “<-!)• (-+11 j,+jl 




.=(-')■ \r% s ." • (•+» •',+j w 

p / 0 \ c" / 0_ 0 0 \ aiti r' 

• v?aW * V 0^” d'H" di'J ~y- 

= !€!•■• ".+!'”> HI') [ 




>. co» T 
(/*') 

sill -J 


If ^ (r\ fi', m } is a particular intcgi'al of the differential equation 




which is the same as 


then it is easy to prove by induction that we have 


j . . (»•') - 

P.M 





Thus we get 
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=i p. 


( »-8y)^' (if?) *('•'-'*'• 


• S ,, m (■/, fl\ m , 


~| "S* 4^ R /'I s 

tez * at M - -jr:z- 


'.TX... p 


where 


Tlierefore 


^ =-^‘ 

-1 


•^M + iO) « «>» p=00 J . ,(./) 

-?^P.UO -<^ = 2 (\,,.. 


sin 


p=o 


eos 

(m') «i 
sin 


where 


1 



-1 


p; (') [i ~ <■' («+i) .T,^., (P) p. (;)] 

I 

-1 
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Theorems (TV) and (V) can be proved in a similar manner if 
notice that 


VT 


M COS 

P.W ^ 

Sin 


7n^ 



n+l^, (n+m) (n+w— 1) ■ . ■ (w+1) (_ijf 
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On Some Studies of Large- Angle Diffraction. 


BY 

HlSlKKliMAR Mitra, M.Sc. 

T. ' Intmluclion. 

The scattering of lif'ht by a rectilinear dittrading edge has been 
studied by vavio\is experimeuiors among whom may bo mentioned 
principally Gony,* Wien,^ E. Maye^ and more reeenlly also 
Kalaschnikow* who has used a pholographic meiliod. The 
rigorous theory for the ease was given by Sommerfold''* in the famous 
memoir on the Mathematical Tlicory of Diffraction in which he dealt 
with the case of a semi-inlinite screen and developed a general 
expression for the intensify applicable both for small and large 
angles of diffraction. The analogous phenomenon of the large angle 
diffraction by a curvilinear boundary does not however appear from 
the literature of the luibjcct to have received much attention. 
Experimenters as for inslance, W. U. Croft’* and more recently also 
Arkadief^ and Gordon’’ who studied the diffraction phenomena of the 
hxsncl class du(3 to various forms of apertures have i>ractically 
conlincd their atlcutioii to the parts of the diffraction field for which 
the angle of deviation is sinalb and in fact the photographs 
reproduced with their papers show only the areas of the field which 
are relatively intensely illuiniiialed and lie within, or veuy near the 
geometrical region of transmission of the rays passing through the 
Jiijji^stiiro. It cannot be claimed that the results obtained by these 
workers give an ailequatt; i)i(itui*c of the phenomena of diffraction by 
apertures of the forms considered. Judging from the analogy with 
the case of the scini-iiiHiiitc screen treated in Somraerfeld’s paper, 

' Gouy, Ann. cl. Phys. ot. do. chemi, (0), 8, P. 145 (1886). 

> W. Wion, Wieil. Aim. 28, P. H7 (1886). 

> E. Mayo, Wiod Ann. 49, P. 69 (1893). 

• Kalaschinikow, Journ. Rnss. Phys, Qes, 44 (1912). 

“ Sommoi'fold, Math. Ann. t XLVII, P. 317 (1895). 

• W. B. Croft, Phil. Mag. S 5, V. 38 (1894). 

' Arkadief, Phys. Zuit, 14 (1013). 

• Gordon, Pooo, of Lond. Physical Society, 24 Got. (1912). 
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the intensity of the diffracted waves should bo sensible over an area 
enormously greater than that of the cross-section of the geometrical 
pencil of rays passing through the aperture^ and we should expect 
the distribution of luminosity over such lai'ge areas to depend on the 
precise form of the aperture used in a much more striking manner 
than is possible within the limits of the geometrical region of 
transmission. If the analogy could be stretched a little further, it 
might indeed be said that we have to proceed outside the limits of 
this region in order that the true waves of diffraction” having their 
origin at the boundaries of the a^oeriure might be s6|)aTately observed. 
An investigation of the distribution of luminosity in the fainter 
outlying regions in diffraction-pattern of the Fresnel class is thus 
evidently of considerable interest and importance, and the present 
work .was undertaken with a view to studying a few ty]>ical cases of 
the kind, and thus ascertaining the general features of the 
phenomenon. 

In order that the best results might be obtained, it is necessary 
that the edges of the apertures used should be smooth and highly 
polished. The eases for which the large angle diffraction have been 
studied in the present investigation arc the following : — 

(fl) Elliptic apertures, (4) semi-circular apertures and other forms 
of aperture bounded by ares of circles^and straight lines, (r) apertures or 
screens with undulating or corrugated boundaries. The experimental 
method adopted was to use a brilliantly illuminated |)oint source, the 
light from which after passing through the diffracting aperture falls 
upon a photographic plate held at a suitable distance from it. 
By using prolonged exposures, the fainter regions of luminosity 
surrounding the Fresnel pattern may be recorded on the plate, which 
is then studied at leisure. The brighter parts .of the field of cou^ 
become greatly over-exposed and cease to show any detail. A few 
selected photographs from those obtained are reproduced in the Plate, 
Figs, {a to 4). 

2 . Elliptic Apei'tures. 

The case of the elliptic aperture was the firat to be studied. If 
the eccentricity of the ellipse bo small, nothing of special interest is 
noticeable outside the limits of the geometrical region of transmission. 
But as Uie eccentricity is gradually increased till the ratio of the 
major to the minor axis exceeds some interesting features 
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develop which become more and more strikinj^ as the ratio is in- 
creased. Fig (a) in the Plate shows the effect. It will bo noticed 
that the luminosity is particularly marked along four curved arcs 
which measurements show to coincide exactly with the evolutc of the 
elliptic boundary in which the plane of observation intersects the 
transmitted pencil of rays. Further, on closer inspection it is seen 
that running parallel to these arcs, on the inner side a few alternately 
dark and bright fringes appear, which are somewhat analogous to the 
interference fringes seen alongside a caustic. The luminosity becomes 
fainter and fainter as we recede from the centre of the field, but it 
docs not terminate at the cusps oi the evolute, continuing beyond it 
in the form of two horizontal brushes, which extend one on each side. 
(The photographic plate was not large enough to cover this part of 
the field). Outside the region enclosed by the evolutes, luminous 
streamers may also be seen radiating normally Trom all parts of the 
elliptic boundary. 

The phenomena described above are always noticed wlietlier the 
incident pencil of rays is divergent or convergcht. But interesting 
effect is observed in the case of covergent light as the plane of 
observation approaches Iho focal [dane. The cross-section of the 
pencil and the luminous arcs of the evolulc appearing on either side 
of it gradually eou tract and reduce to a point. The liorizontal brushes 
extending outwards from the cusps however persist. These break iij) 
into beads of light on both sides, which when the focal piano is 
further approached ultimately join up and form the elliptic rings 
usually observed in the Fraunhofer pattern at the focus. 

Fig. (//) in the plate shows the faint region of hiininosity 
inside the shadow of an elliptic disc. The four luminous ares form- 
ing the evolute of the houndary arc clearly noticeable. 


f3. The case of a semi-circular A/,crture. 

O' 

^rhis case is an instructive example of the inijiortance of studying 
the phenomena of large-angle diffraction. If we exclude the outlying 
regions of faint luminosity, the diffraction pattern of the Ircsiicl ty]>e 
is an approximately semi-circular patch of light, with fringes running 
inside it parallel to the boiinderies, and in fact this is how it appears 
in a photograph reproduced in thi; paiier by Gordon (luotcd above. In 
this form, tho Fresnel pattern beaVs not the remotest resemblance to 
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the diffraction figure of ilio Fraunhofer class due to a semi-circular 
aperture as observed at the focus of a neliometcr objective. A study 
of the large angle diffraction liowever puts the case in an entirely 
different aspect. Fig. (e) in the Plate shows the effects observed. It 
will bo noticeable that there is a long horizontal trail of light 
proceeding to a great disttinee in cither direction at riglit angles to 
the diameter of the semi-circle. (Crossing this, we have numerous 
streamers of light, one of which is parallel to the diameter and the 
• others form roughly a system of hyjHjrbolie arcs syrnmetrieal about 
the horizontal axis. 

The streamers arc brightest to the loft of the diameter, but they 
may also be seen very faintly to the right of it. The [vittcrn tlius 
sho'.vs many striking resein bianco with ibc Fraunhofer pattern at the 
focus of the licliomcier objective whieli is described by Kveritt in tlio 
following words. 

“The image is symmetrical abnnt. (wo [)ei‘j>cn(liciilar axes. There 
is a central approximlely oval .spot whi<*h is roughly a lilt le Ics.s Mian 
twice as long as it is broad. This central spot is bincctcd along the 
major axis by a long briglit ray whicdi fade.*? away as it recedes from 
the centre. Around the spot ami following jts outline are a sorio.s of 
alternate bright and dark rings, which al the minor a.xis, are idenlical 
with those of the diffraction imago of a circular aperture, and along 
tlie major axis, tonuinate at an angle in a serii's of bright spots. 
Further, thc-se rings arc crosved ami niodiiied by a scries of alternate* 
bright and dark rays of approximatidy hypcrbolii! shape, having tlie 
major axis of tlic figure for their g<»oinetric axis, which they cut :il 
its maxima and minima, with the exception that the first one of tlif 
series passes through a point in the reiitiul briglit si;ot.’’ 

Fig. (y) ill the Plate represents the large angle diffraelhn ^ 
pattern due to a circular segmeut smaller than a scmi-circlc and is 
instructive in the comparison it affords with the case just considered. 
The two cases have many features in common. Tlie transverse 
streamers obtained in the ease of the segment are however inucli 
tdearer and cover a smaller part of the field than in the case of the 
semi-circle. On one side they may be clearly seen radiating from a 
point wlijcdi lies outside the strongly illuminated part of tho field and 
is in fact the centre of the circular, boundary. 

0. P. P. Evoritl-'-Pi'ocoodiiigs of tho Boyul Society Vol. 83 (1910). 



ON SOMJi STUDIES OF LAllGE-ANaLK DIEKIIACTION 


5 


Figs. (/) and (/;) in tlio Plate show the large angle diffraction 
due to apertures bounded by three and four arcs of circles respectively 
the centres of which lie outside the area of the apertures. Tluj 
streamers of light starting out normally from the projection of the 
boundaries are clearly visible in the photographs. On one side of 
each they diverge and on the other side they converge to foci at the 
respective centres and then diverge again. The streamers are not 
all equally bright. The fluctuations of intensity near the margin of 
each group being particularly noticeable. 

4. -Plane apemfnrcs or screens nmlulaliuij or 
corriujaled boiuularies. 

The case of apertiirts with imdulaling hoiindiiries are <»f particular 
interest. The luojeclion of tlie boundary of the aperture on the plane 
of observation being also uiululuting, its ovohilc has one asymptote 
for each point of inilcxion of the boiindarv, and a cusp for each point 
at which the curvature of tiie boumlary jjasses through a inaximimi 
value, llroatlly speakin;.!;, the general from of the large-angle 
diffraction pattern is detennined by tin* form «)f tlnM'Vohile. This 
is illustrated by Tig. (h) in the Wale, whii'li refers to i ease in which 
the aperture was houndeil by three arcs, each of which contained a 
point of inlloxioii. T^he throe, asymptotic lines limiting the. from of 
the pattern can clearly ho made out. 

Figs, (r/) and {ft) in the Plate show the distribution of himinosil}'^ 
within the shadow of a disc with undulations in its margin (this 
was an one-anna nickel coin), 1Mie concoJit ration of luniinosily along 
the evolule (with l:i cusps) of the geometrical houiulary of th(5 shadow 
is clearly scon. Parallel to the cvoliite run ;i. series of alternately 
►dark and bright Fringes of deercasing imniiiosity, and radial brushes 
of light also emerge from the cusps of the evolule. 

Pijr. (e) shows the distributions of luminosity inside the shadow 
of a square screen with rounded corners. 

When the undulations are so very luiuierous and close together 
as to form corrugations of very small radius of curvature, interesting 
Hew ])henonicna arise. Fig. (./ ) shows the observed distribution ol 
illumination within the shadow of a circular disc having a milled 
edge. The tota^ niiinbcr of corrugations on llie circninfcrcnce was lt>2 

and the diameter of the disc was cm. lu addition to a central spot 
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analogous to that observed in fclio well-known Fresnel-Arago circular 
disc exi3eriment, we have a circular ring rather brighter than the 
central spot at a considerable angular distance from it, and one or 
two other fainter rings further* outside. With white light these rings 
were found to be sharply defined circular spcctril somewhat similar 
to those produced by a circular grating, and the central spot was 
also coloured in certain cases. T lese rings are due to the corrugation 
on the edge of the disc and are situtated at much greater distances 
from the central spot and from each other than the Lommel rings 
round the central spot of the shadow on a circular disc. The relative 
intensities of the centrol s])ot and rings were bound to depend 
upon the exact form of the corrugations on the edge. The explana- 
tion of these phenomena will be referred to again later. 

In order to further illustrate the large-angle diffraction 
by a plane corrugated boundary, the case of a screen bounded on 
one side by a circular arc with a corrugated edge was siudied. Fig. 
(r) shows the pattern produced by such an obstacle. Streams of 
light radiating from (he corrugations can be seen to have come to 
a focus at the centre of the arc and also to other foci lying on cither 
side of it. Each one tluse foci in white light is a little sped rum, 
and their relative intensities depend cn the exact form of the corru- 
gations oil the edge. 

Theory. 

The experimental residls described above suggest that the large- 
angle diffraction is practically a boundary effect. According in 
Kirchhoff’s forinulalion of Ilnygheit's principle as aj)plicd to thcexj)la- 
nation of diffraction piienomena, the effect at any point of the wavt; 
passing Ihrongh llic aperture is expressed as a surface integral taken 
over the area of the aperture. Thus, in order to show how the value, 
of the diffraction integral at such point depends on the form of tlic 
boundary of the aperture, we have to transform the surface-ini egral 
into a line-integral taken over the boundary. This may be done 



in the following manner. Let A represent the tipeiture 0 

Pig. I 
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cut in an infinite opaque screen. We way divide tlie aperture into 
a large number of parallel strips, etc. The effect of 

is obviously equivalent to that of a strip starting from and extend- 
ing up to infinity less tliat due to a strip extending from to 
infinity. To calculate the effect of one of these strips say (w ^ oo) 
assume a set of rectangular coordinates (Fig. 2) such that the plane 
of the aperture A (cut in a ])1ane screen of infinite extent) is in the 
XY plane, and the projection of SF (S being the source and P the 
point at which the effect is sought) on the plane of the aperture is 
the X axis, the origin lying on SP and in the plane of the screen. 


Pig. 2 



Let px and p he the distances of S snd P from the origin ; (.r, y) 
the cooi-dinatos of an elementary portion the strip (which is taken 
parallel to tho X axis), and r thedislances of S and P respectively 
from (,r, y) and y' the coordinates of Wj. The effect at P due 
to the whole strip may be written 
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Tvhere^ is tho amplitude of li^lit distnrbauce at unit distance from 
S, (nr) and (ni\) avo the anj^les which tho nonnal at (oJ, y) makes with 
r and respectively. In this equation we can take the quantities r r, 
as constant whenever they are not divided by A, because a limited 
rofjion of integration near is determinitive of tho intensity at P, 
this region including tho most powei*ful zones (and a largo number 
of them) and an extension of the integi'ation over a larger region adds 
nothing to the intensities. As an approximation we may also in 
making the integration take cos (wr)— cos (jirj)=a constant (2K) for the 
particular point at which the effect i.s required, ^’herefore 



If </> is the angJo made by p with z axis we may write 

r, +> -p. +“) [•■•* ‘‘OS 

Clianging the origin of time in the eqnntion of liy writing 




T T 


Pi +P 

X 



S 


^siiice y is const; the strip being 
parallel to the X axis.) 


S„ might he written to he equal to 



where A'= and d(r=d.c dy, dy being ilte widtli of the strip. 


n P (,r)= 

S,=A' dy I Bin 2ir — ^cosF(a’)(2.ii + cob 2ir^-^8in F(*) il.e| 
Let C = I cos F (x) dx and D= Isin F (. 1 :) do 

J*' 
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Then the amplitude of the resuJtaut vibi-ation is given by 
S« = AViyY/C* + U* 


and the phase a, by tan a=^ 

KJ 


To evaluate C and D 

pat ? (i+M 

\ V, pJ 




Tliei-efoi’e S, =f(ly jtiia 


A' 


then ih— (/■' 

A\p,+ p/ 

OO 

' 1 cos ' <;“(/!• + eos 2)r^ \siii»’»‘ 

r J 2 r J 2 


fit 


where /= cos^ ami r'= \/ i(^-+ }) 

By using the senii-couvergont expansions wc have 


.f. 

t 

V 

1 


<k =M cos ? f'*— N sin 


ill ^ <lr — M sin r ’ + N cos ’ 


«M M 1 1-3- ’“'j.!- etc 

Where M= + et . 

a.nd^ = + -W= 

As we arc deiilin<,' ivith hii-jce luiglo difEiiictioii c' is large and it is 
sufficient to retain the lirst t erm only and wc may wnto 


f 


cos I e'« dr= 1^0 


"■ (•'«- — , sin ^ »'■' 

TTV 


Too . 

I • ’T I- J ^ 1 r'* 4. — , ros 

J sin .jjr* dr- -y^., sin 


TT 

O 
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Consequently tlie resultant amplitude at P 
S.=/'rfy 

r i~\2 

Neglectinpf 1 7r»«'® ) which is very small compai^^d 


with (A,) 


the amplitude is equal to 

fdy _ A « k dy 

TTV^ 27 r (pi+p)*' cos* <#> 


The phase a is given by 


M cos ^ f'*-N sin ^ r'* 


Cot a = — 


M sin i?'* + N cos »/* 


= cot 


where M = = cos/j 


[r and cof/? = 




N = = «in/J I 

TTi; j 


]\I 


Since r' is very large cojii pa red to I , ^ is very small and the 
angle ft is very a])proxiinately equal to 00 "'. Since ~ v'^ is tlic 

•w 

phase of the vibration sent on I fnnn (.«, y'), we may say ilia I tlio 
phase of tlie resultant vibration due to the wl^jile of the strip af I*, 
is the same as the phase of the vibration sent out by the head of 

the strip plus ^ . 

% 

1*110 resultant vibration due to the whole strip of width dy 


Ac K cohg 2ir( t - i ^ 

SStt (pi +p) ic' cos*«^ \ T X 4 / 


(Is 


where 0 is the angle which the normal to the element of 
edge ds makes with the X axis^ so that = ds cos Similarly 
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the effect of the strip extending from m* to oo might be 

represented by a vibration sent out from the elementary boiindaiy at 
So that eaoh strip acts as if only its two extremities lying on 
the boundary of the aperture send out waves to P of definite ampli- 
tudes (depending on tho Ituigih, distance, a the inclination to the 

X axis of the element of the boundary) and of phases equal to 
+ 00° and ij/ OO'^, i/f and il/' being the phases of the vibrations 

from the two extremities. Thus if the whole aperture be divided 

into parallel strips the effect produced by the whole aperture might 
be regarded as the supeipositiou of waves sent out by pairs of ele- 
mental y portions of the boundary, the phasic of the two vibrations 
in each pair differing by 180.° 

Ill the case of an ohstaide we may obviously proceed in the same 
way to find the illumination at. any point situated inside the geo- 


Fig. 3 



metrical sluidow. Thus if in the diagram (Fig. 3) B be an opaque 
screen, the total effect is due to the sum of strips like (m,oo) and 
(y/.,oo) and the effect of each of these strips as before might be 
represented by sots of wave.? sent out from the extremities and ?/, 
only. 

We may i^’oceed now to cmiskler the explanation of the plieno- 
"mcna illustrated in the Plate. These are ; (a) the luminosity obser- 
ved along the evoliites of the houiularv of the shadow when the 
edge is smooth or undulating and not highly corrugated, (b)' the 
dark and bright fringes luiiniiig nearly parallel to the evolute, 
(c) the special plienoinena observed wlumcver fhe edge is highly 
corrugated. 

(a) Any point on the evolute is situated at the centre of curva- 
ture of some part of the boundary of the shadow of the aperture. By 
simple geometry it follows that w.avcs sent out from three contiguous 
points at the corresponding part of the boundary of the aperture 





SISIRKIJMAB. MITAA 


will reach that particular point on the evolute in the same phase 
and will conspire to raise the amplitude there considerably above 
the amplitude at neighbouring points on either side of the evolute. 
Consequently the evolute itself of the boundary will be practically 
a region of maximum illumination. 

(b) Consider the ease of a point situated near any point on 
the evolute on its convex side. A little consideration will show 
that it is impossible from such point to draw any normal to the 
shadow of the boiiudai Vi (at any rate near to that particular region 
of the boundary which corresjjonds to the- point on the evolute). 
Consequently in the region on the concave side no tw ) waves from 
the boundary can arrive in the same phase, and the region would 
receive very little illiimiuatiou (unless of course a normal from some 
other portion of the boundary passes through it). If the point be 
situated on the convex side, it will be seen (vide Fig. 4. where B 
is the boundary, E its evolute, and P the point) that it would be 


Pig. 4 



possible to draw two normals through P and since there would be 
a difference of path between the two waves arriving at P, they could 
interfere and produce a maximum or minimum of illumination. 
This explains the fluctuation of insonsity seen alongside the evolute. 
As P recedes farther and farther from the evolute the two contiguous 
points which send the waves to P become more and more distant 
from one another, and the illumination due to either becomes insig- 
nificantly small. 
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(c) When the undulations on the eclgje are iimiierous and close 
together, the evoliite becomes a highlv complicated curve and the 
phenomena assume a different character owing to the superposition 
of the effects of different parts of the boiindary. Kach of the corru- 
gations on tlie boundary practically acts as a source of radiation, 
(the intensity of the radiation in any direction depending on the 
exact from of the indentation) and the phenomena observed within 
the region of shadow are due to the interference of these effects. 
Within the particular disc used, the first ring was brighter than the 
central s]E)t (Plate, Pig. k), but this is not alway the case. The 
distance between the (‘orrngJitions being *0.57 cm., the distance of 
the plane of observation from the disc 350 cm. and the wave-length 

of the light employed Iwu'iig 420o A. I’., the radii of the successive 
rings are easily found on the above hypotheses to be ^6 CTn,*5rl cm, 
etc. The value obtained by measurements on the ]>hot/Ographic 
plate are cm, *57 cm. A fuller treatment of the radiation from 
a corrugated edge would be very interesting in virtue of the analogy 
with the problem of the inlluencc of the groove-form on the spectral 
intensity in the theory of gratings. 

The experimental work forming the subject of this paper was 
carried out in the Pal it LaboratoiT of Physics. The author’s best 
thanks are due to Prof. C. Y. Paman who made some preliminary 
ol'.servations on the large-angle diffraction by an elliptic aperture 
Hud at whose suggestion the present investigation was undertaken. 



On THfi Colours of the Stri^ in Mica 


By Piioj’. C. V. Haman and Mu. Pjianindjianatii Ghosh, with a 
Notk BY THE Rt. IIon. Lori) Rayleigh, O.M., F.R.S.* 

On cxaTniiiiuo^ even the most rcf^ularlv split and transparent pieces 
of mica by diffuse reflected light, a few lino hair-like and rather irregular 
lines may generally be seen running along the surface. We have 
found that those lines or sfriic sJn»\v some very inieresting effects 
when mica is examined in a Topler “Sehlieren** a])])aratns. The 
sheet a whole, being optically good, remains invisible, but the 
si rite shine oul as brilliant and vivhlly coloured lines of light, the 
colours being diff(*rent for different Kstrijo, and chiinging in a remark- 
able manner ns the inclination of the mica relatively to the direction 
of the light in the apparatus is altered. For instance, a stria? at 
normal incidence may a|)pear crimson and, ns the mica is rotated 
about an axis in its own j)lane, become siiecessivoly purple, green, 
yellowish-green, yellow, orange, scarlet-red, green, velluw, and led. 

The jdienornonon is bidng investigated in detail hy one of ns (P. N. 
Ghosh), but as to its general nature there ap[)enrs to be little donhl. 
The stria? aro lines at whicli the thickness of the mica changt‘.s in a 
discontinuous manner, and the luminosity is due to the radiation 
from the discontinuity acting as a laminar diffraeting boundary. For 
anj' particular wav<?-long(h the radiation is zero if the retardation of 
the wjivc-front on cither sidt? of the discontinuity differs by an even 
multiple of lialf a wave-length, and is approximately a maximum 
if the difference is an odd multiple of half a wave-length. The 
detailed mathematical inv<‘stigation would follow tin? general lines 
indicated liy Lord Rayhfigli in his theory of the Foucault ‘‘knife- 
edge” test (/V//7. Fehruarv, 11)17). 

C. V. Raman, 

210, Bowhazar Strooli ("alcntta, India, September 5. P. N. (jiioiiii. 

Probably the stria*, regarded ""by the authors as boundaries 
between regions of sliglitly different thicknesses, are the same lines 
as can be seen by rellcctions of soda light, as described in ray m^te 
on “ Regularity of Structure in Actual Crystals” (/V///, Maff.y vol. 
xix., p. 9G, 1010). Doubtle.ss the Foucault method shows them in 
a more striking manner, and in any case, the colcjur effects arc novel, 
so far as I know, and worthy of a closer examination. 

Rayi.ehjb- 

* Uoprinteil from ‘ Natnrc,* 14t.h November, 1018. 



The Kinematics op Bowed Stjiings. 


BY 

C. V. Raman, JM.A. 

1. Juh'Ofhfrllnn. 

It li:is lon*^ hQcw known tliat. if a rifrin- ko r.j ,/<•//// at 

one of its points ol' alitpiot division, the liannonics linvin^- a iiodo at 
that point fail to be elieitrd, hut tliat if tlic how he moved to :i point 
only slightly distant from tlie node and applied with snita})lo ine.-siire, 
the same liarrnonics arc elicited with grtai vigour, ainl in certain 
circumstances may oven transcend the fninlanuMdjil conii>onont 
of the vibration in their intensity. This fact attracted the atten- 
tion of* expcrimiJiihus early in the history of* the suhjeet and naturally 
assumes prominence in any CAposiliini of the themy ol' bowed sliings. 
Among the more recent workers who have studied (Ik! i>henonienon 
may be mentioned Krigar-Meiizcl and Raps,' anti also Davis- who 
noticed a similar effect in the case of th«.‘ It>ngif u<linal vibralitm of 
rubbed strings. Neither these experiiiuMitcrs nor later theorists 
su(;li as Ijippit'lr"' and Andrew Sle})henstn.i Miavt' however succeeded 
in clearing up the ualuro of the transition hetween the case« in which 
the partial vibrations fail to appear, and those in which Ihey rc-assert 
themselves wdth great intensity. Tlie tpieslioii is ol* consideiahlc 
interest in relation to (he mechanical theory of the action of the 
how, and has (along wdlh varimis oilier prohhnis) been diseiiswal 
hy mo. in the first part of a monograph on howed stringed insliu- 
iiicnts which, has recently been published.’ l^'lie treatment of 
the theory given in the monograph is laigely of a graphical characti r. 
and though (Ik! formuhe for the Iiarmonie anal\sis of the motion 
were given, they were not fully discusse<l. It is tlionglit that an 
exposition of the subject from a more strictly aiialyticu! point of 
view may be of advaiiiage. This is given in the pre.-eiit paper. 

' Sitzuiigberielitc of the Jiialin Acudeiiiy, ISUI. 

■“ American Academy of Sciences, Proc., DK)i). 

" Wion Rericlito, 1914. 

* Phil Mag, Jan., 1911. 

Bulletion No. 15 ol* the Indian Associ.atioi. for the Cultivation of Science, 

Calcutta, 1918. 
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2 . Anal^aU of hiitcontiunotts ll^'ave- Motion, 

It in useful to commeiKHi by deriviug the formulse which give 
the amplitude and phase |>f the harmonics of a vibration in- 
volving only discontinuous changes of velocity. The distribution 
of transverse velocity over the whole string at any epoch may be 
represented by a diagram (which we shall refer to as the velocity 
diagram) in much the same way as the contiguration of the 
string at any instant may be represented by a displacement diagram. 
Since, by assumption, the vibration at every point on the string i^i 
determined solely by discontinuous changes of velocity, the velocity 
diagram of the string must consist of a number of straight lines 
inclined to the j ' — axis at the same angle and separated by disconti- 
nuities which move to the right or the ^eft according as they belong 
to the positive or the negative wave, and on reaching an end of the 
string suffer reflexion and return. The transverse velocity of every 
point on the string remains unaltered except when a diseontinuii}' 

I passes over it in one direction or the other, when it suddenly alters by 
a (quantity e(puil to the magnitude of the discontinuity. 

Let di, d.if dny elcy be the magnitudes of the discontinuities atid let 
Iheir positions on the string at time t be given by t-*^, (/g cfc. 

If y be the transverse di^. placement at any point on the string, it iij 
readily shown by applying the Fourier Analysis to the velocity 
diagram that 

/ = IS A, Sin whore 

V df)^ 1 ' 

A; — — I cos cos -f vlr. 1 ... (1) 

J/TT L ' ' J 

The quantities <?,, c's arc not constant but vary with tiinr. 
Accordingly, we may write €f^{cr^-a t), or 2/— 1) aeeordingas 
the discontinuity dr belongs to the positive or llic negative wave. On 
making the necessary substitutions, and separating the sine and 
cosine components, we get ns the equation for the vibration 


§ sill 


TTf f 2nvt , I 2w7rn 

Hill + cos - — 

/ L T T J 


where a„= — fd, cos + d, cos + eit. 1 

M*7rT L i I J 

1 r I • aire, , j . nrc- , . T 

j sill sill -I- e/c. I 


.. (iJ; 


and 6* = — 


a*ir®T 
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It will be seen that, generally speaking, both sine and cosine 
functions of the time are involved in the expression for the 
displacement, and that it is not possible to get rid of the cosine 
terms by ineridy changing the origin of lime. In gouoral, therefore, 
the string does not coincide with its )>osition of equilibrium at 
any epoch of the vibration. The cosine terms will however^ 
vanish provided that the positive and negative waves arc of 
identical form and coincide in positiim at the ej)ocii chosen as 
the origin of time. This is readily verified from (*!) above, as 
the co-efficients A, all vanish, and in the resulting vibration, the , 
^!tring everywhere passes through the position of equilibrium 
at two e|)Ochs in each period of vibration. 

Reference may he made here to three papi^rs recenily contri- 
buted to the Pliilosopliical Magazine in which it has been shown 
how certain simple discontinuous types of vibration may be experi- 
mentally realised. ' 

3. Vibralions u-ith the complete series of Parliah^ 

In order that the oscillution should include the complete series 
of partials, it is necessary to assume that the bowed ''point” 
divides the string in an irrauonal ratio. If the motion at this 
point is known, the entire vibration of the string is kinematically 
determinate. For the purpose of the discussion, it may first be 
assumed that the bowed point of the string moves to and fro, 
once or oftener in each period of vibration, with constant and 
uniform velocities. ^Mechanical theory indicates that this is the 
type which the motion at the bowetl point approximates to, 
but does not neces.sarily attain in any jiarticular case. The velo- 
city of the bowed point when it moves with the bow may be 
denoted by r6 and when it moves in the opposite direction, 

The velocity diagram of the string must be of such form that 
by the passage of the discontinuities over it, the velocity at the 
bowed point alternates between v„ and r* once or oftener in each 
period oi vibration. It is obvious that if the mag^iitude of all the 
discontinuities iu the velocity diagram is the same and equal to 
and that two or more discontinuities do nol pass over 

‘ On didcontinuouz wace motion, Vhil. Mag. Jam. 1016, Feb., 1918 and 

April, 1018. 
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the bowed point in succession in the same direction, the required 
type of motion at the bowed point would be secured. For, the 
initial velocity at the bowed point being taken to be vt the 
velocity changes to Va wlicn a discontinuity passes over it iu one 
direction, and changes hack to vt when the same or another dis. 
continuity passes over it in the opposite direction. By pursuing 
the argument on these lines, it may be shown that if the bowed 
point divides the string in an irrational ratio, and its motion is 
strictly of the type contemplated, the magnitudes of the discon- 
tinuitics iu the velocity diagram ot the string are necessarily all 
equal to (r„— We.shall here assume this result. " 

The magnitude of the discontinuities in the velocity-diagram being 
taken to be equal to the amplitudes and phases of tlio 

harmonics in the vibration may be readily calculated. The number 
of discontinuities in the velocity-diagram gives us a simple criterion 
for classification of the modes of vibration : 


Case of one disco nlimdty : 

This is the simplest type of all. K the origin of time chosen 
be the epoch at which the discontinuity is at the end of the string, 
the cosine terms in the expression for the displacement vanish, and 
we get 






sin 


nvx. . 2nirt 
— _ sin 

I T 


... ( 3 ) 


This is the well-known principal type of vibration of a bowed 
string discovered by Helmlioltz in which tlie vibration -curve at every 
point on the string is a simple two-step zig-zag. The ratio /\,/r6 is 
etpial to the ratio in which the bowed point divides the string. 


Case of two equal discontinuities : 

The kinematics of this case is readily worked out in detail. It d 
sufficient for our present purpose to give an analytical demonstration 
of two important features in regard to this type of vibration. K 
the origin of time chosen be the instant at which the two disconti- 
nuities coincide in j)osition, the cosine terms vanish, and we get 


y= 


I n»7r*T 


sin 


1 


— cos 


nve 

~ 


sin 


2Hir^ 


T 


( 4 ) 
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where c is the distance from the end of the strin- of the point at 
which the two discontinuities cross. At the point =tf, wo have 


7 = 


1 n*ir»T 


sin 


2mrc 

I 


sin 


2nirt 


(5) 


which evidently expresses a motion of the simple two-step zig-zag 
type, the ratio vjv, being equal to the ratio in which the ix)int 
.r=c divides the ^//{/‘-length of the string. The motion at other 
points may be found by graphical methods. If c be nearly equal 
to ^' 1^9 the amplitude of the second, fourth harmonics etc., becomes 
large in comparison with the amplitude of the other partials, and 
may even tmnscend that of the fundamental component of the 
vibration. This is clear from (-i) above. 


Case of three equal discontimiitie^ : 

In this case, the cosine components vanish only if at the instant 
at which two of the discontinuities ])ass each other, the third dis- 
continuity is at the end of the string. This instant is taken as the 
origin of time. If the two discontinuities pass each other at the 
point 4* = 24 (where 4 -^//g), it may be readily shown as in the 

preceding case that the motion at the point = + 5 is of the 
simple two-step zig-z,ag type, the ratio being equal to the ratio 
ill which that point divides the third of the length of the string. 

If 4 be suflicieiitly small, the amplitudes of the third, sixth 
harmonics etc,, become largo in comparison with that of the funda- 
mental and other components. 


; “ • Cases of four ^ five or more equal discuniinvities. 

As regards these cases, it must suffice to mention the follownDg 
kinematical result which emerges from a detailed discussion. If r, 
the number of discontinuities be a prim^ integer, e,g,j 2, 5, 7, 

11 etc,, it is always possible by .suitably choosing the initial position 

of the discontinuities to secure that the motion at any specified point on 
the string (not lying near one end) is of the simple two-step zig-zag 
type. If the point specified lies near one of the points of section 
of the string into r equal parts, the rfh, 2rth, Zrth harmonics etc,, 
have relatively large amplitudes in the type of vibration thus set up. 
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But the case is entirely different when r, the number of dis- 
continuities is not a prime integer, e,g,, 4, 6, 8, 9 or 10, and is 
therefore a multiple of some smaller number. It is then found that 
no disposition of the discontinuities can secure a simple two-step 
zig-zag type of motion at any point lying elsewhere than within 
certain limited sections of the string. A simple example will make 
this clear. With 6 discontinuities on the velocity-diagram, it is 
kinematically possible to secure a two-step zig-zag type of motion 
at the bowed point if it lies in the vicinity of the node I/q on either 
side and the 6th harmonic is then powerful, in the motion elicited. 
If it lies elsewhere, that is, in the vicinity of the nodes or 
the motion is necessarily of a more complicated type, a four-step 
zig-zag and a six-step zig-zag being respectively the types of vibra- 
tion of minimum complexity admissible at the bowed point in the 
two cases. 


4. Fibrations tot (A Mi suing Pardals, 

We may now easily pass to the eases in which owing to the 
coincidence of the bowed point with a point of rational division of 
the string, certain partials fail to be maintained. It is obvious that 
the falling out of these partials leaves the motion at the bowed point 
unaff^ted. The mode of vibration of the string in these cases, can 
be very simply derived from the corresponding ‘ irrational * types by 
simple subtraction of the partials having a node at the bowed point. 
It will be sho\yn here how this may be done in the most general case 
of discontinuous vibration. Assume tliat the bowed point coincides 
with a node of the slA harmonic which of course is also a 
node of the ^sth harmonics etc. Taking the analysis of 

^ a 

the velocity diagram given in (1) we have* 

A^ = — - cos !^y*-^etc ^ 

A, =— r dj +d, cos +etc 1 

2 r d, »C, , d, irC, , . ~\ 

L * lj» » I J 


... ( 6 ) 
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Similarly we have 

-r- +‘*» «'•>« ^ + etc ] 

A..=--?.r‘?. cos’ll ++J^cos + etc 1 . (7) 

W’tL « l/s g ■ l/t ^ J •• 


W = QO 

Now the summation of the scries ^ A, sin of which A 

n=l ^ 

sin-y^ is the leading term pfives us the oiiginal velocity diagram. From 

(6) and (7), it is evident that the suhordinate series^ A„, sin’^^ of 

n = l 'A 

which A, sin — y is the leading term is of analogous type and gives us 

a velocity diagi-am with discontinuities d^|s, tLJs, etc., tlie ordinates 
of which have to be subtracted from the original diagram. The lines 
in the principal and subordinate diagrams are obviously inclined to 
the .T— axis at the same angle, and the resulting figure in which the 
missing parlials are excluded is therefore made up of straight lines 
parallel to the ;r— axis and scjxirated by discontinuities. From this 
diagram, the nature of the vibration at any point of the string may be 
readily found by graphical methods. 

It is evident that the effect of the falling out of the [)artials 
having a node at the bowe<l point is to inirodueo into the velocity 
diagram of the string, a number of discontinuities which arc smaller 
than the original discontinuities in the ratio l/n and of opposite 


5. Vihratiom with the Missiug Parliah Partially restored, 

A very complete graphical treatment of these cases is given in 
the monograpli where they are referred to as * transitional modes of 
vibration.’ They are intermediate in form between tlic various types 
of vibration discussed in the third and fourth sections of this paper, 
and have the distinguishing characteristic that the speed of the bowed 
point in the forward motion is geiiei-ally constant, but that in the 
hack-ward motion is not uniform. Generally speaking, ihey are of an 
nnsymmetrical type, that is inx'olve both sine and cosine functions 



of the time. From a musical point of view^ they ate of great 
importance^ and a fuller discussion of their features is being published 
elsewhere. Herc^* it must sulFice to remark that the general analytical 
formula for discontinuous vibration given in Section 2 is sufficient 
to cover these cases as well. 




M:Tr?A. 



lli'i-.Tr ififijj th" .is\rnMi"lrv ()• fh^ InnH'-s 'tfi'i ■•( flp' 1 1 1 ij rn j ii.il uiii curvos 
II! -iljli.i.ie difirac M'jri hy d nilhctirig surfdce rori'iisi lny> uf two pdfts 
(Fift i I'l IV) ur Ihroi? parts V.) in the s.imo plom*. 



On the Asymmetry of the Illtjmination-cttrves 
IN Oblique Diffraction.* 


BY 

SlSIRKHMAB MiTBA, M.Sc. 

Introduction, 

In the Phil. Mag. for May 1911, C. V. Raman has given the 
results of a phofometric study of the unsymm»*tncal diffraction- 
bands due to an obli\[uely held nrctangiilar relleeting surface ]>re- 
viously observed by hiui.t The measurements slmwed a very marked 
asymmetry in l he distribution of intensity in the diffraction pattern, 
the theoretical explanation of which is discussed in the papers cpioted. 
The following wore the principal conclusions arrived at by Raman 
as the result of the qnautilative experimental study of the case : — 

(a) The illumination at the points of minimum intensity in the 
diffraction pattern is zero at all angles of incidence, and the positions 
of the minima arc accurately given by the formul,T 

where 8= — (sin i— sin 0), a being the width of the aperture, 
X 

\ the wave-length, and t, 6 the angles of incidence and diffraction 
respectively ; the fringes are wider on the side on which fl>t and 

their number is limited on that side, as 6 cannot be greater than 

(i) .The formulas of the usual type (I=sin* S/8*) for the illumina- 
tion in the iiattem fails to repre ent the observed intensity-curves at 
oblique incidences except in reganl to the position of the minima 
(8=-t-x, +-2ir, &c.). The intensities at corresisonding points on either 
side of the central fringe for which the values of 8 are numerically 
tho same are not ^qual. 


* Rcpiinted from the Philosophical Magazine for Januar}*, 1918. 
to.v. Banian, M.A., "On tho Unsymmctrical Diffraction B""*® *" * 

aeotangnlar Aperature," Phil. Mag. Nov. 1906. Soe al.o Phil. Mag. Jan. 1809 
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(e) The observed distribution of intensity was found to fit in 
with the theoretical formula, if the latter is miiltipHcd by a factor 
proportional to the square of the cosine of the obliquity, which, of 
course, is not the same at all points in the diffraction pattern. In 
other words, the ordinates of the illumination curve were found to 
be proportional to the expression eos’^sin* 8/S*. 

The question arises whether these results, practically those indi- 
cated in {I/) and (<?) above, are peculiar to the case of a surface of 
rectangular foftn, or whether similar phonomena might be expected 
with other forms of surface as well. The cases which it seemed of 
particular interest to examine are those in wliich the reflecting 
surface is not a single individual area but consists of two, three, or 
more parallel elcmeiils lying in ihc same ])lane. A satisfactory 
surface of this kiiul which can be used at very oblique incidences nia\ 
be prepared by etching out deep grooves on the optically plane surface 
of a thick plate of glass with liydrolluovic acid, the edges of tin* 
reflecting strips left on the surface being subsequently ground so as 
to be sharp, .straight, and parallel. I have prepared several such 
surfaces containing two and three equidistant, reflecting strips res- 
pectively. By placing one of these on the table of a spectrometer, 
the diffraction pattern produced by reflexion at a very oblique inci- 
dences may be readily observed through the telescope uf the instru- 
ment. The present jiapcr describes the results of the quantitative 
study of the jdienomena thus obtained. Incidentally the opportunity 
has also been taken of testing the results obtained by liaman for 
tlie ease of a single a]jcrturc using ini]>roved optical and photo- 
graphic appliances. The cxpeiiments and determinations have 
thro ghout been made using rnonoehromatic light. This was secured 
by illuminating the slit of the sjicetrometer with light of a definite 
wave-length isolated by a monochromator from sunlight or aiv light. ' 

Unspnmetnoal hiUrference^fringea due lo two para U A apertnrea. 

Fig. 1. (PI.) reproduces a photograph of the diffraction jiattern 
due to a surface containing two reflecting elements each of width 
0’48 cm., and 3'flO cm. apart. The direct image of the slit of the 
spectrometer also appears in the figures fo the left of the diffraction- 
pattern The photograph is reproduced from a dense negative taken 
to show the perfect blackness of the minima of illumination, 
and the progressive increase (from right to left) in the width 
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of the iriterfereiictvfringi's of tho diffraetwl by iho two 

refleotins' dements. It obtained by rejdaeinjij the tdoseope 

of the ppectrornottM* })y a camera with a lens of loii<? fnens (176cm.). 
Figs. II, III, ami IV reprodue** throf? photographs taken at three 
different angles of incidence, the roHoeting strips in this case being 
0*764 cm. Avide and I 146 cm. apart. In all the lignrcs, the central 
fringe of the pattern is indicated ]»y a small cross x . The asyiii- 
inetry of the luminosity eurn* will 1)0 evident on comparing ihe 
brightness of tho corresponding bands on (‘ither side of llio central 
fringe ; for instance, the second hand on the right and the second 
band on the left in figs. Ill and IV, or the lirst hand on tht* right and 
the first band on the left in fig. II. 

The ix)sitions of the interferouce minima in the ])atlern are given 
by the formula* of the usual type 





^ j 




where S=w(i/-fi) (siu « — sill (9)/X, " the width of eaeli of the 

apertures, h their distance apart, a:.il i, 0, A having their usual signi- 
lianee. 'I’o lost whether the r.irmula holds good at the ohliciue 
iiieidonces used, (he negatives were nieasurod tinder u travelling 
microscope. In jihotograph I, the distancres between tho successive 
interference minima were determined (o tind whether the relations 

sill di — siu O-i =siii 0^ —.sill 0^ =siii 0 .., —sin 0^, &e., 
indicated by the formula* were valhl. The results are shown in iabie 1. 

T.V 1 JLK I. 



/? = U'4b cm. 

/v = .3*(K) cm. 


iUiiiiuia OD the 
right of tho 
central fringe. 

Observed vjiluc of : 
sin + , — sill X 

eotistaiii. 

Miiiiiiiii oit the 

left of t ho 
eoiitrnl fringe. 

i Uliservcd value o 
■ siu —sin + 1 
constant. 

sill sin 

0*712 

J?in fli— bin 0., 

i 0*705 

sin sill 0.^ 

0*70:j 

sin bin fla 

0*710 

1 

sin ^ 3 — sin 0^ 

' 0-71 J , 

sin 6 ^.;— bin 0^ 

0-711 

i 

sin sin 0^ 

0*7 1 1 ] 

1 sin 0 .— sin ^ 5 . 

1 

i 0*710 

1 

... 

1 ’ ‘ ’ 1 

1 ] 

1 

j sin 6 ^ 5 — sill 

i 0*713 

1 
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For photographs II, III, and IV, the actual values of 0 for the 
interference minima were calculated from the known constants 6 , *, 
X and compared wit-i the observed values. These are shown in Tables 
II, III, and IV. 

Table II. 

a= 0*754 cm. A=1‘416 cm. X= *0000435 cm. 1 = 89 ° 15''27. 



Calciiliitod diffraction 

Observed d'ff ruction 

Iiitorferenco Miiiini.'i. 

angle, 90° -0 

angle, 90'’— fl 


(in miiiiiies). 

(in minutes). 

’ 2 nd on the left. 

35'-!)8 

35-'85 

1 st ,, ,, , 

4l'-i)7 

41 -'83 

1 st „ „ right. 

47'-iJl 

46'95 

^*^d ,, ,, ,y 

51 '*92 

52*'05 


64'-02 

Cl-'95 


Table III. 


a sr 0*7 54 cm. ^r?r446 

f.ni. . A=-00001.35 cm. * = 89° 22'-7r). 

Interference Minima. 

Calculated 90”-#. 

Observed QO'’-®. 

2 nd on the left 

26'*K) 

26'*] 2 

n '}} f> 

33'*88 

33'-8r) 

1 st „ „ right. 

10 '-:’ 5 

40'-09 

2 nd „ „ „ 

4.i'-(i9 

45'-70 

oth „ „ „ 

6S'-90 

58'75 


Table IV. 


a=‘ 751 cm. 4=l-44(i 

cm. X=*0000153 cm. f 

:=89° ‘i9'-90. 

Interference Minima. 

CnI ciliated 

90°-- e. 

Observed 

9()°-0, 

1 st on the left. 

25'-r2 

25'-62 

Ist on the right. 

33'-75 

33'-45 

2 nd „ ,j „ 

40'-08 

39'-91 

^th ,, ,, „ 

54'-94 

64'-96 



... 

Illijslr.iti'-jj Obhquo Duirailion [-y a ^‘prni mtmile 
Id- rre'.. 
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The Aeymmehy of the llluminaiwn-Cnrvee. 

As remaked above, there is a very marked difierenco in the 
luminosity of the corresponding bands on either side of tlie central 
fringe of the pattern due to the reflecting surface of two elements. 
Similar effects are also noticeable when the reflecting surface 
consists of three elements. I’^ig* V in the Plate reproduce 
two photographs obtained with a reflecting surface consisting of 
three elements. The difference between the intensities of the 2nd 
principal maximum on either side of the central one is very evident 
in the reproductions and might be made out even in respect 
of the secondary maxima on either side. This asymmetry demands 
an explanation. As is shown by the measurements given in Tables 
I. to IV., the positions of the minima of illumination are in good 
agreement with these calculated from the formula of the usual 
type, which are obtained on the assumption that each of the 
elements into which the reflecting surface may be divided 
diffracts light strictly in proportion to its area, and that the phase and 
intensity of the disturbance incident on the surface are the same 
as when the ‘waves travel undisturbed. Further, the intensities 
at the points of minimum illumination are shown by observation 
and by the photographs to he zero, in agreement with the results 
indicated by these formulie. On the other hand, the difference 
ill the intensity at corresponding jioints of the pattern on either 
side of the central fringe remiiins i;nexj>laiued according to such 
formulae unless regarded as an obJiqHiiy efect, 

A series of comparisons of the intensities of corresponding bands 
on the two side.s of the pattern has been made for the cases in 
Avhich the reflecting surface consists of one, two, and three reflec- 
ting* elements respectively, fur various angles of incidence. For 
this purix)se, I have used a rotalingsector pilot ometer of the Abney 
typo supplied by Messrs. Adam Hilger, in wliich the free disk, 
which can be adjusted by handle while in rotation, is smaller 
in radius tlian the lixed disk. Tho sectors when in rotation thus 
present two annuli of different intensities, the ratio of which can 
be ajdiisted at pleasure by moving the handle ot the instrument. 
The disk of the photometer is placed at the focal plane of the 
observing telescope, so that the diffractiou pattern can be seen 
through it with an eyepiece, the fringes on the brighter side being 
observed through the inner annulus of the disk, and those on the 
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fainter side through the outer annulus. To enable the intensities 
at corresponding points on the two sides of the pattern to be com- 
pared^ a screen with two vertical slits is in terposedC'im mediately in 
front of the photometric disk so as to out off everything except 
the regions under observation, which are then adjusted to equality 
of brightness by moving the handle of the photometer. SCYeml 
readings can be taken in succession and their average struck. The 
diffraction angles 6 and 6' of the two bands under comparison may 
tlien be measured under a micrometer eyepiece. Tables V., Vl., 
YII. show the observed ratios of the illumination and those calcula- 
ted on the assumption that jhe formulie for illumination includes 
a factor ])ro])ortional to the square of the cosine of the obliquity. 
It is .seen that the agreement is good except when the ratio is so 
large that it connot be measured aecuratelj’, owing to the near 
approach of the fainter band towards the direct image of the .slit. 

TabJiK V. 

Single Reflecting Surface, width 0*90 cm. 

Ratio of intensity of the first hand on the right and the first hand 
on the left. 


Angle of IiK'ideiiop. 

Observed ratio ■ 

of illnniinntioii. | 

Onlcii luted ratio 
c' 08 ®S ro»®S'. 

88°4a' 

1-80 

1-78 

88°53' 

2-31 j 

2-4r> 

8S°o6' 

2-81 

:!-8» 

88°4' 

4-09 .| 

4-21 


Tablis VI. 

Reflexion gi'anting of two elements. 
// =0*75 tom. /v=l*-tificm. 


of Tnciiloiice. 

Ratio of tUo iHt maxima 
on the right and loft. 

, Ratio of the 2n(l mariina 
j on the right and left. 


Observed. 

Onluiiinted. 

j Obsei-ved. 

I Calculated. 

89%' 

T'43 

1-40 

209 

2-()l 

89%3' 

2-25 

2-01 

3-91 

488 

89°28' 

2-37 

2-44 

7-50 

U-Ofi 
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'I'abt,k VII. 

Heflexion grantinw of three elements. 
/i=0'il'0 cm. 4=0’7-t'l cm. 


Hiitio of tlie Jsl two 


liJititi of the 211(1 two 



Pnncijittl Maxiiii:i. 

on eiihor Principal M.aximaon oithor 

Aiii;1r of -Inoittcnoc^. 

sido of the coiitral oik?. 

Kiido of tho central one. 


■ Observed. 

1 Gsih’nlatcd. 

: Obsci-vcd 

Calcuhitetl. 

88°49' 

1-48 


14.‘{ 

1-S:) 

- 

1-70 

Sc 

l(i;i 


1-7] 

•■90 

JM5 






more than 

89°£7' 

:’r.5 


.■J-87 

X 

1 00 fioifis. 


Svmmfin/ amt Covrlvmtut, 

1. The nnsymraetriohl iiiterfeiviu'o Frinj^os oF tlio Ii<^ht obli(|ueIy 
(liffractod hy two parallel reflecting* snrFaces in the same plane have 
been observed and pliolot^raphed, 

2. The illumination euive in the diffraction paliern (of flic 
Fraunhofer class) dne to an oblitjue/y-lndd rcllc(?firi(** surface (wliieli 
may consist of two or more separate parts in the same plane), is found 
to be markedly asymmetrical, corresponding points on either side of 
the central fringe l)einf«; oF very dilVeivnt iufimsities. As the positions 
of the points of minim n in f/.c. zero) illuminat ion arc found to Im* in 
close ajifreement with those tjiven by tin* formula oF the usual ty]H‘, 
the asymmetry of the illumination curve may he explained as due to 
the varvinj^ ohlicjuil v'^ at diff(*ivnt. points in tin* diffraction pattern. 
Measurements* of the ratio of the intensities as (MiTcspondiniif points 
have been made with rellectini*' surlaccs of r«*(*tanLiidar Form or consist- 
ing of either two or three elements in tin* .“ame plane for various 
angles of incidence; tin* rc.snlts .show tisat the expression for the 
illumination at any point, of the diffraction j^attern contains a factor 
proportional to the square of the cosine of the obliquity at such 
point. 
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The experiments and observations described in the note were 
carried out in the Palit Laboratory of Physics. The writer hopes to 
carry out further work on the subject of oblique diffraction by various 
forms of aperturCi and particularly in regard to the positions of the 
points nf maximum intensity in the pattern, which would no doubt 
differ from those given by the usual formalin owing to the asymmetry 
of the illumination curves. 



On Sommbkfbld’s Treatment of the Problem of 
Diffraction by a Semi-infinite Screen.^ 

BY 

SlSIRKUMAtt MiTRA, M.Sc. 

§1. hdmliidioti. 

The rigorous treatment ot‘ the effect of obstacles on the propaga- 
tion of light, consi(lere(f as a boundary value problem in analysis, has 
received much atlontion from niathematieal j)hysieists dining reeent 
years.® The particular case of the diffraction of light by a semi- 
infinite perfectly retleeting screen for which the complete solution was 
first given by Sommejrl'eld^ (and later also by Carslaw'*) has been 
more recently dealt with by Lamb^ in a paper characterised by very 
simple and elegant mathematieal analysis. As remarivcd by Lamb 
in his paper, tlie principal interest to the physicist of investigations 
as these, lies in the fact that they afford a check on the accuracy of 
the results obtained by less rigorous mathematical methods, and also 
enable a comparison of the theory with ex])erimeut to be carried out 
for cases in wliicli the ordinary treatment can hardly be regarded as 
applicable. A com pari sou of the results of the ajiproximate theory 
with those deduced from the rigorous analysis for the ease of the semi- 
infinite screen has been made by Sommcrteld bimself, and also by 
Drude** who has used the Cornu spirals with good effect, in his discus- 
sion of the value of Soinmerfehrs integrals. According to these 
writers, Kirolilioff’s formula should give the value of the intensity 
of illumination with sufficient accuracy when the angle of diffraction is 
small, that is, at all points of the field (except very near the edge of 

» Reprinted from the Philosophical Magazine for January, 1919. 

s An excellent auinnmry of the litm-ah.ro ou tho subject with referonccs to 
original papers will be found in tlic article by Epsteiu in the Encyclo. Matli. Wise 
(Section on Wave Optics, 1914). 

» Sommorteld, Watli. Annalen, t. XLVU, pape 317 (1895). 

‘ Coralttw, Pmc. Load. Matli. Soo., (2) t XXX, pngo 121 (1809). 

• Lamb, I’roo. Math. Soc., (2) t. IV page 1»1 (1900). 

• Orndc, Theoiy of Optics, Buglish translation by Mann and Millikan (1902) 
page 203.' 
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the screen) which are not far removed from the boundary between 
light arid sliadow ; but for largo angles of diffraction^ Kirchhoff's 
formula is inapjdicablo. Tt appears, however, from a careful examina- 
Lioii of the forrauhc given by Sommerfeld and Drude that the state- 
ment made by them on this point reqiiries to be qualified in one 
important respect. I projroso in the jireseiil paper to show by a 
detailed discussion that u-hen the acreen h hehl cant uUiquely in the 
path of the nveideni .v, the rigorous treatment gives results differ- 
ing from iliDso of the a[)proximate theory even in reffard to small 
aayles of diffraction, Kx|)oriniental work recently carried on t by me 
and described in the course of the pa[)er confirms this, and shows that 
the apprijximate theory of diffraction fails to represent the facts 
correctly under these ooiulitions. Incidentally it is found, that in the 
case of ligM polarised in a plane parpendicular to that of incidence, 
the boundary condition at the screen assumed by Sommerfeld leads 
lo results differing very tvidely from the observed optical behaviour 
of any actual sereeu at very abliqiic incideneos, and a suggestion is 
made as to the .mauner in which the rigorous solution should be 
modified in order to secure an ngreement with the results obtained 
experimentally in tliis ease. 


$ 2 . Thcorjj, 

It is convenieiii here lo state SommerfeUrs results in the 
simplified form obtained by him from a seinicoiivergent expansion 
of the integrals representing the cornjilete solution. 

This is 

Sr=cos ^ #• cos + J -f CO.S r CO.S (0 + 0 ) + 



whiere S is the light disturbance, 0' and 0 are respectively the 
angles made by the incident rays and by ihe radius vector with the 
plane of the screen, and r is the distance of the point o£ observation 
from the edge of the screen. The alternative signs refer to the 
state of polarisation of the incident light. The upper sign should be 
taken in the case when the incident light is polarised in a plane 
perpendicular to the edge of the screen, when the electric vector 
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is parallel to the edge, and the lower sign in the case when the light 
is polarised in a plane parallel to the e<Ig(», when the magnetic 
vector is parallel to the edge. The tirst and second terms in the 
expression represent the incident and tlie reflected waves respectively, 
while the third term gives the wave of diffraction. Tn the 
region of shadow, only the third term should be taken into account ; 
in the region ol transmission we liave to take the first and third 
terms only, while in the region of reflexion all the three terms in 
the expression for the light disturbance liav'c to be retained. Thus 
beyond the path of the rays determined by geometrical optics, there 
is a wave of diffraction whose phase is determined by the factor 


and whose amplitude by the factor 



cos 


The lines <d* e([ual phase are circles round the point r=o, so that 
from this ])oint rays start out in all sides iu the direction of the 
radius vector straight on as if the edge of the screen were a linear 
source of light. The intensity of these cylindrical waves is however 
not same in all directions. It is greatest near the region of the 
two boundaries separating the different parts of the field and gradually 
diminishes as we go away from these boniuhiries. 

As is well known, the most remarkable ri'sult indicated by 
Sommerfeld’s analysis and which is in substantial agreement with 
the experimental observations of Cony, Wien and others, is tliat the 
an>plitude of the diffracted waves is different for light polarised in and 
at right angles to (lie plane of incidence. This is sufficiently clear from 
the expression given above. For .small angles (»f diffraction however, 
that is in the neighbourhood of the planes defined by and 

<^=7r +</>■, the difference in the inagiiilndes of the two components 
is generally, quite negligible. For, in the neighbourhood of the 


first plane, — r:^ in numerically very large 
cos — 

— — and similarly in the neighbourhood 
cos^'"^ 


compared with 
of the seeord 
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plane 


1 


cos 


*-1 
2 . 


is very large comparer! with 


1 


cos 


2 


Accord - 


iwglyi in the neighbourhood of these two planes, it is ordinarily 
sufficient to retain one of the two terms and neglect thtrother in the 
expression for the amplitude of the diffracted waves, which is thus 
numerically the same for both states of polarisation, and for the 
region considered is in substantial agreement witli that found from 
the approximate theory. But the preceeding argument fails entirely 
when 0' is nearly equal eitlier to or zero, that is when the incidence 
of the light at the seereen is very oblique. For the two terms 


1 


cos 


2 


and 



are then always of comparable magnitude, 


and have both to be retained. It is thus clear that some special 
features are to be expected when the incidence of light on the screen 
is very oblique. 

We may now consider separately i he two cases in which 0' is 
nearly equal to v and zero respcKttively, as they present distinctive 
features. When is nearly equal to ^ (see Fig. la and Ih), hy 
far the largest part of the field is occupied by the region of trails- 
mission (marked II in Fig,), and the remaining part of the lioKI 
is equally divided between the regions of shadow and of reflexion 
(marked I and III respectively in the Fig.) which lie on opposite* 
sides of the screen and are completely separated hy it . If we wish 
\o observe the phenomena in the neighbourhood of the 1 oiindarie^ 
separating the different parts of tlu' field, we have two di.Minrt 
choices o])en to us. 

We may either study the phcuomeud near the boundary separating 
regions I and II whore ^ is nearly ecpial to 'Iw (Fig. la), or near the 
eorrespoding boundary on the other side of the screen betw’een regions 
II and III in which case is nearly equal to zero (Fig. 1 h). 'rii«‘ 
ease in which 4> i** nearly equal to*27r is the simpler of the two, as 
we are then concerned only with the transmitted and diffracted wavi* 
trains. Putting ^'=7r— a and j8 where a and are araall 





and 


1 


aw 




angles (fig la) it is found that 
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ciimparable maguitude. Somuierfeld's formula thus leads to the 
striking result that in the case of a voiy obliquely held screen, the 
intensity of the diffraction fringes seen near the boundary between 
light and shadow should depend to a very considerable extend upon the 
plane of polarisation of the incident light and should be quite 
different from that given by Kirchhoff’s formula. 

Fig. la. 




Similarly on the other side the screen (Fig. lb) putting <fr'=Tr— a 
and where m and ft are small angles, we may work out the 
expression for the light disturbance. If ft>n we an* only concerned 
with the interference of tho incideni and diffracted wave trains, 
while if /3<tt we have to consider the stationary waves formed by the 
interference of incMMent. and ivllected wave trai \s as modified by the 
superposition of the cylindrical radiated by the edge of the 
screen. If the light be polarised in the plane of incidence, we find 
that when ^ is \anisliingly small, the expresion for the light distur- 
bance in zero. This shows that the surface of the mirror is a nodal 
plane for the light vector in this case. On the other hand if the 
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light be polarised prependicular to the plane of incidence, it is found 
that for vanishingly small value c»f that is, along the surface of 
the mirror, the intensity of the diffracted rays does not vanish and 
that, moreover, the incident and reflected wave trains re-inforje one 
another, the light vector being thus a maximum at the surface of the 
mirror. The last-mentioned result is a direct consequence of the 


boundary 


condition 


( surface of the u^irror 


assumed 


by Sommmerfeld as the basis of his work, but is contrary to the 
observed optical behaviour of any aelu.al screen at very oblique in- 
cidences. Tn practice any i)olished surface is at such incidences, 
nearly a perfect reflector, but, as shown hy Lloyd’s experiment, both 
the electric and magnetic vectors in the incident and rellcctod waves 
are of opposite signs at the surface irrespective of the plane of polari- 
sation of the incident light, and their resultant is zero. 

The preceding discussion makes it clear that the solution obtained 


with the boundary condition 


Qs 

3 : 


=0 for the light vt*ctor at the surface 


of the mirror is entirely inapplicable under experimental conditions 
for oblique incidences. The solution obtained with the boundary 
condition {h^o) may however for our present purpose be regarded as 
practically valid at all incidences for any screen which is a sufficiently 
near aj)proaeh to a perfect reflector, provided the light bepolarised in the 
plane of iuc denee. The experimental investigation described in 
the present paper shows that the mme solalion mag also he re- 
garded as applicahle for light polarised at right angles to the plane 
of incidence provided the incidence be, very oblique, and attention 
is confined to the phenomena observed at small angles of diffraction. 


§3. Experimental Method and Results. 

The diffraction fringes of the Fresnel type bordering the 
shadow of an obliquely held screen may be observed with the 
arrangement shown diagramatically in Fig. la. A front-silvered 
glass plate bordered by parallel straight edges may be used 
as the screen. The first edge diffracts the incident light, and by 
observing the fringes near the surface of the mirror at the second 
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edge, the necessity of using an iiiHnitely extended screen is avoid- 
ed. The contrast between the maxima and minima of illumina- 
tion is fo ind to bo not tnitirely' iiule[)cndont of the inclination 
of. the surface of the screen t» the directiofi of the incident 
rays. When the inclination is »‘oiisiJerabh*, the fringes at the 
edge of the shadow are of course, of the usual Fresnel type, few 
in number and very diffuse. But as the surface is gradually 
brought up to the position in which it just begins to graze the 
incident light, the contrast between the maxima and minima of 
illumination in the fringes gradually increases, their relative posi- 
tions remaining unaltered and at the same time the falling off 
of the intensity to zero Inside the geometrical shadow of the 
screen becomes more rapid than in the diffraelion fringes of the 
ordinary type due to a norrn.ally held screen. On examination 
of the fringes througli a nieo!,* it is found that the intensity of 
the fringes is independent of the plane of ]>olarlsation of the 
incident light. 

A detailed c.)m[)arison has been carried out between the posi- 
tion and the intensity of the fringes as observed experimentally 
with those calculated from the tiieoretical expression 


cos ■ J 
r 27 r TT "I 

cos J- r+ ^ — nlj 

which satisfies the boundary condition «=o at the surface of the 
mirror. When in imich h^ss than tt, the intensity curve given 

by the expression is practically the same as that obtained from 
usual Fresnel integrals and is shown in the dolled line iu 
Fig. 2 (<•).* As is gradually increased so as to approach 

* The iiBynintoHo expansion givt-n hy Soinnn'ifeld in irapplioablc over a very 
small part of tho fiohl on either side of the Iwiiudaries ^ — ir + <^ and 
A sinaU part of each of the ctn^ves shown in the Figure was accordingly filled iu 
freehand so as to represent as closely as possible the general trend of tho curve. 


r 2^^ 1 

S=cos nf j. 


47r '\' 




cos 
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the value v, the maxima and minima of illumination remain 
unaltered in position^ but the contrast between them gradually 
increases. The full line in Fig*. ^ (/.*) shows the calculated 
intensity curve in the limiting case in which 4^' is equal to ^ 
and the screen just grazes the incident light. The illumination 
is seen to be zero on the surface of the mirror. 


Pig. 2. 



Table I shows in the first column the intensities of the maxima 
and minima in the diffracti(»n fringes of the Fresnel type due to a 
normally-held screen and in ilic second column those due to a screen 
grazed by incident rays, the intensity in the incident waves being 
taken as unity. 'Che positions of the minima arc also given, which 
are of course the same in both cases. 
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Table 1. 


X=4377 X 10-« cm, r=30*75 cm, 0'=179^ 51.'*5r*. 


Calculated 

Calculated 

Calculated 

1 

1 Observed 

intensity at the 

intensity at the 

distances of the 

distanees of th 

maxima and 

maxima and 

minima from 

minima from 

minima 

minima 

the edge 

the edge in 

Case I. 

ease TI. 

ease 1 and 11. 

case IF. 





/2 . 

X mem 

V • 

X V in cm 

Max. 

Min. 

Max. 

Min. 



1-37 

•78 

1-95 

*58 

: 1^87l 

1-853 

1-20 

•84 

111 

•69 

2-739 

2-714 

M5 

•87 

1-30 

•70 

3-391 

3-340 

1-12 

•89 

1-28 

•79 

3-937 1 

3-9;J0 

111 

•90 1 

1-22 : 

1 

■80 

4-410 ' 

1-393 

110 

•91 

M9 ; 

1 

1 -81 

4-848 

1-830 

1-09 

•92 

MS 

■82 j 

0-244 

1 

5-210 


The fourth column in the Table "ives the positions of tlu? maxima 
and minima of i Inmination measui-Cfl on a photoj^raph taken of tlii* 
fringes due to a screen grazed by the incident rays, and these atfree 
closely with the tlieoretieal values ijiven in the third column. 

The ratios of the intensity of illumination at the maxima and 
minima have been determined |.hotometrieally for (•<miparison with 
the theoretical value shown in the lirsl column of Table I. As men- 
tioned above, the intensities were found to he iiKloi>end(mt of the 
plane of polarisation of the incident lii^ht. IMie method adopted for 
the photometric work was as follows. The incident light was plane 
polarised by passage through a uicol. Two narrow slit? were mounted 
one above the other in the plane of the diffraction fringes, and a thin 
plate of mica of proper thickness (*08^min) was fixed up on the upper 
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one SO oriented that it circularly ]x>Iarised*the light falling on it. The 
field was observed through an eyepiece .and an analysing nicol mounted 
in a graduated circle. The lower and the upper slits were then respec- 
tively set on the 1st maxirnum and the Ist minimum, or the iitid 
maximum and the 2n(l minimum and so on. The illuminations of 
the upper and lower slits were equalised by rotating the analysing 
nicol, and the })osiliun of the analyser at which the light from the 
lower slit was extinguished was also noted. The angular difference 
of the two })ositions sullici's to give the ratio of the illuminations. 
Thus if 0i and 6^ bo the two [lositions, and Ij and 1 2 the intensities 
of illumination of the upper and lower slit respectively, 

^ =sin* 

* o 

A correction was made for the loss of light in transniission through 
the mica sheet covering the upper slit. 

Table II. 


Ratio of the intciisitioa of Minima 
and Maxima. 

Ob.sorvod 

value. 

Value ealc.iilatcd 
from 

S<)miiU'iTi‘ld’8 

oxpreKsioii. 

Valun Calculalod 
from 
Fresnel’s 
Integrals. 

Ist min. and 1st max. 

•30 

: -30 

•58 

2nd min. and 2 ik 1 max. 

■53 

1 

! *50 

•67 

3rd min. and 3r(l max. 

•fiO 

i 

I o7 

j 

•79 


'Jable II shows the re.sults of the photometric work which ^tas 
carried out on the friugas obtained with nionoehromatic light. It 
was not found practicable to carry the measurement beyond the third 
fringe. The photograph reproduced in the Plate Fig. (a) clearly 
shows that the contrasts between the maxima and minima of 
illumination in tin's case are greater than in the diffraction fringes of 
the Fresnel type. 

Two other eases besides that described above have been investi- 
gated expermentally. In one of these (shown diagi*amatically in 
Fig. 1 b) was nearly equal to ir and was small and positive. 
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The positions and magnitudes of the maxima and minima of 
illumination calculated from Sommerfcld’sf solution (the upper sign 
only being taken) and the experimental data are shown in Table III 
for comparison. The iUumination-curve for this easej's shown in 
^ (^0 photograph on which the measurements 

were made is reproduced in the Plato Fig. {h). In this case on the 
side of the screen under observation^ only the reflected wave-front is 
limited by a boundary passing through the edge of the screen and 
suffers diffraction, and the general agreement between theoiy and 
experiment is only rendered possible by taking for the former, the 
rigorous solution obtained by Sommerfeld, the boundary condition 
.9=0 being assumed to be the satisfied at the surface of the screen. 


Table III. 

r=30'75 cm, \=4880x lO*** cm. 


intensity ot the Maxima' 
and Minima. 


Uax 

Min. 

40 

•18 

4-5 

•02 

.S-6 

•20 

!i-0 

•21 

2-6 

•32 

1-8 

•60 

1-3 

•64 

l-S 



Calculated position of the 
minima. Distance from 
the edge in cm. 

0110 

0278 

0428 

■om 

•0682 

•0798 

•0912 

•1014 


Observed position of the 
minima. Distance from 
tho edge in cm. 


•0140 

•0275 

■0421 

•0554 

•0681 

•0796 

•0907 

•1008 


The third case investigated is that shown diagramatieally in 
Fig. 8. is a small positive angle and is nearly equal to r. 
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In this case pr&ctically the whole of the field is divided equally 

Kg. 8. 



between the regions of shadow and reflexioii (numbered I and III 
in the figures) and only a comparatively small portion (numbered 
II in the Gghre) is that occupied by the region of transmission. 
Both of the dividing boundaries fall in the region of the field under 
observation, and so far as this part of the field is concerned, the 
approximate theory of diffraction gives the same result as that found 
from the complete analytical solution satisfying the boundary 
condition #=0. Thi? theoretical form of the illumination curve 
of a typical case of tins kind is shown in Pig. ^ (a), and a 
photograph of the diffiactiou fringes is re])roducod in the Plate 
Pig. (0). Table IV shows the calculated |.>osition of the minima 
'of illumination and tho experimental data for oomparisan. The agree- 
ment is satisfactory. 


Table IV. 

A=44I0x 10-“ cm, <^'=19' cm. 


Calculated distances of the 

. P- 

Observed distances of the 

minima from the 

minima from the 

edge in cm. 

edge in cm. 

—•00^0 

—•0020 

•0051 

•0051 

•0108 

•0104 

•0149 

-0152 

•0198 

•0194 

‘0232 

•0285 

•0269 

•0278 
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§4. Summary and Conclusion, 

The results arrived at from this investigation may be summarised 
as follows : — 

(I) When plane waves of light are diffracte<l by the edge 
, of a very obliquely held screen, the fringe system 
observed at and iiear the surface of the screen, on either 
side shows features which require for their explanation, 
the complex* analytical investigation of diffraction 
given by Summerfeld. On one side of the sereen, we 
have the region of shadow, aiul adjoining it difFraction 
fringes, the maxima and minima of illumination of 
which show contrasts more marked than tln se in the 
didmetion fringes of the Fresnel type, their positions, 
however, being the same. This has been verified by 
photometric observation. On the other side of thi* 
screen, the fringes due to the interference of the direct 
and reflected w’ave-trains are i>bserved, and thes(‘ 
are modified by dilfi’aetion in a manner which can be 
full}” explained only in terms of the complete analytieal 
solution. 

(■;) 'file solution obtained by Sommerfeld with the boundary 
condition #=o at the snrfaco of tin? mirror, agrees 
with the results observed at oblique incidences, in the 
part of the lield under discussion, irrespective ot the 
plane of polaiisation of the incident light. 

The Investigation describetl in this pa]>er was carried out in the 
Palit Laboratory of Physios. 
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OOMMENTATIONES MyCOLOGICAE. 

It is proposed to publish under the above general heading a series 
of papers, the results of inVvi^tigations on the Fungus Flora of Bengal, 
carried out in the Biological Laboratory of the University College of 
Science, Calcutta. It is hoped that in this way a sufficient amount of 
material will be collected in the course of a number of years to make 
it possible to issue finally a connected account of the indigenous 
fungus flora, which, as may be imagined, is very rich, especially in 
those species which grow as parasites on phanerogams of nearly 
every description. The importance of such investigations in an 
agricultural country like Bengal cannot be exaggerated. 

P. BRtJIlL, 

IJnivemty Profemr of Botany, 


I. 

Meliola growing ok Pnmix sylvestbis akd Citbvs 

MEDIC A {FaB' AC id a). 

BY 

S. N. Bab. 

The partiealar Fungus described bolow was «v«t noticed on the 

leaves of Cifrmmedim in the latter imrt September, 1918, and a little 
later the fruits of the same plant were also found to be attacked 
by the same fungus. Later in Jan.iary, 1919, a fungus of pre- 
cisely the same char.wjter was observed on the leaves of Ph<Bmx 
tflvettm. The only difference observed was that the fungus 
/rowin.ron the loaves aud fruits of Citrus medica became scarce 

^ith rim advent of the cold weather, while that gmwmg on the 

leaves of onhedm did not disappear at all and m fact 

gave good material to work with during the whole winter season. 

External appearances :-Blaek sooty patches appearing on both • 

sides of the leaves, more so on the upper side, and “ 

Gitrm No attack was observed on the fruits of Phmu 

tyhettrit. The mycelium is superficial and forms black spots on the 

surfiice of the leaves and fruits, aud the mam hyphae radiate 
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and send out short lateral branches which do not interweav^, the 
whole thus forming a dendritic aggregate. The main hyphae are *25 
mm. to ‘36 mm. long. They can easily be rubbed off the surf^e to 
which they arc attached. It is then seen that the portions of the 
leaves attacked are yellow, due to the stoppage of the functions of 
chlorophyll. On examination of transverse sections passing through 
portions of leaves infested by the fungus it api^ears that the fungus 
growth is entirely superficial. It is therefore quite evident that the 
only harm the Fungus can cause is that which is done by its exclud- 
ing light and air, and the chief damage due to the Fungus is 
obviously that caused by the s|)otting of the fruits. 

The brownish black perithccia are spherical and their walls con- 
sist of a great number of cells coiiv^cx outwards and with more or less 
hexagonal outlines. The perithecia arc surrounded by unbranched, 
usually 4-6-cellular, straight appendages generally somewhat longer 
than the perithccia themselves. The asci are obovoid and 8-spored, 
the spores being 5-ceIlular. The asci can be seen only at the earliest 
stages of development ; when the spores reach maturity no trace 
of the asci can be found, the walls of the asci evidently being 
absorbed when the spores reach maturity. 

To see the asci clearly it is best to proceed as follows : — Small 
portions of leaves infested with the fungus are placed in a staining 
solution ; several stains were used and a 25 per cent, alcoholic solution 
of safrauin (I gm. safraniu in 100 cc. of 25 per cent, alcohol) gave 
the best results. The portions of leaves in the staining solution are 
kept overnight. Next day the rnycelia bearing the perithecia are put 
on a clean slide, washed with alcohol, cleared w'ith clove oil, again 
washed with absolute alcohol and xylol. A drop f)f Canada balsam 
is placed on the material thus cleared and washed, and the perithecia 
are carefully pricked with a fine needle, put on a coverslip and 
examined. It is found that only the spores take the stain, 

while the other portions remain unstained. 

The young spores are almost colorless and only the septa dividing 
the spores into 5 cells and a very faint outer covering round the 
whole spores are visible under the microscope. The mature spores 
are brown. The spores are transversely septed and the sizes are as 
follows : — 

Young spores ... 4-5 fi long and 1*5 — 2 ft broad. 

Mature spores ... fi-7 ft long and 3-4 ft broad, 
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The sizes of the asci containiop^ the very young spores are 7-8/a 
long and 5-8 /a broad. 

Germination of spores : — The usual method of single spore ger- 
mination was followed. A numbeiDqpf culture solutions of different 
nutritive media of different dilutions were used. All the nutritive 
media of different strengths containing complex organic substances 
such as cowdung, beef brotji, beef-agar, peptone, decoction of Cifna 
leaves, and of leaves of Phmix aylventrU etc. etc., did not give good 
results. The spores germinated most readily in culture media containing 
inorganic salts dissolved in distilled water, a solution containing 
KNOj, Na,HPO^ and (NH4),S0^ in the proportion of 0*5 gm. each 
in 1000 c.c. of distilled water giving the best result. The germination 
of the spores was first observed to commence after 72 hours. After that 
the slides were examined every 24 hours. A clear idea of the rate of 
germination can be had by consulting the plate attached to this paper. 

The Fungus is evidently identical or at least closely related to 
Mtliola amphiiricha^ which is described by Fischer in Engler 

and PrautVa Pjhnzenfamilien as having 5-cclled spores and straight 
upright appendages. It also reminds one strongly of the figure 
218 c given on page 307 of the 1st Afddtlung of the 1st part ot Engler 
and PrautPs Pjlanzenfamilien, The species there figured is Meliola 
corallinaj Mont. Meliola amphitricha is said to occur on the leaves of 
various species growing in Cuba, Bonin islands and Tonkin, while 
Meliola corallina is stated to grow on Drimgs chUenm in the island 
of Juan Fernandez. According to the figures cited the appendages 
of Meliola eorallina are more or less curved. 

Acknowledgments of thanks must be made to Dr. V. Briilil, Uni- 
versity Professor ()f Botany, fpr his kind suggestions and criticisms. 

My thanks are also due to Mr. Haraprasad Chaudhury, Sir 
Rashbehary Ghose Scholar in Botany, who assisted by me greatly in 
the laboratory part of the work. 

EXPLANATION OP THE PLATE. 

A. Leaf of Ciirm medica (Var. acida), attacked by the Fungus. 

Natural size. 

B. Leaf of Phmix eghedm attacked by the Fungus. Natural 


size. 
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C. The Fnngus^ x 20. 

D. Perithecia with appendages, x 430. 

E. ] . Young spore, x 480. 2. Mature spore, x 480. 

F. Ascus containing 8 spores, x 480. 

G. Spores in prdcess of germination. 

1. Germinating as seen after 72 hours, spores x 480. 

8 days ... x 480. 

9 „ ... X 480. 

11 „ ... X 430. 


;} 



















